Linear algebra lecture notes, Arun Ram August 29, 2026

2.3 Week 3 Tutorial: Inverse and normal form for generic 2 x 2 and 3 x 3 matrices

HW: Let a,b,¢c,d € Q. Let

Compute AB and BA.
HW: Let a,b,c,d € Q. Prove that if ad — bc # 0 then

1 d —b

-1 _ d—b d—b

A — (a_cc a a c) .
ad—bc  ad—bc

ail a2 a3
HW: Let a1, a12,a13, a21, a2z, a23,a31,a32,a33 € Q. Let A= | as1 a2 ag3 | and
as;p as2 ass

azassz — azsazz  —(a12a33 — az3as2) 12023 — 413022
B = | —(ag1a23 — azzaz1)  aiazs —aizazr  —(aiiasz — aizasn)
asiazy — agazr  —(aiiaze —aj2a31) G142 — 412021

Compute AB and BA.

a1 a2 a3
HW: Let a11, a12, a13, a1, a22,a23,a31,a32,a33 € Q and let A = | a1 a2z az3 |. Let

aszyp as2 ass
D = ay1a22a33 + a12a23a31 + a13a21a32 — 12021033 — 111023032 — 413022021 -

Prove that if D # 0 then

122033 —023032 _(a12a33_a33a32) 12023 —013022
A~ — —(a21a23—a23a31) a11a33—a13a31 —(a11a23—a13a21)
D
a210a32—0a22a31 —(a11a32—a12a31) @11022—0a12021
D D D

Example Al. Let a,b,¢,d € Q and find the inverse of A = <Z b).

C9r-()

Case 1: ¢ # 0. Left multiply by 81(%)_1, which is the matrix

0 1 ¢ d {0 1
(1 2) (it =( )

Case 1a: ¢ # 0 and ad — bc # 0. Left multiply by hl(c)_lhg(@)_l, which is the matrix

1 d 1
ot o )= )
¢ , to get c)AT = ¢ .
<O bcfad 0 1 bcfad B bcilad
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Start with AA~! = 1, which is
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Left multiply by a12(4)~?

1) el -
¢], toget At = c—a c T c(be—ad) |
<0 1 0 1 bcfad _bcilad

d bc—ad+ad
A~ — (_bc—ad g(bg—a;ll) ) — 1 ( d _b)
£ ——= ad —bc \—c a )’
bc—ad bc—ad

Case 1b: ¢ # 0 and ad — bc = 0. Then

(o) =0 %)

and there does not exist any matrix A~! that makes this equation true in this case.

Case 2: ¢ = 0. Then
a b -1 _ 1 0
(6 @)= 1)

Case 2a: ¢ =0 and d # 0 and a # 0 so that ad —bc = ad —b-0 # 0. Left multiply by ha(d) " hyi(a)™!,

which is the matrix L b 1
=0 L2\ 41—t 2 0
a a = a
(0 é)’ st (0 1>A <0 é)'

Left multiply by $12(§)71, which is the matrix

1
10 10\ ,.1
(6 3) wom (5 )4 =(

Recalling that ¢ = 0 then
1 d —b
Al = :
ad — be (—c a >

RS

and there does not exist any matrix A~! that makes this equation true in this case. Case

2¢: ¢ =0 and d # 0. Then
a b -1 1 0
(6 o) =)

and there does not exist any matrix A~! that makes this equation true in this case.
Altogether, this thorough consideration of the various cases has proved (by row reduction) the
following theorem.

, which is the matrix

o

Case 2b: ¢ =0 and a # 0. Then

Theorem 2.1. (Inverse of a 2 x 2 matrix) Let A= (Z 2) € Msyx2(Q). Then

(a) If ad — bc # 0 then A~! = ! (d _b).

ad —bc \—c «a

(b) If ad — be = 0 then A~1 does not exist.
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2 -1
1 1

A= o) (—11 §>‘

G0 D-69-6Y)

HW: Use row reduction (in analogy with Example A1) to prove the following theorem.

Example M5. Let A = ( ) Then

W
N
I~
—t
[N
~_
I
7N
w‘.Lom—A
[SUNSUE
~_

Check:

wiww O

Theorem 2.2. (Inverse of a 3 x 3 matrix) Let a1y, a12,a13, a2, a2, ass3, a3, asz, ass € Q and let

ail a2 as
A= a1 a2z az3

a31 asz2 as3
Let
D = ay1a22a33 — a12a21a33 — a13a22a21 — A11023032 + 113021032 + A12023a31 .
(a) If D # 0 then

(22033 — A23G32 —(a12a33 — assasz) a12a23 — 413022
D D D
A1 _ | —(azia93 —agzaz)  anazs —aizazn —(anags — ai3an)
D D D
a1a32 — 422031 —(a11a32 — a12a31)  aiiaz — aj2as)
D D D

(b) If D =0 then A~! does not exist.
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