Linear algebra lecture notes, Arun Ram August 29, 2026

2.11 Week 11 Tutorial: Comparing formulas for the determinant
2.11.1 Determinants by factoring

Let n € Zso. Let E;j be the nxn matrix with 1 in the (4, j) entry and 0 elsewhere. Fori € {1,...

and ¢ € Q define
si(c) =1—Ey — Eip141 + Eiiv1 + Eig1i + cEy.

Fori e {1,...,n} and d € Q with d # 0 define

For i,5 € {1,...,n} with i # j and ¢ € Q define
{IIZ']'(C) =1 +CEij,

For r € {1,...,n} define
I, =FEi1+- -+ Epp.

The deteminant is the function det: My, (Q) — Q determined by
if A,B € Mpxn(Q) then det(AB) = det(A)det(B),
and ifi,j € {1,...,n} withi# jand k € {1,...,n— 1} and ¢,d € Q with d # 0 then
det(z;i(c)) =1, det(hi(d)) =d, det(sg(c)) =—1.
Theorem 2.6. (Factoring) Let n € Z~o. Let
I, =FEn+- -+ Ey in Mxn(Q).
Let A € My,xn(Q). The factoring algorithm gives

A = (product of si(c)s) - (product of hi(d)s) - (product of z;;(c)s)
-1, - (product of si(c)s) - (product of z;;(c)s).

2 6 9
Example M12. Let A=(0 3 8 |. Then
0 0 -1
13 3
A:h1(2)h2(3)h3(—1) 0 1 % :h1(2)h2(3)h3(—1)%12(3)%’13(%).%23(%)
0 0 1

and

det(A) = det (h1(2)h2(3)h3(—1)l‘12(3) 33‘23 )
= det(h1(2)) det(h2(3)) det(hs(— )) det($12(3))) det(z13(5)) det(z23(5))
=2-3-(-1)-1-1-1=—6.
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1 21
Example M13. Let A= (-1 1 1]. Then
0 1 3
-1 1 0 -1 1 1 -1 1 0 1 0 0 -1 1 1
A=11 0 0 0 3 2]=(1 00 0 3 1 0O 1 3
0 0 1 0 1 3 0 01 010 0o 0 -7
-1 1 1 1 -1 -1
= 81(—1)82(3) 0 1 3 = 51(—1)52(3)h1(—1)h2(1)h3(—7) 0 1 3
0 0 -7 0 0 1
= 81(—1)82(3)h1(—1)h2(1)h3(—7)$12(—1):6‘13(—1).%’23(3)
and det(A) = (1) - (=1)-(=1)-1-(=7)-1-1-1="7. O

2.11.2 The permutation formula for the determinant

Let n € Z~g. A permutation is an n X n matrix such that each row and each column contain exactly
one 1 and all other entries are 0. If n = 2 then the permtutations are the matrices in the set

{0 1)0 o))

If n = 3 then the permutations are the matrices in the set

100 01 0 00 1
o1o0], [oo0o1], [100],
g _J\00 100 010
010 100 001
1 oo, {oo0o1), [0o10
00 1 01 0 100

Let w(i) be the row number of the 1 in column j of w. Let
Inv(w) ={(4,5) | i,j €{1,...,n} and i < j and w(i) > w(j)} andlet {(w) = #Inv(w).
The permutation for the determinant of a matrix A is

det(A) = Y (=)™ A1, w(1)A(2,w(2)) - A(n,w(n)).

If n = 2 the permutation formula says

ail a2 1
det( > = (=1)%q1a12 + (=1)laia21 = ai1a20 — aisa9.

a1 Q22
ailr a2 a1l a2
a1 a22 az1 a2
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If n = 3 the permutation formula says

ail a2 a3
det | as1 aze ass | = (=1)%aiiamaszs + (=1)%a12aszazi  +  (—1)%a13a21032

aszyp asz ass
+(—1)tareagiazs +  (=1)tanagsaze +  (—1)3a13a22a31.

corersponding to

air @12 ais ailr a2 ais ailr a12 ais
a21 (22 (23 az1 (22 (23 az1  G22 (23
asy a3z ass asy az2 ass asy az2 ass
ailr a2 a1z air a2 a1z ailr a2 a3
az1 (22 (23 ag1 G22 (23 ag1 (22 (23
asy asz2 ass asy a3z ass asy az2 ass

So

ail a2 ai3
det | a21 a2 a3 | = a11a22a33 + a12a23a31 + 13021032 — 412021433 — A11023032 — A13G22031 -
a3l asz2 as3

2.11.3 Cofactor formulas for the determinant

Let A € M, xn(Q) and let i,5 € {1,...,n}.

the 7th row removed

(4,5) i i
Let 4 be the matrix A with and the jth column removed.

The (i, j )-cofactor of A is - N
Cij = (1) det(A9),
Theorem 2.7. (cofactor expansion) Let A € Myxn(Q) and leti,j € {1,...,n}. Then

cofactor expansion

det(A) = Ailcﬂ + AZ‘QCiQ + -+ AmCZ across the ith row

and
o o Y cofactor expansion
det(A) = Ay Crj + Ag;Caj + -+ & AnjCnj. down the jth column
1 21
Example M15 and 16. If A= [ —1 1 1| then the (2,3)-cofactor is
0 1 3

653=:(1P+3det<1 2) = (-1)°(1-1-0-2) = —1.
Using cofactor expansion along the third row,

det(A) = (=1)3"1.0- det (2 1) +(=1)%72 -1 - det < 1 1>

11 -1 1
+@4P%-&da<jlf>
=0—-(1-1—(=1)-1)+31-1—(-1)-2)

=0-2+9="1.
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1 -2 0 1
3 2 20
Example M17. Let A = 1 0 10
0 —4 2 4

(a) Calculate the determinant of A by factoring A as a product of elementary matrices.
(b) Calculate the determinant of A by using the permutation formula.

(c) Calculate the determinant of A by cofactor expansion down the fourth column.

Solution to (c). Using cofactor expansion down the fourth column,

3 2 2
det(A) = (=D . 1.det |1 0 1] +0+0
0 2

—4
1 -2 0
+ (=) 4. det (3 2 2
1 0 1

= _((_1)1+1 -3 - det <_O4 ;) + (—1)**1 -1 det (_24 g) +0)

+4((—1)1+1-1-det (3 f) F(—1)2.(—2) - det G’ f) +0)

=-30+4)+ (4+8)+4((2—0)+2(2-3))
=-124+12+8+8=16.
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