Linear algebra lecture notes, Arun Ram August 29, 2026

2 Tutorials
2.1 Week 1 Tutorial: 3d-space-time and cross products
The 3d-space-time, or the Hamiltonians, or the quaternions, is the vector space
D = R-span{l,i,j,k} = {t + xi +yj + zk | t,z,y,z € R}
with product determined by
=2 =K"= -1, ij =—ji=k, jk=—kj =1, ki = —ik = j,
and the distributive laws. The 3d-space-time DD is a generalization of 1d-space-time C, where

C={xi+t|zteR} with product determined by i*= —1 and the distributive laws.

HW: Compute (3 +2i+4j — 6k) + (—4+ 70 —4j +2k) and 7- (44 20 + 65 — 9k).
HW: Compute (3+2i)-(3—2¢) and (3+2j)-(3—27) and (3+27)-(3—2k) and (3+42i)-(3—25)-(1—k).
HW: Compute (3 + 2i +4j — 6k) - (—4+ 71 — 45 + 2k) and (—4 + 7i — 4j + 2k) - (3 + 2i + 45 — 6k).

The 3d-space R3 is a subspace of 3d-space-time D),

D ={t+zit+yj+zk|txyzeR}
Ul
R? = {xi+yj+z2k|xzy 2R}

For v1 = 210+ y1j + 21k and vy = x9i + y2j + 20k in R? define

(v1 | v2) = Z1y1 + Y1y2 + 2122 and

v1 X v2 = (Y122 — 21Y2)1 — (122 — 2122)§ + (T1Y2 — Y172)k.

HW: Let v; = 2i+ j — 3k and v; = —5i + 2j — k. Compute (v1|v2) and v1 X va.
HW: Let vy = 5i 4+ 12j + 13k and vy = 5i + 125 — 13k. Compute (v;|ve) and vy X ve.
HW: Compute

(il2), (il7), (1]k),
(), (17), {71k},
(Kl2), (kl7), (k|k),
i X1, i X 7, i Xk,
J X, J X Js Jxk,
k X1, k x 7, kx k.

HW: Prove that if v; = 217 4+ y1j + 21k and vy = 227 + y2j + 22k in R3 then
V1V = —<1)1 ’U2> + v1 X V2.

This computation shows how the standard inner product and the cross product arise from the multi-
plication in 3d-space-time.
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The Galois automorphism, or conjugation map, is the function : I — D given by

t+axityj+zk=t—zi—yj— zk, for t,x,y,z € R.

The norm on D is the function || ||: D — R>q given by
|d|| = Vdd.

HW:. Show that if di,d> € D then didy = d; - do.
HW:. Show that if t,z,y,2 € R and d =t + xi + yj + zk then

dd = t* + 2% + > + 22

HW:. Show that if d € D and d # 0 then

1 _
—d=d"'.
[d]|?

HW:. Let dy =1+ 2i — 35 — 2k and dy = 4 — 2i 4+ 55 Compute

d1 . dg and d1 . dg

and then compute o o
dl, d2, and d1 . d2.

HW:. Let dy =14 2i — 35 — 2k and do = 4 — 2¢ + 55 Compute
didy, [da]], didy, | d2]|-

HW:. Letdi =1+2i—3j —2k and dy =4 — 2i + 55 and let

1 — 1 —
fl = 7d1 and f2 = 7d2.
lda| ||

Compute
f1, f2, fi-di, dy - f1, fa - da, and da - fa.

HW: The (normalized) Pauli matrices are the matrices I, J, K € May2(C) given by

G0 C) ()

Show that

I’=J?=K?=—1, IJ=-JI =K, JK =—-KJ=1, KI=—-IK =J.
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