Linear algebra problem lists, Arun Ram September 4, 2026

1 Matrix operations

1.1 Addition, scalar multiplication and multiplication

1. Calculate

3 6 2 1 1 2 3 4

0o 7 -9 5|+(5 6 7 8

1 32 5 -1 -5 —2 W2 0
2. Calculate

5 - 1 2 3 4

0 7 -9 5 |+ o6 7 8

1 32 5 —1 -5 =2 V2 0

1 -2 -3 —4

3. Explain the meaning of 0 in the following expression and compute the sum.

2 3

6 7
0+ NG
-4.1 -3

4. Explain the meaning of the negative before the first matrix in the following expression and
compute the sum.

3 6 2 1 3 6 2 1
—-{o0 7 -9 5 ]|+(0 7 -9 5
1 32 5 -1 1 32 5 -1
5. Calculate
1 2 3 4
24 5 6 7 8
-5 32 V2 0

6. Calculate

7. Calculate
(426 3)-(-1 2 0 —2i).

8. Using that i = —1, compute

42 6 3\ | 2
1 2 -3 2 0

—24

o O O O
— =



—1, compute

9. Using 42
10. Explain the meaning of 1 and compute the products

11. Compute the following products.
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12. Compute the following products
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13. Compute the following products.
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10 0 00O
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000 O0T1PO0
001 00O
0 00100
010000

0 00 0O01

100 00O
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001000

0 001O00O0

010000
)

000001
32 41 24 39
6 99 29 81

78 62 91 85

|

14. Calculate
15. Compute
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16. Compute
1 78 62 91 85
3 32 41 24 39
6 99 29 81
17. Let

10 0 010 00 1
E“‘(o 0 0>’ E12_<0 0 0)’ El?’_(o 0 o)

00 0 000 000
E21_<1 0 0>’ E22_<0 1 o)’ E23_<0 0 1>‘

Compute 78E11 + 62E12 + 91E13 + 32F9, + 41 F9s + 24FE»3.

18. Compute
2
3 78 62 91 85\ [ ¥
(2 5 11 13)| 4 and |32 41 24 39| | {0
6 99 29 81/ |
-9 12
100

19. Find A € M>(Q) and B € M2(Q) such that AB # BA.
20. Calculate the inner product ((4,2,6,3), (—1,2,0, —2i)!) using matrix multiplication.

21. Prove that

01 0\ /0 00 001 01 0\ /0 00
00o0floo1]=(000 and 000]|0O0O0O|=0
000/ \0 0O 00 0 000/ \0 10
22. Let
1 2 3 -1 0 1 -1 2 4
A=|-11 2|, B=|5 12|, <Cc=2 0 3],
2 1 3 1 1 2 -1 1 3
-5 2
D:(_sl;?)’ E=|4 0
3 1

Calculate A+ A, A+ B, A+C,A+D, A+FE,B+B, B+C,B+D, B+FE, C+C,C+ D,
C+E,D+D,D+FEand E+ E.

23. Let
1 2 3 -1 0 1 -1 2 4
A=|-11 2], B=[|5 12|, cCc=|2 0 3],
2 1 3 1 1 2 -1 1 3
-5 2
D:(?;‘D, E=14 0
3 1

Calculate AA, AB ,AC, AD, AE, BB, BC, BD, BE, CC, CD, CE, DD, DE and FE.
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24. Let
1 2 3 -1 0 1 -1 2 4
A=|-11 2], B=[|5 12|, cCc=|2 0 3],
2 1 3 1 1 2 -1 1 3
-5 2
D:<;1;§>, E=14 0
3 1

Calculate BA ,CA, DA, EA, CB, DB, EB, DC, EC and ED.

7 4
25. Let A = <_9 _5>.

(a) Show that if n € Z~( then A™ = <1 +on o dn >

—-9n 1-—6n

(b) Show that if n € Z~o then A™" = <1j—9?(_;3l) 1 f(G_(ﬁ)n)>

1.2 Matrix equations

26. Find a matrix A € M>(Q) such that A is not diagonal and A% = 1.

27. Let a,b,c,d € C. Let
A= (¢ b and B = 10 and assume that AB = BA.
c d 00

Show that b = 0 and ¢ = 0.
28. Let Z = {A € M»(C) | if B € M3(C) then AB = BA}.

Show that Zg{<8 2) ‘ae(@}.

29. Use that X - X2 = X2. X to show that

4 1 0 a b ¢
if X2=1(0 4 1 then XG{ 0 a b ‘a,b,ce(C}.
0 0 4 0 0 a
30. Let
0o 0 - 01
0 0 - 10
B =
0 1 00
10 00

Determine the entries of the elements of {A € M,,(C) | AB = BA}.

31. Let c1,c9 € Q with ¢o # 0. Prove that

a 1\ (o 1\ _ [aa+cy! 1\ [ea 0 1 ot
1 o/\1 0o/ \ 1 o0o/\0o —g')J\0o 1)
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32.

33.

34.

35.

36.

37.

38.

39.

Let ¢1 € Q. Prove that

€1
1

o) ()

Let c¢1,¢o,c3,d1,do,ds € Q. Prove that

C1 0 0
0 C2 0
0 0 C3

Let ¢1, co,c3 € Q. Prove that
10 1 0 0
0 0 0 c 1
0 1 0 1 0

1

[l

Let

S1 =

Prove that s1s951 = s95159.

Let
0
1
S1 = 0
0
Prove that s;s3 = s387.
For c € Q let
c
1
s1(c) = 0
0

Prove that if ¢1,co € Q then

Let ¢,dq,ds € Q with do 75 0.

dy
0

Show that

OO OO o
OO OO = O

d 0 0 d 0 O cqp O
0 d2 0 = 0 d2 0 0 (&)
0 0 ds 0 0 ds 0 0
c3 1 0 1 0 0 ciecs +co 1
1 0 0]=10 ¢eg 1 1 0
0 01 0 1 0 0
010 1 00
1 0 0 and ss9=10 0 1
0 01 010
1 00 1 0 00O
0 00 and . 01 00
010 57 1o 0 0 1
0 01 0 01 0
1 00 1 00
0 00 010
01 0 and —s3e) =1 o
0 01 0 01
81(61)83(62) = 83(62)81<Cl>.
Prove that
0\ (¢ 1\ _ [edidy? 1\ (d2 0
do 1 0/ 1 0 0 di/)°
0O 0 0O 10 00 0O
0 -6 0 O 01 06 00
1 0 00 001 000 _
0 1 0 0 000100 ~
0 0 1 0 00 O0O0O0T1FPO0
0 0 01 00 0 001

(s

c1
1)

C3

e}

o = O O

[an}

O O =
_ 0
S = O
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40. Let ¢ € Q. Show that

1000 O O 100 00O
0100 0 O 010000
0010 0 O 001 00O 1
000O0 1 O 000 c¢c1O0 ’
0001 —c O 0 00100
000O0 O 1 000 O0O0T1

41. Let n € Z~g. Prove that, in M, (Q),
E;jE; = Ey and if j # k then E;jEy, = 0.
42. Let n € Z>9 and i,j € {1,...,n}. Prove that, in M, (Q), E;; is not invertible.
43. Let n € Zsg. For ce Q and i,j € {1,...,n} with i # j define z;;(c) € M, (Q) by
zij(c) =1+ cEyj.
Prove that z;;(c) ™! = z;;(—c).
44. Let n € Zg. For ¢1,...,c¢, € Q define d(cq, ..., c,) € M,(Q) by
d(ciy...,cp) =B+ -+ cnFBn
Prove that if cfl, eyl €Qthen d(cy, ... )t = d(cfl, e,
45. Let n € Zso. For i € {1,...,n — 1} define s; € M, (Q) by
si=1—-Fy—FEit1541+ FEiip1 + Eig1.
Prove that if i € {1,...,n — 1} then s? = 1.
46. Let n € Z~g. Fori € {1,...,n — 1} define s; € M, (Q) by
si=1—Eyj— B0+ Eiji1 + Eig.

Prove that
ifi,je{l,...,n—1}and j € {i —1,i+1} then s;5; = sjs;.

47. Let n € Z~g. Fori € {1,...,n — 1} define s; € M, (Q) by
si=1—FEj — Eipripn+ Eiipn + Eiga

Prove that
ifi e {1, e, — 2} then S8;8i4+18i = Si+15iSi+1-

48. Let n € Zwg. For c € Q and 4,5 € {1,...,n} with ¢ # j define z;;(c), d;(c) € M, (Q) by
zij(c) = 1+ cEyj and di(c) =14 (¢ —1)Ej.
Fori e {1,...,n—1} and ¢ € Q define
si=1—FEyi—Eij1i01+ Eiio1+ Eigg and si(c) = i i+1(c)s;.
Prove that if ¢1,co € Q then

Si(Cl + C;l)dz‘(CQ)dH_l(—Cz_l)xm‘_f_l(62_1), if C9 75 0,
ziiv1(c1), if co = 0.

si(cl)si(CQ) = {
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49. Let n € Zsg. For c € Q and 4,5 € {1,...,n} with ¢ # j define z;;(c), d;(c) € M, (Q) by
zij(c) =1+ cEyj and di(c) =14 (¢ —1)Ej.
Forie {1,...,n— 1} and ¢ € Q define
si=1—FEy — Eiy111+ Eij1 + Eig1 and  si(c) = x4i41(c)s;.
Prove that if ¢1,co € Q and 7,5 € {1,...,n— 1} with j & {i — 1,7,7 + 1} then
si(c1)sj(c2) = sj(c2)si(cr).
50. Let n € Zsg. For c€ Q and 7,5 € {1,...,n} with i # j define x;;(c), d;(c) € M,(Q) by
zij(c) = 1+ cEyj and di(c) =14 (c—1)Ey.
Fori e {1,...,n—1} and ¢ € Q define
si=1—Ei — FEig141 + Fiit1 + FEig and si(c) = miit1(c)s;.
Prove that if ¢1,c9,c3 € Q and @ € {1,...,n — 2} then
si(c1)sit1(c2)si(cs) = sit1(cs)si(cies + c2)sivi(cr).
51. Let n € Zsg. For ¢,t1,...,t, € Qand ¢,j € {1,...,n} with i # j define x;;(c), di(c) € M,(Q)

by
zij(c)=1+cE;; and  d(t1,...,ty) = t1E1 + - + tyEny

Prove that if ¢; # 0 then
d(ty, ... tn)zig(c) = mij(ctit; )d(ty, .. . tn).
52. Let n € Zs¢. For c € Q and 4,j € {1,...,n} with ¢ # j define z;;(c), d;(c) € M, (Q) by
zij(c) = 1+ cEyj and d(ty,...,tn) =t1E11+ - + tnEnpn.
Fori e {1,...,n—1} and ¢ € Q define
si=1—Ei — FEit141 + Fiit1 + FEig and si(c) = miit1(c)s;.
Prove that if t; # 0 then
dty, ... tn)si(c) = si(ctit; d(ty, .. iy, tig1,tiy o tn).

53. For ¢ € QQ let

c 10 L 00
s1(c) = <1 0 0> and so(c) =10 ¢ 1
010
Correct the following statement
1 0 -1 1 -1 1 0 2
2 1 0 1)]=s3(—1)s2(2)32 21 16 5
-1 1 0 2 0 3 0 5
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o4.
99.
96.
o7.
o8.

99.

60.

61.

62.

63.

