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A bijective function is a function f: X — Y such that f is injective and surjective.

Cauchy-Schwarz inequality

Let V' be a vector space over R or C with a positive definite Hermitian form (,): V' x V — Rxq
and let || ||: V — Rxg be defined by |[v||? = (v,v). The Cauchy-Schwarz inequality is

complement

Ifz,yeV  then [(z,y)] <z - [yl

Let X be a set and let A C X. The complement of A in X is the set

complex numbers

A={ze X |z ¢ A}.

The complex numbers is the R-algebra C = R 4+ Ri with > = —1 and with complex conjugation

(S - E given by a+bi=a—bi,

and absolute value

R>q .
= given by
]
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continuous at a point (metric spaces)
Let (X,dx) and (Y, dy) be metric spaces and let a € X. A function f: X — Y is continuous at
a if f satisfies the condition

lim f(x) = f(a).

T—a

continuous function (metric spaces)
Let (X,dx) and (Y, dy) be metric spaces. A function f: X — Y is continuous if f satisfies

if a € X then lim f(z) = f(a).

T—ra

emptyset
The emptyset () is the set with no elements.

equivalence class
Let ~ be an equivalence relation on a set S and let s € S. The equivalence class of s is the set

s]={te S |t~s}

equivalence relation
An equivalence relation on S is a relation ~ on S such that

(a) if s € S then s ~ s,
(b) if s1,582 € S and s; ~ sy then sg ~ sq,
(c) if s1,82,83 € S and s1 ~ s9 and sy ~ s3 then s1 ~ s3.

Euclidean metric
The Fuclidean metric is the metric on R", d: R” x R" — R>g, given by

d((xlv s 7‘7371)7 (ylu R 7yn)) - \/(1'1 - y1)2 +- (xn - yn)Q'

standard inner product on R"
The standard inner product on R™ is the functiion

(): R™ x R
(|JJ1, e ,.’L‘n>, ’ylv s 7yn>)

R

%
= (T T | YLy Yn)

given by
(@1, Tn | Y1, ) = 21y + o + T
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standard inner product on C"
The standard inner product on C™ is the functiion

(,): Cr xCr — C

Iz, mn)syns - un)) = (@@ [y, Yn)
given by

(X1,ee s @n | Yy vy Yn) = T1YL + -+ + T Un-
field
A field is a set F with functions

FxF — F and FxF — F

(a,b) +— a+b " (a,b) +— ab

such that

(Fa) If a,b,c € F then (a+b) +c=a+ (b+c),
(Fb) If a,b € F then a +b = b+ a,
(Fc) There exists 0 € F such that
ifa€lF then 0+a=aand a+0=a,

(Fd) If a € F then there exists —a € F such that a + (—a) =0 and (—a) +a =0,
(Fe) If a,b,c € F then (ab)c = a(bc),
(Ff) If a,b,c € F then

(a+bc=ac+bc and  cla+b) = ca+ ch,
(Fg) There exists 1 € F such that
ifaeF then 1l-a=aanda-1=a,

(Fh) If @ € F and a # 0 then there exists a~! € F such that aa™! =1 and a~'a =1,
(Fi) If a,b € F then ab = ba.

fixed point
A fized point of a function f: X — X is

reX such that f(z) = =.

function
A function from S to T is a subset I'y C .S x T' such that

(a) If s € S then there exists t € T such that (s,t) € I'y,
(b) if (S,tl), (S,tQ) € Ff then t; = t9.
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For s € S, define the notation f(s) by
Ly={(s,f(s)) | s € S} and write E f :

Abusing semantics, the set I'y is the graph of f.

image (function)
Let f: S — T be a function. The image of f is

inf, or infimum, or greatest lower bound
Let S be a poset and let E be a subset of S. A infimum of E in S, or greatest lower bound of
E in S, is an element inf(FE) € S such that

(a) inf(FE) is a lower bound of E in S, and
(b) If I € S is a lower bound of E in S then [ < inf(F).

injective function
Let X and Y be sets. A injective function from X to Y is a function f: X — Y such that

if 21,29 € X and f(x1) = f(z2) then 1 = xo.

integers Z
The integers is the set

7 = (~Z0) U{0} UZso={...,—3,-2,-1,0,1,2,3,...}
with addition given by the addition in Zs¢ and the conditions

(a) f z€ Zthen 0+ 2z=240= z,
(b) f x,y,z € Z then (z+y)+z=z+ (y+ 2),
(c) f x € Zsp then z + (—z) = (—z) + 2 =0.

