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4 Vocabulary

4.1 Vocabulary: Linear algebra
[inverse (matrix) |

[adjoint with respect to (,)| [inverse (linear transformation) |

[basis (vector space)| [invertible matrix |

[Cauchy-Schwarz ineq.| [kernel (matrix)|

[change of basis matrix | [kernel (linear transformation)|
[characteristic polynomial (matrix)|

characteristic polynomial (linear transfor-| [linearly independent |

mation)| [linear transformation |

[diagonal matrix]| Thalrix

|diagonalizable matrix| [matrix of a linear transformation with re-|

[direct sum (vector spaces)| [spect to bases |

|

[dual space (vector space)|

[dual space (normed vector space)??77| metric space?? 7|

worm [ ]
[eigenspectrum?7?77| [normed vector space|

[Euclidean space R™777|

[eigenspace (matrix)| [operator norm]|

[eigenspace (linear transformation)| [orthogonal complement|

[eigenvalue (matrix)| [orthonormal sequence|

leigenvalue (linear transformation)| [orthonormal basis|

[eigenvector (matrix)| [product (for matrices)|

[eigenvector (linear transformation)| [product (for linear transformations)|
[elementary matrix|

Fourier coefficients [self adjoint operator|

Fourier series [singlun matrix |

GLn(F) [Fpan]

|Gram-Schmidt process| standard metric

[triangle ineq. (metric)|

image (function)| [triangle inequality (norm)|

image (matrix)| unitary operator

[image (linear transformation)|

adjoint
Let T: V — W be an F-linear transformation. Let W* be the dual space of W and let V* be
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the dual space of V. The adjoint of T is the function

T W* = V* given by (T*¢)(v) = (¢ o T)(v). V—W

adjoint with respect to (,)

Let V be an [F-vector space with a nondegenerate sesquilinear form (,): V. xV — F. Let f: V —
V be a linear transformation. The adjoint of f with respect to (,) is the linear transformation
f*:V — V determined by

if z,y eV then (f(z),y) = (z, f*@¥)).

basis (vector space)
Let F be a field and let V' be an F-vector space. A basis of V is a subset B C V such that

(a) F-span(B) =V,
(b) B is linearly independent,

where
F-span(B) = {a1by + - -+ agby | L € Z~g, b1,...,by € B, ay,...,ap € F},

and B is linearly independent if B satisfies

if £ € Z~g and by,...,bp € B and ay,...,as € F, and
a1b1+---+apby =0 then a3 =0, ao=0, ..., ap=0.

Cauchy-Schwarz inequality
Let V' be a vector space over R or C with a positive definite Hermitian form (,): V' x V — Rxq
and let || ||: V — Rxg be defined by |[v||? = (v,v). The Cauchy-Schwarz inequality is

Ifz,yeV  then [(z,y) <]yl

change of basis matrix
Let n € Z~o. Let V be an F-vector space and assume that B = {b1,...,b,} is a basis of V' and

C ={ec1,c2,...,c,} be a basis of V. The change of basis matrix from B to C' is the matrix
aj; a2 -+ Ay c1 = ai1by +az1bs + -+ + an1by,
a agy -+ A2 co = a12by + ag2bs + -+ + an2by,
Hlep =1 . ) where
Gn1 Aan2 - dpn cn = a1nb1 + aopba + - - + annby.
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characteristic polynomial (matrix)
Let IF be a field and let n € Z~¢. Let A € My« (F) and let X\ € F. The characteristic polynomial
of A is

det(t — A) (an element of F[t]).

characteristic polynomial (linear transformation)
Let F be a field and let V' be an F-vector space, let T: V' — V be a linear transformation and
let A € F. The characteristic polynomial of A is

det(t —T) (an element of F[t]).

determinant
Let n € Z~o and let F be a field. For 4,j € {1,...,n} let E;j € My, (F) be the matrix with 1 in
the (7,7) entry and all other entries 0. For ¢,dy,...,d, € Fand i,j € {1,...,n} with i # j let

Tij (C) =1+ CEij and h(dl, ce dn) =diEy+ -+ dyEan.
The determinant is the function det: M, «,(F) — F determined by the conditions

(a) If A, B € My« (F) then det(AB) = det(A) det(B),
(b) If ce Fand 4,5 € {1,...,n} and i # j then det(z;;(c)) =1,
(c) If dy,...,dy € F then det(h(dy,...,dy)) = dida - - dy.

diagonal matrix
Let n € Z~o and let F be a field. For 4,5 € {1,...,n} let E;; € M, «xn(F) be the matrix with 1
in the (i,7) entry and all other entries 0. A diagonal matriz is a matrix

h(dl, - ,dn) =diFy+ -+ dyEan, with dy,...,d, € F.