64.

65.

66.

67.

1.3 Matrix operations: Definitions and results

Carefully define matrices, M;xs(Q) and M, «,(Q).

Carefully define addition, scalar multiplication and multiplication for matrices.
Carefully define the zero matrix, the identity matrix and the negative of matrix.
Carefully define the transpose of a matrix.

Let m,n € Z~o and let M, «,(Q) be the set of m x n matrices with matrices in Q. Prove that

if A,B,C € Mpyun(Q) then A+ (B+C)=(A+B)=C.

Let m,n € Z~o and let M, «,(Q) be the set of m x n matrices with entries in Q. Prove that

if A,B € My,xn(Q) then A+ B =B+ A.

Let m,n € Z~o and let My, «,(Q) be the set of m x n matrices with entries in Q. Prove that

if A€ Myyxn(Q) then 0+ A=A and A+0= A.

Let m,n € Z-o and let My, x,(Q) be the set of m x n matrices with entries in Q. If A € M,,x,(Q)
then (—A)+ A=0and A+ (—A) =0.

Let m,n € Zso and let M,,«,(Q) be the set of m x n matrices with entries in Q. Prove that if
A € Mpyxn(Q) and c;, o € Q then

c1-(ca-A) = (cre9) - A.

Let m,n € Zso and let M,,»,(Q) be the set of m x n matrices with entries in Q. Prove that if
A € Mpxn(Q) and 1 € Q is the identity in Q then

1-A=A4 and A-1=A.

Let n € Zso and let M, (Q) be the set of n x n matrices in Q. Prove that

if A,B,C € M,(Q) then A+ (B+C)=(A+B)+C.

Let n € Z~o and let M, (Q) be the set of n x n matrices in Q. Prove that

if A,Be M,(Q) then A+ B= B+ A.

Let n € Z~o and let M, (Q) be the set of n x n matrices in Q. Prove that

if Ae M,,(Q) then 0+A=A and A+0=A.

Let n € Z~o and let M, (Q) be the set of n x n matrices in Q. Prove that

if A€ My(Q) then (—A)+A=0 and A+ (—A)=0.

10
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68.

69.

70.

71.

72.

73.

74.

75.

76.

77.

Let n € Z~o and let M, (Q) be the set of n x n matrices in Q. Prove that

if A,B,C € M,(Q) then A(BC)=(AB)C.

Let n € Z~o and let M, (Q) be the set of n x n matrices in Q. Prove that

if A,B,C' € M,(Q) then (A+B)C =AC+BC and C(A+B)=CA+CB.

Let n € Z~o and let M, (Q) be the set of n x n matrices in Q. Prove that

if Ae Mp,(Q) then 1A=A4 and Al =A.

Let m,n € Zo, let My, xn(F) be the set of m x n matrices with entries in Q, and let M, (Q) be
the set of n x n matrices in Q. Prove that

if A,B € M;;x,(Q) then (A+ B)!= Al + B,

Let m,n € Zxg, let My,»»(Q) be the set of m x n matrices with entries in Q, and let M,,(Q) be
the set of n x n matrices in Q. Prove that

if A€ Mpyxn(Q)and c€ Q then (c-A)l=c- A,

Let m,n € Zso, let My, xn(Q) be the set of m x n matrices with entries in Q, and let M, (Q) be
the set of n x n matrices in Q. Prove that

if A,B€ M,(Q) then (AB)!= BAl

Let m,n € Z, let My, xn(Q) be the set of m x n matrices with entries in Q, and let M, (Q) be
the set of n x n matrices in Q. Prove that

if A€ M,(Q) then (AY)! = A.
Let m,n € Z~o, let My, xn(Q) be the set of m x n matrices with entries in Q. Prove that
m n
men(@) = chijEij ‘ Cij € Qs
i=1 j=1

Let m,n € Zsg, let My,xn(Q) be the set of m x n matrices with entries in Q. Prove that if
C11,- - -, Cmn € Q and

chijEZj:o then if ke{l,...,m}and ¢ € {1,...,n} then ¢z = 0.
i=1 j=1

(Direct sum of matrices) Let Ay € My, (F) and let Ay € M,,(IF). The direct sum of A; and As
is the matrix A; & As € My, 1, (F) given by

Al(i,j), ifi,j € {1,...,n1},
(Al@AQ)(,Lv.]): A2(i_nlaj_n1)7 ifi,jE{n1+1,...,7’L1+7’L2},
0, otherwise.

11
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78.

79.

In tabular form,
A | 0O
wet= ()
Let Al, B € Mn1 (F) and let AQ, By € Mn2 (F) Show that

(A1 ® A2) + (B1© Ba) = (A1 + B1) © (A2 + B2) and
(A1 ® A2)(B1 @ B2) = (A1B1) ® (A2By).

In other words, show that

Al‘ 0 i Bl‘ 0 . Al—‘rBl‘ 0 and
0 ‘AQ 0 ‘BQ o 0 ‘A2+B2

A 0 Bi| 0\ (AB| 0
0 | Az 0B) \ 0 |ABy )"
(Tensor product of matrices) Let A € My, x,(F) and B € My (F). The tensor product of A and
B is the matrix A ® B € M kxn(F) given by
(A® B)((i,5), (r,5)) = A(i,4)B(r, s),
forie{l,....m},je{l,...,n},re{l,...,k}, s {l,...,l}. In tabular form, if

ail a2 -+ A b1 bz -+ by
A= : : and B =
m1 @12+ Gmp b1 b1z 0 big
then
a1B aioB -+ a1n,B
A9B=| :
amB a12B -+ amnB

Show that if A, A1, Ay € M,,(F) and B, By, By € My (F) then
(Aj+A2)@B=A® B+ A, ® B, A®(B1+ B2) = A® B) + A® By,

and
(A1 ® B1)(A2 ® Ba) = (A1A2 ® B1Bo).

(The bracket on matrices) Let A, B € M, (F). The bracket of A and B is
[A, B] = AB — BA.
Let X € M, (F). Define
adx : My (F) — M, (F) by adx(Y) = [X,Y].
(a) Show that if X,Y,Z € M, (F) then
adx ([Y, Z]) = [adx (Y), Z] + [V, adx (Z)].

(b) Give an example of XY, Z € M,(F) such that [X,[Y, Z]] # [[X,Y], Z].
(c) Show that if X,Y, Z € M, (F) then

[X,Y],Z]+[[Z,X],Y]+[[Y, Z],X] = 0.

12
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80.

81.

82.

83.

84.

85.
86.

87.

88.

89.

90.

91.

1.4 Symmetric, skew-symmetric, Hermitian, orthogonal and unitary

1 2 3

LetA:<4 56

) . Compute AT

Let n € Zso and A € M,,(C).

a) Define what it means for A to be a symmetric matrix.

(
(b

)

) Define what it means for A to be a skew-symmetric matrix.
(c) Define what it means for A to be a Hermitian matrix.
)

)

(d) Define what it means for A to be an orthogonal matrix.

(e) Define what it means for A to be a unitary matrix.

Let A = <_11 i) and B = <_0Z BZ> Prove that A is Hermitian and B is not Hermitian.

Prove that the matrix U = % (11 i) is unitary.

cos —sinf

Let 8 € R. Prove that QQ = (sin@ cos 0

) is orthogonal.

Assume @ € O, (R). Prove that det(Q) € {1,—1}.
Let n € Zso and A € M,(Q).

(a) Show that A'A is a symmetric matrix.
(b) Show that A + A’ is a symmetric matrix.

(c) Show that A — A? is a skew-symmetric matrix.

Let n € Zso and A € M,(Q). Show that there exists a symmetric matrix B and a skew
symmetric matrix C' such that A =B+ C.

Let n € Zso. Assume that A € M,(Q) is a symmetric matrix and B € M,(Q) is a skew-
symmetric matrix. Assume that AB = BA and A + B is invertible. Prove that

(A+B)"Y(A-DB) is orthogonal.

Let n € Z~g. Assume that A € M,(Q) is a symmetric matrix and S € M,(Q) is a skew-
symmetric matrix. Assume that 1+ SA is invertible. Prove that

L=(1-SA)(1+SA)~! satsifies L'AL = A.

Let n € Z~g. Assume that A € M,,(Q) is a symmetric matrix and L € M, (Q). Assume that
14 L and A are invertible. Prove that

S=(1+L)'1-10)A"" is skew-symmetric.
a?/2

1 o
ForaeClet Ala)=(0 1 «
0 0 1

13
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(a) Show that if a, 5 € C then A(a)A(S) = A(a+ 5).
(b) Let o € C. Find the inverse of A(a).

(c) Show that A(3a) —3A(2cx) + 3A(«a) = 1.

(d) Find a cubic polynomial equation satisfied by A(«).

92. Let A € M,(R).
Give a formula for the diagonal entries of A*A in terms of the entries of A.

93. Let A, B,C € My(R).

(a) Show that if A and B are symmetric and C' is skew-symmetric and A% + B? = C? then
A=0,B=0and C =0.

(b) Assume B is symmetric and C is skew-symmetric and A2 + B2 = C?. Can one conclude
that A=0, B=0and C =07

94. Assume X € M>(Q) and X'AX = B, where

1 0 01
A—<O _1) and B—<1 0).

(a) Show that there exists a € Q such that

1 -1 1.1
a0 a0
X = 20 or X = 20 -
a —sa —a —5Q

(b) Find {X € My(Q) | X*AX = B and X'X = 1}.

14
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2 Inverses, normal form and rank

10.

11.

12.

13.

2.1 Inverses
Carefully define the inverse of a matrix.

Let n € Z>2 and 4,j € {1,...,n}. Prove that, in M,(Q), E;; is not invertible.

. Let n € Z~¢ and let GL,(Q) be the set of n x n mattrices with entries in Q that are invertible.

Prove that if P,Q € GL,(Q) then (PQ)™' =Q~'P~1.

. Let n € Z~¢ and let GL,(Q) be the set of n x n mattrices with entries in Q that are invertible.

Prove that if r € Z~¢ and A, Ag,..., A, € GL,(Q) and B = A1 Ay -+ A, then

B lt=A71 A7 ATE

. Let ¢ € Q. Find the inverse of the matrix <; é)

Let ¢ € Q. FInd the inverses of the matrices

1 00
, xa3(c)=10 1 ¢
0 01

O = 0O

0 10
0 y .T13(C) == 0 1
1 0 0

_ o0

1
.’Elg(C) == 0
0

Let d € Q and assume d # 0. Find the inverses of the matrices

d

00 100 100
hi(d)=[0 1 0], ha(d)=[0 d 0], hs(d)=[0 1 0
00 1 00 1 00 d

Let ¢ € Q. Find the inverses of the matrices

c 10 1 00

sife)={1 0 0 and s2(c)=[0 ¢ 1

0 0 1 010
1 2 1
. Find the inverse of A= | -1 -1 1
0o 1 3

Find the inverse of (; Z)

Let A, B € GL,(Q). Prove that AB € GL,(Q) by finding (AB)~!.

a b

Let A= (c d) € M3x2(Q). Prove that if ad — be = 0 then A is not invertible.

