Linear algebra lecture notes, Arun Ram August 29, 2026

2.10 Week 10 Tutorial: Volumes of paralleliipeds

Let w1, us, us, v1, v, v3, w1, ws, w3 € R. Define

det(ul) = ui, det <U1 1)2>

wy  Wa
and
uyp U2 U3
det | v1 vy w3 | = ui(vows — v3wse) — uz(viws — v3wy) + ug(viwy — vowy).
wp Wy w3

Theorem 2.4. (Volumes of parallelipipeds.)

(3) Letu = |uy,ug,uz) € R® and v = |v1,v2,v3) € R3 and w = |wy, w2, w3) € R3. The volume of the
parallelipiped with vertices 0, u, v, w,u + v,u + w,v + w,u + v+ w is

uy U2 U3z
det | vi v2 w3 ||.
wp w2 w3

(2) Let u = |uj,uz) € R? and v = |v1,v2) € R%  The area of the paralellogram with vertices

0,u,v,u+v is
() g
v V2

(1) Let w = |u1) € R, The length of the segment with endpoints 0 to u is

| det(uq)]. -

Proof. Let E;; be the 3 x 3 matrix with 1 in the (¢, j) entry and 0 elsewhere. Let 1 = Eqq + Eg2 + E3s,

sij =1—E; — Ej; + E;jj + Ej;, fori,j € {1,...,3} with i # 7,
zij(c) =1+ cEj, fori,j € {1,...,3} with i # j and c € R,
di(c) =1+ (c—1)Ey, for i € {1,...,3} and ¢ € R with ¢ # 0.
Consider the volume of the parallelipiped as a function of the edge vectors u = |uj,ug,us), v =

|v1,v2,v3) and w = |wy, we, ws).

uyp  u2 U3 Uy u2 U3
Vol(u,v,w) =Vol [ v; vy w3 | = Vol(P), where P=|v wv2 w3
wp w2 w3 wp w2 w3

Since switching two edges produces the same paralleliipiped then
VO](SZ']'P) = VOI(P).

Since stretching one of the edges of the parallelipiped by a factor of ¢ changes the volume by a factor
of ¢ then

Vol(d;(c)P) = ¢ - Vol(P).
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Since area of a parallelogram is always (area of base) - (height) then two paralellipipeds of the same
height and the the same base have the same volume and

Vol(z;;(c)P) = Vol(P).

It follows that Vol(P) can be computed by writing P as a product of elementary matrices and using
VOI(SU) == 1, VOl(dl(C)) =C, VOl(l‘ij (C)) =1.
Thus the volume of P is the absolute value of the determinant of P,

Vol(P) = | det(P)|.

O
Example E7. Find the volume of the parallelipiped with adjacent edges ]@, P—})B, ﬁ , where
P=02,0,-1), Q=14,1,0, R=[3,-1,1) and S=]2,-2,2).
Since the edges of the parallelipiped are
PO=P-Q=|21,1), Pk=P-R=|1,-1,2), PS=P-S5=10,-2,3),
then
(Volume of parallelipiped) = |<@, PE x P8 )|
Y T e R R e |
0 -2 3
=2(-3+4)—-(3+2)|=|-3|=3.
O

Example E8. Find the area of the triangle in R® with vertices |2, —5,4), |3, —4,5) and |3, —6,2).
Letting
w=|3,—4,5) —[2,—5,4) = |1,1,1)  and  v=]3,—6,2) — [2,=5,4) = [1,—1,—2),
then
uxv=|1,1,1) x |1, -1, -2)

S (2) - 1 (), (L (2~ 1)1 (1) - 11

=|-1,3,-2).
Then

(Area of triangle) = 3 (area of rectangle with edges u and v)
1 < volume of parallelipiped >
|lux v|| \ with edges u, v and u x v)
1
[l x vl|
= %Hu X UH = %” ’_1,3, _2> ’

_1
- 2

(u X v,u X v)

|
N[ —

%
N

= V(=12 + 3+ (-2 =
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2.10.1 Cross products in R?

Proposition 2.5. Let u = |ug,uz, us), v = |v1,v2,v3), w = |wi, w2, w3) in R and let O(v,w) be the
angle between v and w. Then
Uy uz U3
(ulp x w)y =det | vi va2 w3 |, lv x w|| = ||| - [Jw|| sin(0(v, w)), (crosslengthB)
wp w2 w3
and N =———vXw s a unit vector orthogonal to v and w.
[[vx w]|
Proof. (a) Then
uy u2 U3
(ulv X w) = ug(vows — v3wy) — uz(viws — vswy) + ug(viwe — vewy) =det | v vy w3

w1 w2 wWs

(b) Since switching rows changes the sign of the determinant then

(ulv x w) = —(v|u x w) = —(wlu x v).
Since (u|u x v) = —(uju x v) and (v|u X v) = —(v|u X v) then
(ulu x v) =0 and (vlu x v) =0,

giving that u X v is perpendicular to u and u X v is perpendicular to v. Thus

. 1 : :
n = mv X w is a unit vector orthogonal to v and w.
v X W

1
——
[ox w]

(c) Let

= w = |ni,n2,n3),

so that ni,ne and ns are the coordinates of a unit vector orthogonal to v and w. Let R be the
parallelogram with vertices (0,0,0), (v1,ve,v3), (w1, w2, w3) and (vy + w1, ve + wa, v3 + ws). Let P be
the parallelipiped with vertices (0, 0,0), (n1, n2, ng), (v1, va, v3), (w1, w2, w3), (n1+v1, no +v2, N3+ v3),
(n1 + w1, ng + wa, ng + ws), (v1 + wi,v2 + we,v3 + ws) and (ny + vy + wi, ng + vy + wa, N3 + V3 + ws3).

@ - =

ny v wi
(Area of R) =1 - (Area of R) = (Volume of P) = ‘ det | no vy wo ’

n3 v w3

Using Theorem

1

= (Alv X w) = — (v X wlv X w) = [|Jv X w|.
lo > wl|
Thus
|lv x w|| = (Area of R) = (base) - (height) = ||v|| - ||w]| sin(h), (crosslength)
where 6 is the angle between v and w. O
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