diagonalizable matrix

Let n € Z~o and let F be a field. For 4,5 € {1,...,n} let E;; € M,x,(F) be the matrix with 1
in the (7,7) entry and all other entries 0. Let A € M,,»,(F). The matrix A is F-diagonalizable,
or semisimple, if there exist P € GL,(F) and dy,...,d, € F such that

P7YAP = h(dy,...,d,), where h(dy,...,dp) =diE11 + -+ dpEny.

direct sum (vector spaces)
Let V' be an F-vector space with basis B = {b1,...,bx} and let W be an F-vector space with
basis C' = {c1,...,ce}. The direct sum of V and W is the F-vector space

VeWw with basis BUC:{bl,...,bk,cl,...,Cg}.
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dual space (vector space)
Let IF be a field and let W be an F-vector space. The dual space to W is the vector space

W* = Hom(W,F) = {¢: W — F | ¢ is a linear transformation}
with addition and scalar multiplication given by
(b1 +@2)(w) = pr(w) +p2(w)  and  (cp)(w) = c- p(w).
for ¢, 1,2 € W*, we W and ¢ € F.
eigenspace (matrix)
Let F be a field and let n € Z~g. Let A € M,,x,(F) and let A € F. The \-eigenspace of A is

Vi =ker(A— ) ={velF"| Av = \v}.

eigenspace (linear transformation)
Let IF be a field and let V be an F-vector space, let T: V' — V be a linear transformation and
let A € F. The A-eigenspace of T:V — V is

W=ker(T —\)={veV |Tv= v}

eigenvalue (matrix)
Let F be a field and let n € Z~g. Let A € My, (F). An eigenvalue of A is X € F such that

ker(A— ) #0.

eigenvalue (linear transformation)
Let T: V — V be an F-linear transformation and let A € F. An eigenvalue of T is A € F such
that

ker(T' — \) # 0.

eigenvector (matrix)

Let n € Zsg. Let A € M,,«n(F) and let A € F. An F-eigenvector of A of eigenvalue A is a

nonzero v € ker(A — \).

eigenvector (linear transformation)
Let T: V — V be an F-linear transformation and let A € F. An F-eigenvector of T of eigenvalue
Als a

nonzero v € ker(T' — \).
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elementary matrix
Let n € Z~o. Let F be a field and let F* =F — {0}. For 4,5 € {1,...,n} let E;; € Myx,(F)
have (i, 7) entry 1 and all other entries 0. An elementary matriz is one of the matrices

zij(c) = 1+ cEjj, with ¢ € F and i # j,

or
Sij:1+Eij+Eji_Eii_Ejja Wlch;lé],

or

h(dl,... ,dn) =diF11+ - +dpnEun, with dy,...,d, € F*.

Euclidean metric
The Euclidean metric is the metric on R", d: R" x R™ — R>¢, given by

d((@1,- - zn), Y1, 0)) = V(@1 = y1)? + - (20— yn)2.

GL(F)
Let IF be a field and let n € Z~g. The general linear group is

GL,(F) ={P € Mpxn(F) | P is invertible}

with the function GL,(F) x GL,(F) — GL,(F) given by matrix multiplication.

Gram-Schmidt process

Let (V, (, )) be a positive definite Hermitian inner product space. Let vy, va,. .. be a sequence of
linearly independent vectors in V. The Gram-Schmidt process is the use of the vectors vy, v, . ..
to construct the vectors aj,ao,... in V given by

U1

Al

Un+1 — <'Un+17 a1>a1 — = <Un+17 an>an
[vn+1 — (g1, @1)a1 — - = (U1, Gn)an |

a1 and A1 =

Hermitian (matrix)
Let A € M, (C). The matrix A is Hermitian if

A=A

Hilbert space
A Hilbert space is a positive definite Hermitian inner product space (V, (,)) which is a complete
metric space with the metric d: V' x V — R>q given by

d(z,y) = ||z —yll,  where [z -yl =+ (z—y,z—y).
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image (function)
Let f: S — T be a function. The image of f is

im(f) = {f(s) | s € S}.

image (matrix)
Let F be a field. Let t,s € Z~g and let A € Myxs(F). The image of A is

im(A) = {Av | v € F*}.

image (linear transformation)
Let T: V — W be an F-linear transformation. The image of T is

im(T) ={T(v) |veV}.

inner product
Whenever anyone uses this word you should respond, “Do you mean Hermitian or symmetric,
or positive definite, or nonisotropic, nondegenerate, or sesquilinear, or just bilinear?”