Let A= (i b> € Msy2(Q). Prove that if ad — bc # 0 then

d
1 d —b
ATl = .
ad — be (—c a )

15
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14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

—
o

Find the inverse of [ 2 -1 1

—_
[\)
—_

—

Find the inverse of

— =
Tt W N

Find the inverse of [ 3 —2

Find the inverseof | 5 1 -3

Find the inverse of

Find the inverse of

Find the inverse of i —1 1474 |, where:=+—1.
1—7 0 2

Find the inverseof | 6 0 3

Find the inverse of

(G20 N
[

3
Find the inverse of 5

— = =
Tt W N
—_

2

Let n € Z~o. For c€ Q and ¢,j € {1,...,n} with i # j define z;;(c) € M,(Q) by
zij(c) = 1+ cEyj.

Prove that x;;(c) ! = z;;(—c).

Let n € Zso. For c € Q and i € {1,...,n} define d;(c) € M,(Q) by

di(c) =1+ (c = 1)Ey.

Prove that

16
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(a) If ¢ # 0 then d;(c)~! = di(c) L.
(b) If ¢ = 0 then d;(c)~! does not exist.

26. For i € {1,...,n — 1} and ¢ € Q define

si=1—FEy—FEit1501+ Eiip1 + Eig1 and si(c) = i i4+1(c)s;.

Determine s; ' and s;(c)~".

27. An ordered basis of F" is a sequence (p1,...,p,) of column vectors in F" such that
if v € F™ then there exists unique cy,...,c, € F such that v = ¢ip1 + -+ + cpPm.-

Prove that the function

{ordered bases (p1,...,pn) of F"} — GL,(F)
| |

(plv"'apn) — P= P1r - Pn

is a bijection.

2.2 Normal form

The input to the normal form algorithm is a matrix A. The output of the normal form algorithm is
a factorization of A as a product of row-reducers times a product of diagonal generators times a
product of root generators times a matrix 1, times a product of row-reducers times a product of root
generators. Specifically, if A € M;xs(Q) then the output of the normal form algorithm is the sequence
of values ci,¢2, -+ ,a1,a2,...,e—14,...,€12, f1, f2, ..., Gt—1,- .., g12 such that

A=sp_1(c1)sp—2(c2)---di(ar)da(az) - zi—1¢(€—1,) - - - x12(€12) - 10

-s1(f1)sa(f2) - we—14(ge—14) - - x12(912)-

This factorization of A determines invertible matrices P and ) and a matrix R which is in reduced
row echelon form so that

A =sp_1(c1)sp—2(c2)---di(ar)da(az) - - xr—1¢(€r—14) - - - z12(€12)
L s1(fi)sa(f2) - we—16(gi—14) - - 212(912)
— P1,Q = PR.

The number r is called the rank of A.

1. Let Ejj € Ms5x5(Q) be the matrix with 1 in the (4, 7) entry and all other entries 0. For ¢ € Q
and i € {1,2,3,4} let

si(c) =1—Ey — Eit15401 + Eiiv1 + Eig1; + cEj.

By multiplying out the matrices on the left hand side check that

4 7 9 10 1
36 8 1 0
84(1)83(2)82(3)81(4) . 84(5)83(6)82(7) . 84(8)83(9) . 84(10) = 2 5 1 0 0
110 0 O
1 00 0 O

17
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2. Let E;; € Msx5(Q) be the matrix with 1 in the (4, j) entry and all other entries 0. For ¢ € Q
and i € {1,2,3,4,5} let
dz(c) =1-—FE; + cE;;.
By multiplying out the matrices on the left hand side check that
By multiplying out the matrices on the left hand side check that

5 0 0 0 0
0 -3 0 0 0
h1(15)ha(—3)hs(T6)ha(—19)h5(2) =] 0 0 76 0 0
0 0 0 —19 0
0 0 0 0 2

3. Let E;; € Msx5(Q) be the matrix with 1 in the (4, j) entry and all other entries 0. For ¢ € Q
and 7,j € {1,2,3,4,5} let
xij(c) =1+ CEZ'j.

(a) Check that

1 -10 71 =302 186 1 10 9 7 4 10 000
0o 1 -8 34 =21 0 1 8 6 3 01 00O
0 O 1 -5 3 0 01 5 2]=1001T0T20
0 O 0 1 -1 0 0 011 0 001O0
0 O 0 0 1 0 0 001 0 0001

(b) By multiplying out the matrices on the left hand side check that

745(1)735(2)725(3) (1) 110 2 g g
x15(4)x34(5)3724(6) _ 0 0 15 2
714(7)723(8)713(9) 00 0 1 1
712(10) 00 001

(c) By multiplying out the matrices on the left hand side check that

1 —10 71 —302 186

z12(10)e3(9) es®) 7 [ 7 g gy g
1 -1 -1

v14(7) " @a(0) " wsa(B) " _ | g | 5 3
1 -1 -1 =

x15(4) " 225(3) T w35(2) 0 0 0 1 -1
-1

45(1) 0 0 0 0 1

4. For c € R let

Show that if a,b € RR and b # 0 then

()~

18
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5. For ¢ € R let

c 1 0 1 0 0
sife)=(1 0 0O and so(c)=1(0 ¢ 1
0 0 1 010
Check that if agy # 0 and ags — % = 0 then
ailr a2 ai3 ai a12 a3
asi
az1 Qa2 Q23 | = Sz(fa asi asz2 ass
31 asaa assa
a3l a3z ass 0 az— % azs 323121
a1 a1 asi a3z2 ass
azaa a3z3a
=so(——)si(-—) | 0 arz— 2RI arz — S
as1 a3l 0 a9y — %2021 g, 93302)
asl asi
a3l a32 az3
(a21) (an) arp — S 0 ag — 2% agg — “42L
_ 31 asl a3l
= 89 $1 82( Trod 3
as1 as1 a2 — % 0 0 a13 a33ail (a23 '13‘133&121 ) (a12 “3‘123‘1111
- - a

a3l

6. For c € R let

a@=(5 o) ma=(0 ). me=(3 ). wea=(
(a) Check that
(6961

(b) By multiplying out the matrices on the left hand side check that

s = (5 3):

(¢) By multiplying out the matrices on the left hand side check that

7. For c € R let

c 10 100
silc)={(1 0 0 and so(c)=1(0 ¢ 1
0 0 1 0 10
and let
c 00 1 0 1 00
hi(¢c)=10 1 0], hao(c) =10 ¢ 0], hs(c)=10 1 0
0 01 0 01 0 0 ¢
and
1 ¢ 0 1 0 ¢ 1 00
xlg( ) =0 1 0 s 1‘13( ) = 010 y xgg( ): 01 ¢
0 0 1 0 0 1 0 0 1
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(a) Check that

1 2 1 -4 -5 3 1 00
-1 -1 1 3 3 -2]=10120
0 1 3 -1 -1 1 0 01

(b) By multiplying out the matrices on the left hand side check that

1 2 1
s1(—1)sa(1)h1 (= 1)hg(—1)zo3(3)z13(—Daa(1) = [ =1 -1 1
0 1 3

(¢) By multiplying out the matrices on the left hand side check that

z12(1) ays(—1) "ty (3) 1 _ _34 _35 _32
ha(=1) 7 ha (=)l () s (=) L T T
8. For c € Q let
c 1 0 1 00
sifle)={(1 0 0 and so(c)=1(0 ¢ 1
0 0 1 010
and let
c 0 0 1 0 1 0 0
hi(c)=10 1 0], hao(c) =10 ¢ 0], hs(c)=10 1 0
0 01 0 01 0 0 c
and
1 ¢ O 1 c 1 0 0
z12(c) =10 1 0], z13(c) =10 1 0], x23(c) =10 1 ¢
0 01 0 0 1 0 01
1 -1 2 1
Let A=|0 1 1 -2 €M3X4(Q).
1 -3 0 5

By multiplying out the matrices on the left hand side check that
82(0)81(1)82(2)3312(—3) . 12 . 1‘23(1).%'14(5)1‘24(—2) = A.
Determine rank(A).

9. Determine the output of the normal form algorithm if the input is

SO O
S O oo
O~ R oolw
— B b colen

In other words, find P,Q € GL4(Q) and r € {0,1,2,3,4} such that A = P1,Q and R = 1,Q is

in reduced row echelon form.
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10.

11.

12.

13.

14.

15.

16.

Determine the output of the normal form algorithm if the input is

1 0 0 5
A=10 0 1 0
0 000

O N O

In other words, find P € GL3(Q) and Q € GL5(Q) and r € {0, 1,2, 3} such that A = P1,Q and
R =1,Q is in reduced row echelon form.

Determine the output of the normal form algorithm if the input is

8 6 3 5
01 1 2
A=1o 0 -z 1

8 8
00 0 -4

In other words, find P € GL4(Q) and @ € GL4(Q) and r € {0,1,2,3,4} such that A = P1,Q
and R = 1,(@) is in reduced row echelon form.

Let a € Q. Determine the output of the normal form algorithm if the input is

1 -2 1
A=1(2 -3 1
3 —6 a

In other words, find P € GL3(Q) and @Q € GL3(Q) and r € {0, 1,2, 3} such that A = P1,Q and

R =1,Q is in reduced row echelon form.

2 -1
=)
Find the normal form of A. In other words, find P € GL2(Q) and Q € GL2(Q) and r € {0,1,2}
such that A = P1,Q and R = 1,Q is in reduced row echelon form.

A_<_11 j)

Find the normal form of A. In other words, find P € GL2(Q) and Q € GL2(Q) and r € {0,1,2}
such that A = P1,Q and R = 1,.Q) is in reduced row echelon form.

A= (‘43 _11).

Find the normal form of A. In other words, find P € GL2(Q) and Q € GL2(Q) and r € {0,1,2}
such that A = P1,Q and R = 1,Q is in reduced row echelon form.

110
A_<1 0 1>‘

Find the normal form of A. In other words, find P € GL2(Q) and Q € GL3(Q) and r € {0,1,2}
such that A = P1,,Q and R = 1,Q is in reduced row echelon form.

Let

Let

Let

Let
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17.

18.

19.

20.

21.

22.

23.

24.

Let
1 2 11
A= (3 6 4 1) '
Find the normal form of A. In other words, find P € GLy(Q) and Q € GL4(Q) and r € {0,1, 2}
such that A = P1,Q and R = 1,Q is in reduced row echelon form.

11 1
A_<1 -1 —2)‘

Find the normal form of A. In other words, find P € GL2(Q) and @ € GL3(Q) and r € {0,1,2}
such that A = P1,Q and R = 1,Q is in reduced row echelon form.

3 2 —1
A= (1 3 2 > '
Find the normal form of A. In other words, find P € GL2(Q) and Q € GL3(Q) and r € {0,1,2}
such that A = P1,,Q and R = 1,Q is in reduced row echelon form.

01 -2
A‘<3 0 1)'

Find the normal form of A. In other words, find P € GL2(Q) and @ € GL3(Q) and r € {0,1,2}
such that A = P1,Q and R = 1,Q is in reduced row echelon form.

a= (5 0):

Find the normal form of A. In other words, find P € GLy(Q) and Q € GL2(Q) and r € {0,1,2}
such that A = P1,Q and R = 1,Q) is in reduced row echelon form.

cosf —sinf
A= <sin9 cos 6 > '
Find the normal form of A. In other words, find P € GL3(R) and Q € GL2(R) and r € {0,1,2}
such that A = P1,Q and R = 1,Q is in reduced row echelon form.

(%)

Find the normal form of A. In other words, find P € GL2(R) and @ € GL2(R) and r € {0,1,2}
such that A = P1,QQ and R = 1,.Q) is in reduced row echelon form.

