Linear algebra lecture notes, Arun Ram August 29, 2026

2.8 Week 8 Tutorial: Gram-Schmidt and orthogonal polynomials

The R-vector space of polynomials of degree less than or equal to 4 is

Rlz]<4 = Rspan{1,z, 2% 23 '} = {ag + a12 + aga® + aza® + aqz’}.

Example 1. Legendre polynomials. Define an inner product (,): R[z]<4 X R[z]<4 — R by
1
o) = | f@gt) s

HW: Show that (,) is positive definite.
HW: Calculate the Gram matrix of (,) with respect to the basis {1, z, 22, 23, 21}.

HW: Apply the Gram-Schmidt process to {1,z,z2, 23, 2*} to produce
the orthonormal basis { Py, P1, Py, P3, Py}, where

Py=1,
P =z,

Py = $(32% - 1),
P3 = (5% — 3x),

Py = $(35z" — 3022 + 3).

HW: Show that

(1—m2)‘i;§)—2m°i£’+o-1‘g?:0,

(1x2)6§x]_;12x(32+1~26i520,

(1—x2)65122 23:% 2-3%:0,

(1—3:2)(22;3—233%4-3-4%:0, and
2

(1— 2)2;4 2%+4-5%:0

Example 2. Laguerrre polynomials. Define an inner product (,): Rz]<4 x R[z]<4 — R by
o
)= [ F@gla)e o
HW: Show that (,) is positive definite.

HW: Calculate the Gram matrix of (,) with respect to the basis {1, z, 22, 23, 2*}.
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HW: Apply the Gram-Schmidt process to {1,z, 22, 23, 2%} to produce
the orthonormal basis {Lg, L1, La, L3, L4}, where

Lo =1,

Li=—x+41,

Ly = (2% — 4o +2),

L3 = ¢(—2® + 92° — 18z + 6),

Ly = 54(2* — 162° + 7222 — 96z + 24).

HW: Show that

xd;;;o +(17m)%+0% =0,
o gt gt <o
djgz +(1 —a:)% 2% =0,
xchl;?’—i-(l—:v)ciiig—l—iﬂcif;’:o, and
xd;II;l (1—x)% 4% =0

Example 3. Hermite polynomials. Define an inner product (,): Rz]<4 x R[z]<4 — R by
> 2
(o) = [ s@glore da.

HW: Show that (,) is positive definite.
HW: Calculate the Gram matrix of (,) with respect to the basis {1, z, 22, 23, 24}.

HW: Apply the Gram-Schmidt process to {1, z,z2, 23, 2*} to produce
the orthonormal basis { Hy, Hy, Ho, H3, Hy}, where

Ho = 1,

H, = ﬁ%‘,

Hy = 5= (42” - 2),

H; = 8_61\/77(8:63 —12x),

Hy = 5577 160" — 4827 +12).
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HW: Show that

d’H, dLy _dH,
-2 0 =0
dz? Tz + dz ’
d*H dL dH
dx21 -2 dacl +2 alac1 =0,
’H. L H.
d’H. dL dH.
dac23 -2 da:3 +0 da:3 =0,
d’H, dLy dHy
-2 =0.
dxz? * dx +8 dx 0
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