L2(X)
Let (X, uu) be a measure space. For f: X — Clet | fllo = 4/ [y |f(2)]?dz if it exists in Rx.

L*(X) ={f: X = C ||| f|]2 exists in Rxq},

with inner product (,): L?(X) x L?(X) — C given by

(f.g) = /X F)a@)du.

inverse (matrix)
Let n € Z~o and let A € M, (F). The inverse of A is a matrix A~ € M,,(F) such that

AAT =1 and A7tA=1.

inverse (linear transformation)
Let T: V — V be a linear transformation. The inverse of T is a linear transformation 7-1: V —
V' such that

TT™'=1 and T7'T=1.

invertible matrix
Let n € Z~o and let A € M,(F). The matrix A is invertible if there exists A~! € M, (F) such
that

AA =1 and A'A=1
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kernel (matrix)
Let F be a field and let s,t € Z~g. Let A € Myy5(F). The kernel of A is

ker(A) = {v € F* | Av = 0}.

kernel (linear transformation)
Let T: V. — W be a linear transformation. The kernel of T is

ker(T) = {v eV | T'(v) = 0}.

length norm
Let K be R or C and let V be a vector space over K with a positive definite Hermitian form
(,): V xV — K. The length norm on V is the function

V—)]R>Q

= determined by v||? = (v,v).
o o] = (0,0}

linearly independent
Let F be a field and let V' be an F-vector space. Let B be a subset of V. The set B is linearly
independent, or has no relations, if B satisfies

if¢ €Z~oand by,...,bp € Band ay,...,ap € F, and
a1b1+---+apby=0 then a1 =0, ao=0, ..., ap=0.

linear transformation
Let V and W be F-vector spaces. A linear transformation from V to W is a function T: V — W
such that

(a) if v1,v3 € V then T'(v1 4+ va) = T(v1) + T'(v2),

(b) If v € V and ¢ € F then T'(cv) = ¢T'(v).

Mtxs(F)
Let t, s € Z~¢ and let F be a field. The vector space of t X s matrices with entries in F is the set
My s(F) of t x s matrices with entries in F with the functions

(A, B) — A+B (c,A) — cA

given by

forie {1,...t} and j € {1,...,s}.
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matrix
Let t,s € Z~¢ and let F be a field. A t by s matriz with entries in F is a function

A {1,...,t} x{1,...,s} = F.

matrix of a linear transformation with respect to bases
Let s,t € Z~o. Let T: V — W be an F-linear transformation. Assume that B = {b1,...,bs} is
a basis of V and C = {¢1,c2,...,¢} be a basis of W. The matriz of T with respect to the bases

B and C is
ail aiz -+ Qg T(b1) = aiic1 + ag1c2 + -+ - + ancy,
a1 a2 - Qg T(b2) = ai2¢c1 + agece + - - - + arace,
Tlep =] . ) where i
agl a2 v Qg T(bs) = A15C1 + A2sC2 + * -+ + QsCt.
metric

Let X be a set. A metric on X is a function d: X x X — R>( such that

(a) If v € X then d(z,z) =0,

(b) If x,y € X and d(x,y) =0 then z =y,

(¢) If z,y € X then d(z,y) = d(y, z),

(d) If z,y,z € X then d(z,y) < d(z,z) + d(z,y).

norm
Let K be R or C and let V' be a K-vector space. A norm on V is a function || ||: V' — R>¢ such
that

(a) If 2,y € V then [lz +y[| < [[=[| + [ly[],
(b) If ce K and v € V then ||cv|| = |¢|||v]l,
(c) If v eV and ||v|| =0 then v = 0.

normed vector space
Let K be R or C. A normed vector space is a K-vector space V with a function || ||: V' — Rx>g
such that

(a) If 2,y € V then [lz +y| < [[=[| + [ly[l,
(b) If ce K and v € V then ||cv|| = |¢|||v]l,
(c) If v eV and ||v| =0 then v = 0.

norm metric
Let (V.|| ||) be a normed vector space. The norm metric on V' is the function

d: V xV —=Rx given by d(z,y) = |z —y|.
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operator norm
Let (V.|| |lv) and (W, || |[w be normed vector spaces and let T': V' — W be a linear transforma-
tion. The operator norm of T is

T
17 = sup 172w |z eV},
(v

orthogonal (matrix)
Let A € M,(C). The matrix A is orthogonal if

AAL = 1.

orthogonal complement
Let (V,(,)) be an inner product space and let W C V be a subspace of V. The orthogonal
complement of W in V is

Wt ={veV|ifweW then (v,w) = 0}.