10
a=(10).
Find the normal form of A. In other words, find P € GL2(Q) and Q € GL2(Q) and r € {0,1,2}
such that A = P1,Q and R = 1,.Q is in reduced row echelon form.

Let

Let

Let

Let

Let 0 € R and let

Let ¢ € RR and let

Let

22
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25.

26.

27.

28.

29.

30.

31.

32.

Let ¢ € R and let
1 ¢
A_(01>
Find the normal form of A. In other words, find P € GL2(R) and @ € GL5(R) and r € {0,1,2}
such that A = P1,Q and R = 1,Q is in reduced row echelon form.

-1 -1
A_<O 1)
Find the normal form of A. In other words, find P € GL2(Q) and Q € GL2(Q) and r € {0,1,2}
such that A = P1,,Q and R = 1,Q) is in reduced row echelon form.

1 01
A= <1 0 0) '
Find the normal form of A. In other words, find P € GL2(Q) and @ € GL3(Q) and r € {0,1,2}
such that A = P1,Q and R = 1,.Q) is in reduced row echelon form.

1 1
1L g 1
A:G ﬁ.
3 00
Find the normal form of A. In other words, find P € GL2(Q) and @ € GL3(Q) and r € {0,1,2}
such that A = P1,Q and R = 1,.Q) is in reduced row echelon form.

510
A_(l 5 2)'

Find the normal form of A. In other words, find P € GL2(Q) and Q € GL3(Q) and r € {0,1,2}
such that A = P1,Q and R = 1,Q is in reduced row echelon form.

2 -1 0
A‘(o 1 1)'

Find the normal form of A. In other words, find P € GL2(Q) and @ € GL3(Q) and r € {0,1,2}
such that A = P1,Q and R = 1,Q is in reduced row echelon form.

().

Find the normal form of A. In other words, find P € GL2(Q) and Q € GL2(Q) and r € {0,1,2}
such that A = P1,,Q and R = 1,Q is in reduced row echelon form.

)

Find the normal form of A. In other words, find P € GL2(Q) and @ € GL2(Q) and r € {0,1,2}
such that A = P1,Q and R = 1,Q is in reduced row echelon form.

Let

Let

Let

Let

Let

Let

Let
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33.

34.

35.

36.

37.

38.

39.

40.

Determine the output of the normal form algorithm for the inputs
11 11 11 1 10
A‘(o 0)’ B_(o 0)’ C_(O 1) and D_(O 10)'

et t € Q and let
1—1 4
A—t_( 1 1_t>.

Find the normal form of A. In other words, find P € GL2(Q) and Q € GL2(Q) and r € {0,1,2}
such that A = P1,Q and R = 1,.Q is in reduced row echelon form.

0—t 1
A_t_<1 Ot>'

Find the normal form of A. In other words, find P € GL2(Q) and Q € GL2(Q) and r € {0,1, 2}
such that A = P1,Q and R = 1,.Q) is in reduced row echelon form.

1-t 2
aee= (1002

Find the normal form of A. In other words, find P € GL2(Q) and Q € GL2(Q) and r € {0,1,2}
such that A = P1,Q and R = 1,.Q) is in reduced row echelon form.

1—-¢t -1
A-t= < -1 1—t>'
Find the normal form of A. In other words, find P € GL2(Q) and Q € GL2(Q) and r € {0,1,2}
such that A = P1,Q and R = 1,Q is in reduced row echelon form.

1—t i
A_t_<—z‘ 1—t>'

Find the normal form of A. In other words, find P € GLy(C) and @ € GL2(C) and r € {0,1,2}
such that A = P1,Q and R = 1,.Q) is in reduced row echelon form.

Let t € Q and let

Let t € Q and let

Let t € Q and let

Let t € C and let

Let
1 2 1
A=1-1 -1 1
0 1 3

Find the normal form of A. In other words, find P € GL3(Q) and @ € GL3(Q) and r € {0,1,2,3}
such that A = P1,Q and R = 1,Q is in reduced row echelon form.

Let
1 -1 2
A=10 1 1
1 -3 0

Find the normal form of A. In other words, find P € GL3(Q) and @Q € GL3(Q) and r € {0,1,2,3}
such that A = P1,Q and R = 1,Q) is in reduced row echelon form.

24



Linear algebra problem lists, Arun Ram September 4, 2026

41.

42.

43.

44.

45.

46.

47.

Let
9

8

2
A=10
0 -1

S W o

Find the normal form of A. In other words, find P € GL3(Q) and @Q € GL3(Q) and r € {0, 1,2, 3}
such that A = P1,Q and R = 1,.Q) is in reduced row echelon form.

Let
1

2 1
A=1-1 1 1
0 1 3

Find the normal form of A. In other words, find P € GL3(Q) and @Q € GL3(Q) and r € {0, 1,2, 3}
such that A = P1,Q and R = 1,.Q) is in reduced row echelon form.

Let
1 21

A=12 5 3
2 3 2

Find the normal form of A. In other words, find P € GL3(Q) and @ € GL3(Q) and r € {0, 1,2, 3}
such that A = P1,Q and R = 1,.Q) is in reduced row echelon form.

Let

Find the normal form of A. In other words, find P € GL3(Q) and @ € GL2(Q) and r € {0,1,2}
such that A = P1,Q and R = 1,.Q) is in reduced row echelon form.

Let
1 3
A=110
11
Find the normal form of A. In other words, find P € GL3(Q) and Q € GL2(Q) and r € {0,1,2}
such that A = P1,Q and R = 1,.Q) is in reduced row echelon form.

Let
A=1|-1 3
1 -3

Find the normal form of A. In other words, find P € GL3(Q) and Q € GL2(Q) and r € {0,1,2}
such that A = P1,Q and R = 1,.Q) is in reduced row echelon form.

Let
2 4
A=1|-1 0
1 2

Find the normal form of A.
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48.

49.

20.

ol.

52.

93.

54.

95.

Let
2 6 2
A=10 1 -1
07 2
Find the normal form of A.
Let
1 1 1
A= 1 2
5 1 3
Find the normal form of A.
Let
2 1 1
A=12 1 2
5 1 3
Find the normal form of A.
Let t € Q and let
2—t =3 6
A—t= 0 5—t —6
0 1 0—t
Find the normal form of A.
Let
0 -1 -1
A=1[(1 0 1
1 -1 0

Find the normal form of A.

Determine the output of the normal form algorithm if the input is

4 -2 5
A=12 -3 -2
1 -3 2

Determine the output of the normal form algorithm if the input is

A=

o O =
o N O
SN =

Determine the output of the normal form algorithm if the input is

1 5 6
A=10 1 -1
-1 0 1
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26.

o7.

o8.

99.

60.

61.

62.

Let

Find the normal form of A.

b

Il
S O O
S O =
SN O
w o o

Determine the output of the normal form algorithm if the input is

Let

Find the normal form of A.

Let

Find the normal form of A.

Let

Find the normal form of A.

Let

Find the normal form of A.

Let

Find the normal form of A.

100 00
A=10 0 1 0 O
0 00O0O0
1 -2 0 1
3 2 20
A= 1 0 10
0 -4 2 4

1000
0010
A=1lo 10 o
0001
1 2 3
3.6 9
A=10 0 2
1 4 4
1 -1 2 =2
1 0 1 o0
A=1s 3 7 6
1 1 -1 3
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63.

64.

65.

66.

67.

68.

69.

Let .
1 -1 2 =2
1 0 1 0
A= 5 -3 7 —6
1 1 -1 3

Find the normal form of A.

Determine the output of the normal form algorithm if the input is

7 6 2 4

1 8
A_86
01

— W =3
N Ot ©

Determine the output of the normal form algorithm if the input is

1 -0.1 0.01 -0.001
1 0 0 0

1 01 0.01 0.001
1 0.2 0.04 0.008

A=

Determine the output of the normal form algorithm if the input is

12 0 0 5
0 6
1 7
0 0

A=

S O O
S O O
O O =

Determine the output of the normal form algorithm if the input is

11 0 O
10 -1 O
A= 0 0 1 1
01 0 -1

Use the factoring algorithm to prove the following theorem.

Theorem 2.1. Let s,t € Z~o and let E;j denote the t x s matriz with 1 in the (i,j) entry and
0 elsewhere.

Let A € M;«s(IF). Then there exist
re{l,...,min(s,t)}, P e GL(F), Q € GL,(F)
such that A= Pl,Q, where 1, = Ey1+ -+ Epp.

Prove the following theorem.

Theorem 2.2. Let t,s € Zso. Forr € {1,...,min(t,s)} let 1, € Myxs(IF) be given by
Iy =FEn+-+ Ep,

where Eyj has 1 in the (i, j) entry and O elsewhere. Let 1o = 0 in Myxs(F). Then

min(t,s)

Mixo(F) = | | GL(F)1,GL4(F),
r=0

where GLy(F)1,GLy(F) = {P1,Q € Myys(F) | P € GLy(F),Q € GL,(F)}.
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70.
71.

72.

73.

74.

75.

76.

7.

2.3 Reduced row echelon form

Carefully define what is means for a matrix R € M;«s(Q) to be in reduced row echelon form.
Use the first part of the normal form algorithm to prove the following theorem.

Theorem 2.3. Let t,s € Z~g. Let £ be the set of matrices in Myxs(F) that are in reduced row
echelon form. Then

Mys(F) = | | GLy(F)- R,  where  GL(F)R = {PR € My(F) | P € GLy(F)}.
Re€&

Row reduce A to reduced row echelon form, where

0 05 35 241
021 -1 1 O
A=10 3 2 2 -1 1
0 00 O 0 O
0 53 1 0 1

In other words, find the matrix R = 1,Q where P € GL5(Q) and Q € GLg(Q) and r €
{0,1,2,3,4,5} and R is in reduced row echelon form.

1 -1 2 1
Find the reduced echelon matrix of | 2 1 —1 1 ]. In other words, find the matrix R = 1,Q)
1 -2 1 1
where P € GL3(Q) and @ € GL4(Q) and r € {0,1,2,3} and R is in reduced row echelon form.
2 5 3
. . 6 1 5 4 .
Find the reduced echelon matrix of 4 —1 0 1| In other words, find the matrix R = 1,Q)
2 0 11
where P € GL4(Q) and Q € GL4(Q) and r € {0,1,2,3,4} and R is in reduced row echelon form.
1 1 -1
. . 1 -1 2 .
Find the reduced echelon matrix of 9 0 5 |- In other words, find the matrix R = 1,.Q)
2 1 -1
where P € GL4(Q) and @ € GL3(Q) and r € {0,1,2,3} and R is in reduced row echelon form.
o 1.1 1 2 2
-1 4 3 3 4 7
Find the reduced echelon matrix of | 2 1 3 2 8 3 |. In other words, find the matrix
3 1 4 -1 4 0
5 2 7 0 10 2

R =1,Q where P € GL5(Q) and Q € GLs(Q) and r € {0,1,2,3,4,5} and R is in reduced row
echelon form.
) 1—7 ¢ 0
Find the reduced echelon matrix of 1 -2 0 4 ]. In other words, find the matrix
1—7 =147 1 1
R =1,Q where P € GL3(C) and Q € GL4(C) and r € {0,1,2,3,4,5} and R is in reduced row

echelon form.
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78.

79.

80.

81.

82.

83.

84.

85.