The ordering on Z is given by

T <y if there exists p € Z > 0 such that x +p = y.

interval
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inverse function
Let X and Y be sets and let f: X — Y be a function from X to Y. The inverse function to f
is the function f~': Y — X such that

flof=idy and  fof!=idy.

matrix
Let t,s € Z~o and let F be a field. A t by s matriz with entries in F is a function

A ALt} x{1,...,s} = F.

metric
Let X be a set. A metric on X is a function d: X x X — R>( such that

) If z € X then d(z,z) =0,
) If z,y € X and d(x,y) =0 then z =y,
(c¢) If z,y € X then d(z,y) = d(y, z),
)

ordered field

An ordered field is a field F with a total order < such that
(OFa) If a,b,c € F and a < b then a +c¢ <b+c,
(OFb) If a,b € F and a > 0 and b > 0 then ab > 0.

partition of a set
A partition of a set S is a collection P of subsets of S such that

(a) If s € S then there exists P € P such that s € P, and
(b) If P,,P, ¢ Pand PPN P 7é 0 then P, = Ps.

poset
A poset, or partially ordered set, is a set S with a relation < on S such that

(a) If v € A then z < z,
(b) If z,y,z € S and x <y and y < z then x < z, and
(¢) f z,ye Sand z <y and y <z then x = y.

positive integers Z-
The positive integers is the set

2=1+1,
3=2+41,
Zwo=1{1,2,3,...},  where 4=3+1

5=4+1,
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and with addition given by concatention so that, for example, 2+3=14+1 4+ 14+1+1=25.
The ordering on the positive integers is given by

x <y if there exists p € Z~¢ such that x +p =y.

rational numbers Q
The rational numbers is the set

a . . a C .
Q={Jlabezwithb£0}  with T=Zifad=be,

with the functions

QxQ@ » Q@ . QxQ = Q
(3.5 ~ $+3 (.9 =~ $3

given by

a ¢ ad-+bc a ¢ ac

R N
real numbers R
relation
A relation ~ on S is a subset R of S x S. Write s1 ~ s if the pair (s1,s2) is in the subset R~
so that

R. ={(s1,52) € S xS | s1~ sa}.

subset

Let X be a set. A subset of X is a set A such that
ifae A then ac€ X.

Write A C X if A is a subset of X.

sup

Let S be a poset and let F be a subset of S. A supremum, orleast upper bound of E in S is an
element sup(F) € S such that

(a) sup(F) is a upper bound of E in S, and
(b) If b € S is a upper bound of E in S then sup(E) < b.

surjective function
Let X and Y be sets. A surjective function from X to Y is a function f: X — Y such that

if ye€Y then there exists x € X such that f(x) =y.
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standard inner product
The standard inner product on C" is (,): C" x C™ — C given by

<($17"'7:Bn)7(y17"‘7yn)> = 1‘1371‘1‘ : Jjn%

standard metric on C
The standard metric on C is the metric

d: CxC —Rxp given by d(z,w) = |z —w|.

triangle inequality for a function d: X x X — Rx>
Let X be a set and let d: X x X — R>¢ be a function. The function d satisfies the triangle
inequality if d satisfies

if z,y,2€ X then d(x,y) <d(x,z)+d(z,y).

triangle inequality for || |[: X — R>g
Let X be a vector space over a field K and let || ||: X — R>¢ be a function. The function
| I: X = Rxq satisfies the triangle inequality if || ||: X — R>q satisfies

if 2,y € X then [z +y|l < |zl + [yl

unit circle
The unit circle is the set

St={zeC||z|=1}
= {9 |geR,0<0<2r}={z+iy|z,ycRand 2> +y> =1}

unit sphere
Let (V,|| ||) be a normed vector space. The unit sphere in V is

S={veV ||| =1}
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