orthonormal sequence
Let F be a field and let (V, (, )) be an F-vector space with a sequilinear form. An orthonormal
sequence in V' is a sequence (b, ba,...) in V such that

1, ifi=j,

ifi,j€Zo the b, b;) =
Bhg =80 no (i by) {0, if § # j.

orthonormal basis
Let H be a separable Hilbert space. An orthonormal basis of H is a subset A C H such that A
is countable, A is orthonormal, and span(A) = H.

product (for matrices)
Let s,n,t € Z~o and let A; € M,»s(F) and Az € Mixn(F). The product of Ay with A; is the
matrix Ay Ay € Myxs(F) given by

(A2A1)(i,5) = Ag(i, ) As(L,5)  forie{l,... .t} and j€{l,...,s}.
/=1

product (for linear transformations)
Let Th: V — W and Ty : W — Z be F-linear transformations. The composition of To and 17, or
product of Ty and T is the composition

1T =15 011, so that TQTl(U) = TQ(Tl(U)) forveV.

147



Linear algebra lecture notes, Arun Ram August 29, 2026

root matrix
Let n € Zso. A root matriz for GL,(F) is a matrix

zij(c) = 1+ cEyj, with c € F

and i,7 € {1,...,n} with i # j.

self adjoint operator
Let H be a Hilbert space. A self adjoint operator on H is

a bounded linear operator T: H — H such that T =T7%,

where T™ is the adjoint of T'.

singlun matrix
Let t,s € Zs¢. Fori € {1,...,t} and j € {1,...,s} the singlun matriz E;; € M s(F) is the
matrix with 1 in the (7, j) entry and 0 elsewhere.

span
Let F be a field and let V' be an F-vector space. Let B be a subset of V. The span of B, or
subspace generated by B, is

F—span(B):{albl—i—-~—|—agbg ‘ € Zwo, bi,...,bp € B, al,...,agEIF},

standard inner product on R"
The standard inner product on R™ is the functiion
(,): R™ x R" — R
(lz1, ooy zn)y Y1,y ym)) = (X1yeo oy | Y1y vy YUn)
given by
(1, T [ Y1, Yn) = T1Y1 + -+ TpYn.

standard inner product on C"
The standard inner product on C" is the functiion
(,): C" x C™

%
(lz1, e oy zn)y lyr, -y yn)) =

<5Ula'-‘7-73n | y17"'7yn>

given by
(T1,oo@n | Y1, Yn) =TT+ -+ - + Tnln-

standard metric

The standard metric is the metric

d: CxC — Ry given by d(z,w) = |z —wl|.

148



Linear algebra lecture notes, Arun Ram August 29, 2026

subspace
Let V be an F-vector space. A subspace of V is a subset W of V such that

(a) If wy,ws € W then wy +we € W,
(b) If we W and ¢ € F then cw € W.

symmetric (matrix)
Let A € M, (F). The matrix A is symmetric if

A=Al

triangle inequality for a function d: X x X — Rx>
Let X be a set and let d: X x X — R>¢ be a function. The function d satisfies the triangle
inequality if d satisfies

if z,y,2€ X then d(x,y) <d(x,z)+d(z,y).

triangle inequality for || ||: X — Rx>g
Let X be a vector space over a field K and let || ||: X — R>g be a function. The function
| [|: X — Rxq satisfies the triangle inequality if || ||: X — R>¢ satisfies

if z,y € X then [lz +yll < |l=]| + [lyll.

unitary (matrix)
Let A € M, (C). The matrix A is unitary if

AA = 1.

unitary operator
Let H be a Hilbert space. A unitary operator on H is

a bounded linear operator T: H — H such that TT* =T*T =1,
where T™ is the adjoint of T and [ is the identity operator on H.
vector space

Let F be a field. A F-vector space is a set V' with functions

VxV — Vv and FxV — V
(v1,v2) = v+ vy (c,v) +— cv

(addition and scalar multiplication) such that

(a) If v1,vg,v3 € V then (vi + v2) + v3 = vy + (v2 + v3),
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(b) There exists 0 € V such that if v € V then 04+ v =v and v + 0 = v,
(c) If v € V then there exists —v € V such that v + (—v) = 0 and (—v) +v =0,
(d

)
)
) If v1,v9 € V then v1 + vy = vy + vy,
e) If c € F and vy,vy € V then c(v1 + va) = cvy + cvg,
)
)
)

(
(f) If ¢1,c2 € F and v € V then (c1 + c2)v = c1v + o0,
g) If ¢1,co € F and v € V then ¢1(cov) = (c1c2)v,

(
(h) If v € V then 1lv =v.
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