1 1—+2 0 V2
Find the reduced echelon matrix of \_/? ;;i 1 tl\/i -1 _12\@ . In other

V2-2 —2+4+4V2 -2-2 3442
words, find the matrix R = 1,() where P € GL4(R) and @ € GL4(R) and r € {0,1,2,3,4} and
R is in reduced row echelon form.

A matrix A is row equivalent to a matrix B if there exist invertible matrices P such that B = PA.
1 0 -1 3 -1 1
Is|2 1 0 | row equivalent to {0 2 1|7 Be sure to justify your answer.

1 -1 1 1 -1 1
A matrix A is row equivalent to a matrix B if there exist invertible matrices P such that B = PA.
1 -1 1 2 0o -1 2 3
Is| -2 3 0 1| rowequivalentto | 1 2 —1 07 Be sure to justify your answer.
1 0 -1 3 -2 -5 4 3
2.4 Rank
1 0 -1 . .
Let A = 9 3 1) Find the rank of A) In other words, find r € Z~ such that there exist
invertible matrices P and @ such that A = P1,Q. Justify your answer.
2 -1 0 1
Let A= 1 1 —1 1. Find the rank of A) In other words, find r € Z~( such that there
-1 1 2 0
exist invertible matrices P and @ such that A = P1,Q. Justify your answer.
1 0 -1
2 1 2 . .
Let A= ~ 13 1| Find the rank of A) In other words, find r € Z~¢ such that there exist
-1 0 1

invertible matrices P and @ such that A = P1,Q. Justify your answer.

3 -1 0 1 1
-2 0 2 1 -1 .

Let A = L 2 0 o e Find the rank of A) In other words, find r € Z~( such that
-1 1 -2 -2 0

there exist invertible matrices P and @ such that A = P1,Q. Justify your answer.

A matrix A is left-right-equivalent to a matrix B if there exist invertible matrices P and () such
that B = PAQ. Determine which of the following matrices are left-right-equivalent:

1 -1 1 2 0O 1 0 2 2 -1 0 1
C=10 1 2 0 D=|0 -1 0 2 E=|-1 1 1 -2
1 0 3 2 0 2 0 —4 1 1 3 —4
-1 1 0 1 1 0 -1 1
F={(2 01 1 G=|-10 2 1
1 1 2 -1 0 0 1 1
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86.

87.

88.

89.

90.

91.

92.

93.

94.

1-v6 V3 V2
Show that the rank of the matrix 2 V6 -2 is 2. Justify your answer.
1 VB VE- Ve
3 5 6+a
3 4—-a

Let a € Q. Find the rank of . Justify your answer.

l—-a -2 -5
6 12 19

— = N

1 1—2a 1 1—2a
1+2a —1—a —-142a 1-—a
2—a 3a 2a 2—a

oa 1—a 1+ 3a 0

Let a € Q. Find the rank of . Justify your answer.

a b b a

b a -1 —b
a+b a+b 2a —2a
—2a 2a¢ a+b a+b

Let a,b € Q and let A =

(a) Show that if a +b =0 or b = 3a then the rank of A is 4.
(b) Assume a + b = 0. Find the rank of A.
(c) Assume b = 3a. Find the rank of A.

Justify your answers.

(14+t)t t—1 —t
Let A = 0 2 -1
-2t 4-2t t—2
(a) Determine the values ¢ € Q such that the rank of A is less than 3.
(b) For each value ¢t € Q such that the rank of A is less than 3 determine the rank and express
one of the columns as a linear combination of the others.

Justify your answers.

1-v6 V3 V2
Show that the rank of the matrix 2 V6 —V2 is 2.
1 =3 v2-16
1 3 5 6+a
_ 2 3 d-a 2
Let ¢ € Q. Find the rank of 1 1—a -2 _5
1 6 12 19
1 1—2a 1 1—2a
. 1+2a —-1—a —-142a 1-—a
Let ¢ € Q. Find the rank of 9_ 4 3a %2, 2 4

5a 1—a 14 3a 0

a b b a

b a -1 —b
a+b a+b 2a —2a
—2a 2 a+b a+?d

Let a,b € Q and let A =
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(a) Show that if a +b =0 or b = 3a then the rank of A is 4.
(b) Assume a + b= 0. Find the rank of A.
(c) Assume b = 3a. Find the rank of A.
1+t t—1 —t
95. Let A = 0 2 -1
—2t 4-2t t—2
(a) Determine the values ¢ € Q such that the rank of A is less than 3.

(b) For each value t € Q such that the rank of A is less than 3 determine the rank and express
one of the columns as a linear combination of the others.
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3 Kernels, images and solving linear equations

3.1 Solving systems of linear equations
1. (The number of solutions of a linear system)

(a) Let A= <(1) (1)> and b = (;) Compute Sol(Az = b).

(b) Let A= <1 8) and b = (;) Compute Sol(Az = b).

(c) Let A= (é 8) and b = (g) Compute Sol(Az = b).

2 -1 x 3
2. Let A= <1 1 >, x = (y) and b = <0) Compute Sol(Az = b).

3. Solve the following system of linear equations.

dx — 2y + 5z = 31,
2z — 3y — 2z = 13,
x—3y+2z =11

4. Let A € GL,(Q) and let z,b € Q™. Compute Sol(Azx = b).

1 01 1 -2
5 Let A=|0 2 2|, z= |22 andb=| 4
0 0O T3 -3
(a) Compute Sol(Ax = b).
(b) Compute Sol(Az = 0).
1 00 —2
6. fA=10 1 O] andb=| 4
0 01 15
(a) Compute Sol(Ax = b).
(b) Compute Sol(Az = 0).
1 2005 1
0 01 06
7. Let A= 000 17 and b = ?)
0 00 0O

(a) Compute Sol(Ax = b).
(b) Compute Sol(Az = 0).

8. Find the values of a,b € Q for which the system

r—2y+z=4, (a) no solution,
20 —3y+2z=7, has (b)a unique solution,
3x — 6y +az="b, (¢) LOTS of solutions.
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9.

10.

11.

12.

13.

14.

15.

Find all solutions of the following system of linear equations.

T — 229 + 23 =1,
2x1 — x2 + x3 = 2,

4z + x9 — 23 = 1.

Find all solutions of the following system of linear equations.

S5xo + 3bxy — 24x4 =1,
221 +x2 —x3+ 14 =0,
3r1 + 220+ 223 — x4 =1,
9x1 + 3x2 + 23 = 1.

Find all solutions of the following system of linear equations.

1 — 22 + 23 = 0,
1+ x2 + 223 = 0,
T + 229 — 23 =0,

Let k£ € Q. Find all solutions of the following system of linear equations.

2x1 + x9 = b,
Ir1 — 3372 = —1,
3x1 + 4xo =k,

Find all solutions of the system of linear equations Ax = 0, where

T
2 -1 1 0 1 T2
A=11 2 -1 2 1 and r=|x3
1 -8 5 -6 -1 x4
Ts
Find all solutions of the system of linear equations Ax = 0, where
€1
1 -1 0 2 3 T2
A= 5 2 1 0 1 and z=|x3
-1 1 2 -3 4 T4
Z5
Find all solutions of the system of linear equations Ax = 0, where
1 0 -1 1 T
21 -1 e
A= 192 0 1 and T = .
1 0 2 -3 Ty
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16.

17.

18.

19.

20.

21.

22.

Find all solutions of the system of linear equations Ax = 0, where

5 -3 2 1 1 1 o
1 0 -1 2 1 -1 2
A=|2 =3 5 -5 -4 6 and a=|""
3 -6 11 —12 -5 9 .
7 -3 0 5 3 -1 5
Z6
Find all solutions of the system of linear equations Ax = b, where
2 -1 0 1 . ~1
A=[-1 1 21 = |" and b= |5
1 0 2 2 s 4
L4
Find all solutions of the system of linear equations Ax = b, where
2 1 -1 1 1 il 2
5 4 2 4 4 2 8
A= 0 1 1 0 2 r=|x3 and b= 3
11 5 11 v 2
x5
Find all solutions of the system of linear equations Ax = b, where
2 01 -1 1 il 4
-1 02 3 4 2 1
A= 1 10 -1 1 z= | x3 and b= 9
1 15 4 10 o 7
T5

Let A\, p € Q. Find all solutions of the following system of linear equations.

2z + 3y + 2z =5,
3z —y+ Az =2,
x4+ Ty — 6z = p.

Let A\, u € Q. Find all solutions of the following system of linear equations.

x+y—4z =0,
2v 4+ 3y + 2z =1,
dr 4+ Ty + Az = p.

Let A\, a,b,c € C. Find all solutions of the following system of linear equations.

r+y+z=a,
Ar+2y+z=0b,
Nz 44y +z2=c
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23. Let A € Q. Find all solutions of the following system of linear equations.

S5 +2y — 2z =1,
204+ 3y +4z =17,
dr — By + Az = X — 5.

24. Let A € Q. Find all solutions of the following system of linear equations.

x+2y+ Az =0,
2z + 3y — 2z = A,
Az 4y + A2z = 3.

25. Let A € Q. Find all solutions of the following system of linear equations.

z+5y+3=0,
5c+y—A=0,
r+2y+A=0.

26. Let A, a € Q. Find all solutions of the following system of linear equations.

20+ 3y+24+t=0,
T+2y+z—1t=1,
3r+dy+2z+t=a,
6x + 10y + 4z +t = (A +1)%

27. Find all solutions of the following system of linear equations.

y+z+u+2v =2,
—x4+4y+3z2+3u+4dv="7,
2 +y+ 32+ 2u+ 8v =3,
3r+y+4z—u+4v =0,
Sr+2y+T7z +10v = 2.

28. Let n = 8. Solve the system

T1+ T2 = 07
1+ T2+ 3 =0,
To+ X3+ T4 =0,
Tn-3+ Tpn-2+ Tn-1 =0,

Tp—2+ ZTp-1+zn =0,

Tp-1+x, =0.
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29. Let n = 9. Solve the system

r1+ X2 = 07
T+ T2+ T3 =0,
Tot+ X3+ X4 =0,
Tpn-3+t Tpn-2Ft Tn-1 =0,

Tpn-2+ Tp_1+tx, =0,

Tp_1+x, =0.

30. Explain how every system of linear equations can be written as a matrix equation.

31. Carfeully define Sol(Ax = b).

32. Let A € Myx(F) and b € F'. Prove that if t = s and A € GL(F) then Sol(Az = b) = {A~'b}.

33. Let A € My«s(F) and b € F! and assume Sol(Ax = b) # ). Let p € Sol(Az = b). Prove that
Sol(Az = b) = p + ker(A).

34. Prove the following Proposition.

Proposition 3.1. Let A € Myys(F) and b € F*. Assume r € {1,...,min(s,t)} and P € GL(F)
and Q € GL4(F) are such that

A= P1.Q.
Let qi,...,qs be the columns of Q~'. Then
(Pilb)l
Q! (P_Olb)r cspand (g | ool q|s if the laslttt —Or entries of P~1b
Sol(Az = b) = ‘ | | are equal to 0,
0
0, otherwise.

35. Determine whether the following systems of homogeneous equations has a nontrivial solution.

x4+ 2y —z=0, z+2y—z=0,
(a) -2z +y+2z=0, (b) —2x+y+22=0,
r—y+z=0; rz—y—z=0.

36. (a) Show that if k,p € R and k # 1 then there is always a unique solution to the equations

20 —y — 2z =6,
r—2y+z=p,
x+ ky — 2z = p?.

(b) Find the solution when k£ = 2 and p = 1.

(c) Show that if & = 1 then there are exactly two values of p for which the equations have
solutions. Find this values and solve the equations completely in each case.
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37. For which values of k does the following system of linear equations have (i) no solution, (ii) a
unique solution and (iii) more than one solution?

x4+ (k+2y+22z=2,
(K> + 1)z + 2(k + 2)y + 42 = 4k,
3z + 9y + 3(k+ 1)z = 6k.

3.2 Determining kernels and images

1 0 1 T -2
38. Let A=10 2 2], 2=|a22| andb=| 4 |.
0 00 x3 -3

(a) Compute ker(A).
(b) Compute im(A).
(c¢) Find Sol(Az = b).

1 00 -2
39. fA=(0 1 0] andb= 1] 4
0 01 15
(a) Compute ker(A).
(b) Compute im(A).
(c¢) Find Sol(Azx = b).
1 2 0 0 5 1
0 01 06
40. Let A = 000 1 7 and b = g)
0 00 0O

(a) Compute ker(A).
(b) Compute im(A).
(c¢) Find Sol(Azx = b).

41. Let S = {[1,3,-1,1), |2,6,0,4), |3,9,—2,4) }. Show that

1 2 3
R-span(S) = im(A), where A = _31 g _02
1 4 4
42. Let A € Myx5(Q) and P € GL(Q) and Q € GLs(Q). Prove that
ker(PA) = ker(A), ker(AQ) = Q! - ker(A),
im(PA) = P -im(A), im(AQ) = im(A).

43. Let A € M;«s(Q). Show that ker(A) is a subspace of Q°.

44. Let A € My«s(Q). Show that im(A) is a subspace of Q.
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45. Let P € GLi(Q), Q € GLs(Q). Let r € {1,...,min(s,t)} and let
1, =FE11 +FEy+--+ Ep in My (Q).

Let
A= Pl1.Q.

Prove that
ker(A) has basis {last s—r columns of Q7'},

im(A) has basis {first 7 columns of P}.
46. Let P € GL4(Q), Q € GLs(Q). Let r € {1,...,min(s,t)} and let
1, =E11+FExn+---+E, in Mtxs(@)-

Let
A= P1.Q.

Prove that
dim(im(A)) + dim(ker(A)) = (number of columns of A).

47. Let P € GLi(Q), Q € GLs(Q). Let r € {1,...,min(s,t)} and let
I, =FEn+FEyp+ -+ Ey in My (Q).

Let
A= P1,.Q.

Prove that dim(im(A)) = rank(A).

48. Let A € M;x5(Q). Show that there exist P € GL(Q), Q € GLs(Q) and r € {1,...,min(s,t)}
such that
A= P1,Q.

where 1, = Ej1 + Eoo + -+ B in My s(Q).

49. Let

12

Il
coococo~
cooco~=oO
coocoocoo
coococoo
coocooo

(a) Find a basis of ker(15).
(b) Find a basis of im(12).

1 2 3

6 0

50. Let A = 10 -9
1 4 4
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(a) Show that A = P12Q, where

1 200 1 00

10 2

|13 600 010 B 1

P‘—1010’12_000’Q_8(1)i
1 4 0 1 000

(b) Compute Q1.
(c) Find a basis of ker(A).
(d) Find a basis of im(A).

51. (Column space) Let A € M;xs(Q) and write
A= P1,Q, with P € GLi(Q), Q € GLs(Q) and r € {1,...,min(s,?)}.
The image, or column space, of A is

im(A) = span{cy,...,c,}, wherecy,...,c, € R™ are the columns of A.

(a) Show that
im(A) = span{first r columns of P}.

(b) Show that the first 7 columns of P form a basis of im(A).
52. (Other formulations of rank) Let A € M;xs(Q) and write
A= P1,.Q, with P € GLi(Q), Q € GLs(Q) and r € {1,...,min(s,t)}.
The row space of A is
rowsp(A4) = span{r1,...,rm}, wherery,...,r, € R" are the rows of A.

(a) Show that the row space of A is im(A)".

(b) Use that A® = Q'1LP* to show that
rowsp(A) = span{first 7 rows of Q}.
(c) Show that the first  rows of () form a basis of rowsp(A).
53. (Basis of the null space by row reduction) Let A € M;.s(Q) and write
A = P1,Q, with P € GL:(Q), Q € GLs(Q) and r € {1,...,min(s,?)}.
The null space of A is ker(A).

(a) Show that
ker(A) = span{last s — r columns of Q~'}.

(b) Show that, if P € GL4(Q) and

7 6 1\ )
170610 1) |3 0
001300 0 0 0 ' .
il 00000 1 then ol -1l o is a basis of ker(A).
000000 0 o | | -1
0 0 0
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54. Let

0018309134026 05

000O0O0OT1SV5 22804107

000O0OOOOOOOT11I®6 305

R=[ 0000000000000 14]eMusQ).

000O0O0OOOOOOOSOSOSQ OO

0 000O0OOOOOOSOOOTO0OOQO0OO0

000O0O0OO0OO0OOOOOSOSOOQO0OO 0

Let
1P 0 0 0 o O O0o o0 0 0 O
o1 0 o0 O O O o0 o0 o0 o0
00 -8 -3 -9 -1 -3 -4 -2 —6 -5
00 1 o o o o0 o0 0 o0 0
00 O 1 o o o0 o0 0 0 o0
oo o0 O -5 -2 -2 -8 —4 -1 -7
00 0 O 1 O o o0 0 0 O
S=floo o0 0o 0 1 0 0 0 0 0 |€Msusu@.
00 0 0 0 O 1 0O o0 0 O
o0 o0 o o o o0 1 0 0 O
o0 o0 o o o0 o0 0 -6 -3 -5
o0 o0 o o o o0 o 1 0 O
o0 o0 o o o0 o0 o0 0 1 0
oo o0 o0 O o o o o o0 -4
o0 o0 o o o0 o o0 o0 o 1
Show that ker(R) = im(.S).

55. (Rank and dimension of column space and null space) Let A be an m x n matrix. The kernel,
or null space, of A is
ker(A) = nullsp(4) = {z € R" | Az = 0}.

The image, or column space, of A is

im(A) = span{cy,...,c,}, wherecy,...,c, € R™ are the columns of A.

The rank of A is dim(im(A)) and the nullity of A is dim(ker(A)).
Show that

(number of columns of A) — dim(im(A)) = dim(ker(A)).
56. (Other formulations of rank) Assume A € M,,x,(FF). The row space of A is
rowsp(A4) = span{ry,...,rm}, where ry,...,r, € R" are the rows of A.
The column space, of A is
im(A) = span{cy,...,c,}, wherecy,...,c, € R™ are the columns of A.

Show that
rank(A) = dim(rowsp(A)) = dim(colsp(4)).
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o7.

o8.

29.

60.

Assume A € M4, (Q) and that P € GL,,,(Q) and R € M, x,(Q) are such that R is in reduced
row echelon form and A = PR. Show that

rank(A) = (number of nonzero rows in the row echelon form of A).

(Basis of the kernel by row reduction) Suppose that A € My.6(R) so that A is a 4 x 6 matrix.
Suppose that A = PR, where P € GL4(R) and

1 70 6 1 0
001 3 00
r= 0 00 0 O0°1
000 0O00O0
Show that
([ 7 6 1
-1 3 0
0 0 0 . .
ol =111 o is a basis of ker(A).
0 0 -1
0 0 0/ )
(Basis of the column space by row reduction) Let vq,va,...,vp € R™. Create the n x k matrix

A with vy, v9,...,v as columns. Let P € GL,(R) and R € M, «x(R) in reduced row echelon
form such that A = PR. A pivot of R is an entry of R which is the first nonzero entry in its

row. Show that if ji, j2, ..., j¢ are the columns where the pivots of R are then v;,,vj,,...,v;, is
a basis of span{vy, ..., v}
(Basis of the row space by row reduction) Let v1,vo,...,v; € R". Create the k x n matrix A’

with vy, ve,...,v; as rows. Let P € GLi(R) and R € My, (R) be in reduced row echelon form
such that A* = PR. Show that if b;,, b;,, . . ., b;, are the nonzero rows of R are then b;,, b;,, ..., b;,
is a basis of span{vi,...,v;}.
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4 Eigenvectors, eigenvalues and diagonalization

10.

11.

.LetAz(

.LetA:<

4.1 Eigenvalues and eigenvectors

1 4
.LetA-(1 1).

(a) Find the eigenvalues and eigenvectors of A.

(b) Find P, D € GL2(Q) such that D is diagonal and A = PDP~!.

—01 (1)> viewed as an element of Msyxo(R). Show that A does not have any eigenvalues

or eigenvectors. Conclude that A is not diagonalizable as an element of Mjx2(R).

—01 é) viewed as an element of May2(C).

(a) Find the eigenvalues and eigenvectors of A.
(b) Find P, D € GL3(C) such that D is diagonal and A = PDP~1.

Conclude that A is diagonalizable as an element of May2(C).

. Find a matrix A € Msy2(C) that does not have 2 linearly independent eigenvectors. Conclude

that A is not diagonalizable.

1 V2

. Let A= (_ Va1 ) Find the eigenvalues and eigenvectors of A acting on Q2.

. Let A= <_1@ ?) Find the eigenvalues and eigenvectors of A acting on R2.
1 V2\ L. : : . 2
Let A= Va1 ) Find the eigenvalues and eigenvectors of A acting on C=.

1 -1 -1
. Let A= (1 —1 0 |. Find the eigenvalues and eigenvectors of A acting on Q3.

1 0 -1
1 -1 -1
.Let A=|1 —1 0 |. Find the eigenvalues and eigenvectors of A acting on R3.
1 0 -1
2 -3 6
Let A=10 5 —6
0 1 0
(a) Find the eigenvalues and eigenvectors of A.
(b) Find P, D € GL2(Q) such that D is diagonal and A = PDP~!.
1 -1 -1
Let A= |1 —1 0 |. Find the eigenvalues and eigenvectors of A acting on C3.
1 0 -1
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12. Find the eigenvalues and eigenvectors of

1 0 -1
A=1[1 2 1 acting on C3.
2 2 3
13. Find the eigenvalues and eigenvectors of
0 1 0
A=(10 0 1 acting on C3.
1 -3 3
14. Find the eigenvalues and eigenvectors of
2 i 1+2¢
A= - 0 —i acting on C3.
1-27 ¢ 0
10 0 0 O
01 1 0 O
15. Let A=|0 1 —1 0 0 |. Find the eigenvalues and eigenvectors of A acting on Q°.
o0 o 1 2
00 0 -1 -1
10 0 0 O
01 1 0 O
16. Let A= [0 1 —1 0 0 |. Find the eigenvalues and eigenvectors of A acting on R>.
00 o 1 2
00 0 -1 -1
10 0 0 O
01 1 0 O
17. Let A= [0 1 —1 0 0 |. Find the eigenvalues and eigenvectors of A acting on C°.
00 o 1 2
00 0 -1 -1

18. Find the eigenvalues and eigenvectors of

11 10
|11 101 . 4
A= 101 1 acting on C*.
01 11
19. Find the eigenvalues and eigenvectors of
3 2 2 —4
2 3 2 -1 . 4
A= 11 92 -1 acting on C*.
2 2 2 -1
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20. Find the eigenvalues and eigenvectors of

1 -1 1 1 0
0o 0 2 2 2

A=10 1 0 -1 -1 acting on C®.
-2 0 -2 -3 -2
2 0 2 4 3

21. Let A, B € My xn(R). Prove that AB and BA have the same eigenvalues.
22. Let A € My, «n(R) and let A1,..., A\, be the eigenvalues of A.

(a) Show that if A is invertible then A7',..., A1 are the eigenvalues of A1

r'n

(b) Let k € Z~o. Show that A%, ..., \¥ are the eigenvalues of A*.
(c) Let k € Z~o. What are the eigenvectors of A¥?

23. Let A € My x,(R). Prove that A and A! have the same eigenvalues.

4.2 Diagonalization

—4

00
24. Let D = 3 0]. Compute D'9.
0 2

0
0
25. Assume A = PDP~!. Prove that if k € Z then A* = PDFP~1.

I R o B Gl

(a) Compute P~! and prove that A = PDP~!.
(b) Compute A* for k € Z.

26. Let

27. Let L
T'n 5 1 0
zn = | pn and T=|[1 11
n o1t
(a) Show that
1 -1 1 ) % %
if P=(2 0 —2| then P'=|-3 0 3
L =
(b) Show that T = PDP~!.
(¢) Let 79, po,wp € R and let
To
xo= | po | . Compute lim T"xg.
wo n—oo

(d) Explain how this is used in applications to genetics.
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1 -1 1
28. Let A=|1 —1 0 |. Find an invertible matrix P such that P~'AP is diagonal.
0 0 -1

0
29. Let A= |1 2 1 |. Find an invertible matrix P such that P~'AP is diagonal.
2

-2 -8 —12
30. Let A= 1 4 4 |. Find an invertible matrix P such that P~1AP is diagonal.
0 O 1

31. Let A= 0 1+¢ 0 |.Find an invertible matrix P such that P~ AP is diagonal.

-1 -1 -6 3
1 -2 -3 0 . . . . 1 s
32. Let A= 11 o 1| Find an invertible matrix P such that P~ AP is diagonal.
-1 -1 -5 3
3 -1 -2 2
3 -1 -2 2 . . . . 1 -
33. Let A= 9 1 -1 2| Find an invertible matrix P such that P~'AP is diagonal.
1 0 0 1
11 1 1
01 1 1 . . . . 1 o
34. Let A= 00 -1 -1l Find an invertible matrix P such that P~"AP is diagonal.
00 0 -1

35. Find the eigenvalues and eigenvectors of

(6 =3 (6 =3 . 2
A—<5 _2> and B—<5 _2> acting on Q~.

(a) Show that A is conjugate to a diagonal matrix and explain why B is not.
(b) Find an invertible matrix P € GL2(Q) such that P~ AP is diagonal.

I a o®> 0
: : 1L a 0 o : N :
36. Let @ € C. Determine the eigenvalues of A = L0 a a2l Find an invertible matrix
01 a o

P € GL,(C) such that P~ AP is diagonal.
1 1 2
37. Let A=|0 2 1
0 0 3

(a) Find an invertible matrix P such that P~!AP is diagonal.
(b) Let n € Zo. Find A™.
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38.

39.

40.

41.

42.

43.

-1 4 =2
Let A=11 -1 1
3 —6 4
(a) Find an invertible matrix P such that P~1AP is diagonal.
(b) Find a matrix X such that X? = A and X # A and X # —A.

Let A € M, (F). Prove that the matrix A has n linearly independent eigenvectors p1, ..., p, € F”
with eigenvalues A1, ..., \, if and only if A = PDP~! where,

| | A1
P=|p1 - pn and D =diag(\1,...,\p) = )
| | .
so that p1,...,p, are the columns of P and D is the diagonal matrix with diagonal entries

A, A

Assume that the inner product on F” is the standard inner product. Let A € M, (F). The
matrix A has n orthonormal eigenvectors qi, ..., g, € F"™ with eigenvalues A1, ..., A, if and only

if A=QDQ ! and QQ! = 1 where,
| | A
Q=g - qn and D = diag(A1,...,\n) = .
| | An

so that ui,...,u, are the columns of ) and D is the diagonal matrix with diagonal entries
Aly ooy Ap.

Assume that the inner product on C" is the standard Hermitian inner product. Let A € M, (C).
The matrix A has n orthonormal eigenvectors uy, ..., u, € C" with eigenvalues Ay, ..., A, if and
only if A=UDU™! and UT' =1 where,
| | M
U=1u - uy, and D = diag(A1,..., ) = .
\ | Ay

so that ui,...,u, are the columns of U and D is the diagonal matrix with diagonal entries
Alyeeey An.

4.3 Symmetric, hermitian, orthogonal and unitary matrices

Let A = (1

such that A = QDQT.

1 _11> . Find an orthogonal matrix @ € Oz(R) and a diagonal matrix D € May2(R)

1 ¢
LetA-(_Z, 1

such that A = QDQT.

>. Find an unitary matrix @ € U2(C) and a diagonal matrix D € May2(C)
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44.

45.

46.

47.

48.

49.

20.

ol.

Let A = <1 0 1>. Find U € O3(R), V € O3(R) and S € May3(R) such that S is diagonal

010
and A=USVT.
Let A= (8 _01> Find U € O3(R), V € O3(R) and S € May2(R) such that S is diagonal and
A=USVT,
1 0 —4
Let A=| 0 5 4 |. Find an orthogonal matrix U such that U AU is a diagonal matrix.
-4 4 3
11 0 6
Let A= 0 5 6 |. Find an orthogonal matrix U such that U'AU is a diagonal matrix.
6 6 —2
7T -1 =2
Let A= | -1 7 2 |. Find an orthogonal matrix U such that U'AU is a diagonal matrix.
-2 2 10
18 -1 —4
Let A= | -1 18 —4]. Find an orthogonal matrix U such that U'AU is a diagonal matrix.
—4 —4 3
Reduce the following real quadratic forms to diagonal form.

(i) z* 4+ y? + 2y
(i) * +y* -y
(iii) 322 + 3y? + bxz — 2y
(iv) 2zy + 2xz + 2yz
(v) 522+ 11y? — 222 + 1222 + 12y2

Find the principal axes, centre and sketch the graph of the following conics.

(i) zy =2
(ii) 322 — 2y? + 122y = 42
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5 Vector spaces and linear transformations

5.1

1.

10.

11.

Subspaces

(a) Is the line L = {|z,y) € R? | y = 22 + 1} a subspace of R??
(b) Is the line L = {|x,y) € R? | y = 2z} a subspace of R??

. Let T: V — W be an R-linear transformation.

Show that ker(7') = {v € V | T'(v) = 0} is a subspace of V.

. Let T: V — W be an R-linear transformation.

Show that im(7T") = {T'(v) | v € V'} is a subspace of .
(Subspaces of R?)

(a) Show that a line through the origin is a subspace of R2.
(b) Show that a line that does not go through the origin is not a subspace of R2.
(c) Show that every subspace of R? that is not 0 and not R? is a line through the origin.

. (Subspaces of R3)

a) Show that a line through the origin is a subspace of R3.

(
(b) Show that a plane through the origin is a subspace of R3.

)

)
(c) Show that a line that does not go through the origin is not a subspace of R3.
(d) Show that a plane that does not go through the origin is not a subspace of R3.
)

(e) Show that if W is a subspace of R? then either W = 0 or W is a line through the origin or
W is a plane through the origin or W = R3.

. Let n € Z>3. Determine (with proof)

whether {lag, ..., an) | a1 +ag + as =0} is a subspace of R".

Let n € Z>3. Determine (with proof)

whether {lat, ..., an) | a1 +ag + az =1} is a subspace of R™.

. Let n € Z>3. Determine (with proof)

whether {lag, ..., an) | @z = aqas} is a subspace of R™.

s W ={|z,y,2) € R3 | z +y+ 2 =0} a R-subspace of R3?

Is W = {a17 + a22? | a1, a2 € R} a subspace of R[x]<a?
Is the set of real 2 x 2 matrices whose trace is equal to 0 a subspace of Max2(R)?

Is

S = { <ch Z> € My(R) | ad — be = 0} a subspace of My(R)?.
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13. Let n € Z>3. Determine (with proof)

whether {la1,...,an) | |a1] > 0} is a subspace of R".

14. Let n € Z>3. Determine (with proof)

whether {lat,...,an) | a1 —ag = as — as} is a subspace of R™.

15. Let V be the set of sequences (o) = (o, a1, . ..) of elements of R. Define addition of sequences
by
(a0, 01, 2, ...) + (Bo, B, B2, .. .) = (o + Bo, o1 + PBr, a2 + Pa, .. .)

and scalar multiplication by
clap, a1, an,...) = (cap, cay, cag, . . .), for c € R.
Prove that V' is an R-vector space.
16. Prove that the following are R-vector spaces.

(a) The set of arithmetic progressions:
{(an) | s € R and if n € Z>o then apt1 — @y = 1 — Qpy1 -
(b) The set of Fibonacci sequences:
{(a) | a; € R and if n € Z>g then oyt = apy1 + an .
(c) The set of convergent sequences:

«; € R and there exists o € R such that
(an) ’ if € € Ry then there exists N € Zq such that
if n € Z~n then |ay, —al <€

(d) The set of Cauchy sequences:

«; € R and there exists o € R such that
(an) ’ if € € Ry then there exists N € Z~ such that
if m,n € Z-y then |a,, — an,| <€

17. Let F(R,R) = {functions f: R — R}. Determine (with proof)

whether the set of real polynomials of degree exactly n is a subspace of F(R,R).

18. Let F(R,R) = {functions f: R — R}. Determine (with proof)

whether the set of real polynomials of degree < n is a subspace of F(R,R).

19. Let F(R,R) = {functions f: R — R}. An odd function is a function f: R — R such that if
z € R then f(—z) = —f(z). Determine (with proof)

whether the set of odd functions is a subspace of F(R,R).
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20.

21.

22.

23.

24.

25.

26.

27.

28.

29.

30.

Let F(R,R) = {functions f: R — R}. Determine (with proof)

whether the set of differentiable functions is a subspace of F(R,R).

Let C(Rpg 1), R) be the set of continuous functions f: Ry ;) — R. Determine (with proof)

whether {f € C(Rp 1, R) | f(1) =0} is a subspace of C(Rjo ], R).

Let C(Ryg,1), R) be the set of continuous functions f: Ry ;) — R. Determine (with proof)

whether {f € C(Rp ), R) | f(1) =1} is a subspace of C(Rjo ], R).

Let C(Rpg,1, R) be the set of continuous functions f: Rjy ;) — R. Determine (with proof)

whether {f € C(Ry 1, R) | £(0) = f(1)} is a subspace of C(Ryg 1}, R).

Let C(Rpg,1), R) be the set of continuous functions f: Ry ;) — R. Determine (with proof)
1
whether {f € C(Rp},R) ‘ / f(t)dt =0} is a subspace of C(R 1}, R).
0
Let C(Rpg 1), R) be the set of continuous functions f: Ry ;) — R. Determine (with proof)
1
whether {f € C(Rp},R) ‘ / f(t)dt =1} is a subspace of C (R 1}, R).
0

Determine (with proof)

whether { <CCZ Z) € M>(R) ‘ a= b} is a subspace of Ma(R).

Determine (with proof)

whether { <Z Z) € M>(R) ’ a+b= 1} is a subspace of Ms(R).

Determine (with proof)

whether { (Z Z) € My(R) ‘ a=c= d} is a subspace of My(R).

Determine (with proof)

whether {A € M3(R) | det(A) =0} is a subspace of M(R).

Determine (with proof)

whether {A € My(R) | det(A) =1} is a subspace of Ma(R).
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31. Let B € M3(R). Determine (with proof)

whether {Ae MyR) | AB=BA} is a subspace of Ma(R).

32. Let B € M3(R). Determine (with proof)

whether {A € My(R) | A% = A} is a subspace of Ma(R).

33. Determine (with proof)
whether {A € M3(R) | det(A) =0} is a subspace of M3(R).

34. Determine (with proof)
whether {A € M3(R) | tr(A) =0} is a subspace of M3(R).

35. Determine (with proof)
whether {A e M3(R) | A" = —A} is a subspace of M3(R).

5.2 Linear transformations

1 2 3 4
36. LetA—<5 6 7 8).

Let T: R* — R? be the function given by T'(x) = Az so that

€ Mo

T o _ 1 2 3 4 X9 _ r1 + 229 + 313 + 4y
T3 5 6 7 8 T3 S5z5 + 6x¢ + Tx7 + 818 /)
x4 T4

Show that T is a linear transformation.

37. Let t,5 € Z~g and A € My«s(R). Let T: R®* — R be the function given by
T(z) = Ax. z Az

Show that T is a linear transformation.

38. Let n € Z~g and let T': M,,(Q) — Q by the function given by
T(A) =tr(A). 4 tx(A)

Show that T is a Q-linear transformation.

39. Let T: Max2(Q) — Q be the function given by

a b a b
T(c d)-det<c d>—ad—bc.

Show that T is a linear transformation.
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40. Let t,s € Z=o and A € My s(R). Let Tq: R® — R? be the function given by

Show that T4 is a linear transformation.

41. Let T: V — W be a linear transformation. Assume that 7" has an inverse function T-1: W — V.
Show that 71 is a linear transformation.

42. Ts the function T': M3(R) — R given by

T a b = det a b = ad — bc a linear transformation?
c d c d

43. Is the function T: R3 — R? given by

T(z1,xz2,23) = (2 — 223,371 + 23) a linear transformation?

44. Let X and Y be R-vector spaces. Let T: X — Y be a function such that if z1,z9 € X then
T(x1 + x2) = T'(z1) + T'(x2). Show that T'(0) = 0.

45. Let X and Y be R-vector spaces. Let T: X — Y be a function such that if z1,z9 € X then
T(x1 4+ x2) = T(x1) + T(x2). Show that if x € X then T'(—z) = —t(x).

46. Let T: R? — R? be the function given by
Tl B,7)) = la+ B — 7,20+ B).
Determine (with proof) whether T' is an R-linear transformation.
47. Let T: R? — R? be the function given by
T(la, 8,7)) = la+1,a+26 — 7).
Determine (with proof) whether 7" is an R-linear transformation.
48. Let T: R? — R? be the function given by
T(lew, B,7)) = | lal,0).
Determine (with proof) whether T' is an R-linear transformation.
49. Let T: R? — R? be the function given by
T(la, 8,%)) = |, Ba).
Determine (with proof) whether 7" is an R-linear transformation.
50. Let S € Myxn(R). Let T: Mypxn(R) = Myxn(R) be the function given by
T(A) = AS.

Determine (with proof) whether 7" is an R-linear transformation.
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ol.

52.

93.

54.

25.

26.

o7.

98.

99.

Let S € Myxn(R). Let T: Myxn(R) = M, xn(R) be the function given by

T(A)=AS — SA.
Determine (with proof) whether T' is an R-linear transformation.
Let T: Myxn(R) = Myxn(R) be the function given by
T(A) = A"
Determine (with proof) whether 7" is an R-linear transformation.
Let T: R[z] — R[x] be the function given by

()= 2.

Determine (with proof) whether 7" is an R-linear transformation.

Let T: R[z] — R[x] be the function given by
t=x
T(f) = f(t)dt.
t=0
Determine (with proof) whether 7" is an R-linear transformation.
Let T': R[z] — R[z] be the function given by

r(f)=f- 0.

Determine (with proof) whether 7" is an R-linear transformation.

Let T': R[z] — R[z] be the function given by
T(f) = xf.
Determine (with proof) whether 7" is an R-linear transformation.
Let T: R[z] — R[x] be the function given by
T(f(x)) = flz +1).
Determine (with proof) whether 7" is an R-linear transformation.

Let T: R[z] — R[z] be the function given by

&f  d
T(f(2)) = dT;J; - zé +3.

Determine (with proof) whether 7" is an R-linear transformation.

Let a,b € R[z]. Let T': Rlx] — R[z] be the function given by

d? d
T(f(z)) = d—x‘é+aé+bf.

Determine (with proof) whether 7" is an R-linear transformation.
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60.

61.

62.

63.

Let T: V — W be a linear transformation. Assume that the inverse function 77': W — V
exists. Show that 7! is a linear transformation.

Let S: V. — W and T': V. — W be R-linear transformations. Define a function (S+7): V — W
by
(S+T)(v) = Sw)+T(v).

Show that (S + T') is a R-linear transformation.
Let T: V. — W be a R-linear transformation and let ¢ € R. Define a function (¢T"): V' — W by
(cT)(v) =c-T(v).
Show that (¢T') is a R-linear transformation.
Let V and W be R-vector spaces and let
X ={T:V - W | T is alinear transformation}.

Show that X with the functions

XxX =X and Rx X to X
s,7) - (s+1) " (e,T) + (cT)

given by
(S+T)(v)=Sw)+T(v) and (cT)(v) =c-T(v)

is a vector space.
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6 Linear independence, span and bases

1.

10.

11.

12.

13.

14.

Let V' be a Q-vector space and let vq,vo,v3,v4,v5 € V. Let S = {v1, v2, v3,v4, v5}.
Show that Q-span(.S) is a subspace of V.

. In R[z]<2, is 1 — 22 — 2? € R-span{l + z + 22,3 + 2%}?

. Let S be the subset of R[z]<2 given by

S = {1+ 2x,1+ 5z + 32°, 2 + 2°}. Show that R-span(S) = Rlx]<s.

. In R3,is |1,2,3) € R-span{|1,—1,2),| —1,1,2)}?
. In R[z]<g, is 1 — 22 — 2 € R-span{l + x + 22,3 + 22}?

. Let S be the subset of R? given by

S={(1,1,1),(2,2,2),(3,3,3)}. Determine R-span(S5).

Let S be the subset of R? given by

S={1,-1),[2,4)}. Show that R-span(S) = R2.

. Let S be the subset of R? given by

S =1{]1,2,0),/1,5,3),]0,1,1)}. Show that span(S) = R3.

. Let S be the subset of R[z]<2 given by

S ={1+xz+ 2% 27} Show that span(S) = R[z]<.

Let S be the subset of C? given by

S ={]2i,—-1,1),| —6, 34, 3i) }. Is S C-linearly independent?

Let B be the subset of C? given by

B = {|2i,—-1,1),]4,0,2)}. Is B linearly independent?

Let S be the subset of R? given by

S =1{(2,0,0),(6,1,7),(2,-1,2)}. Is S linearly independent?

Let S be the subset of Ms(R) given by

1 3 -2 1 1 10
_ . . o
S {(1 1) , < 1 _1> , (4 9 > } . Is S linearly independent?

Let S be the subset of R[z]<2 given by

S={1+2z+52%1+x+2%1+22+32°}. Is S abasis of Rjz]<a?
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15. Is S = {(1,-1),(2,4)} a basis of R??

s S = {(3 _01> , (8 é) , <(1) 8)} a basis of {A € My(R) | tr(A) = 0}?

17. Is
1 0 01 0 0
= : 2
S {(0 _1) , (0 O) , <1 0>} a basis of My(R)1

18. Is S = {(1,-1),(2,4)} a basis of R*?

1

(=)

19. Let v1,v2,v3,v4 € R3 be given by
vy =[1,2,3), wv2=13,6,9), w3=|-1,0,—-2), wvg=]|1,4,4).

(a) Is {v1,v2,v3,v4} linearly independent?
(b) Express vy and vy as linear combinations of v; and vs.
(c¢) Is {v1,v3} linearly independent?

20. Let S be the subset of M>(R) given by

1 3 -2 1 1 10
_ . . B
S {(1 1> , < 1 _1) , <4 9 > } . Is S linearly independent?

21. Prove that {|1,0,3),5,2,1),]0,1,6)} is an R-basis for R3.

22. Let t € R and let
gi(z) =1, g2(z) = = +1, g3(z) = (z +1)%

Prove that {g1, g2, g3} is an R-basis of R[z]<s.

23. (a) Prove that B = {|1,2,0),]0,5,7),| — 1,1,3)} is an R-basis for R3.
(b) Find the coordinates of |0,13,17) and |2, 3, 1) relative to the basis B.
24. (a) Show that S = {|3 + /2,1 ++/2),|7,1 4 2v/2)} is R-linearly dependent.
(b) Show that S = {|3 +v/2,1+ v/2),]7,1 4+ 2v/2)} is Q-linearly independent.
25. (a) Show that S = {|1 —4,4),]2,—1+4)} is C-linearly dependent.
(b) Show that S = {|1 —1,%),|2, -1+ )} is R-linearly independent.

26. Show that S = {ef,sin(t),#?} is R-linearly independent.
27. Show that S = {e’, sin(t), cos(t)} is R-linearly independent.

28. (a) Show that S = {|1,0,1,1),|1,0,2,4)} is R-linearly dependent.
(b) Extend S to a basis of R?.

29. Let V be a C-vector space and let u,v,w € V. Assume that {u,v,w} is C-linearly independent.

(a) Show that S = {u+ v,v+ w,w + u} is R-linearly independent.
(b) Show that S = {u+ v —3w,u+ 3v — w,v + w} is C-linearly dependent.

30. (a) Show that S = {|1,1,0,—1),]4,—2,1,0)} is Q-linearly independent.
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(b) Find a Q-basis for Q* containing S.

31. Let M and N be the subspaces of Ms(R) given by

M:{(_“b ﬁ) ’a,b,ceR} and N:{(”y” 8) )x,yeR}.

Find R-bases for M, N, M NN and M + N.

32. Let S and T be the subspaces of R* given by

S=A{le,$,7,0) [a+B+v=0} and T ={|a,$,7,0) [y =—6}.
Find R-bases for S, T, SNT and S+ T.
33. Find an R-basis for the solution space of the equation x — 2y + z — 3t = 0.
34. Let Vi and Vi be 2-dimensional subspaces of R3. Prove that dim(V; N V3) > 0.
35. Let U be the subspace of R? generated by u1 = |1,2,3) and ug = |3, =5, 1).

(a) Show that |1,0,0) is not in U but that |5, —23, —9) is in U.

(b) Express |5, —23,—9) as a linear combination of u; and us.
36. Is S ={1,1+¢t,1+t+t%...,1+t+---+t"} a basis of R[t]<,?
37. Is S = {1, 1+ t,t +t2,...,t" 1 4"} a basis of R[t]<,,?
38. Is S ={1,1 —¢t,(1 —t)%,...,(1 — )"} a basis of R[t]<,?
39. Letu=13,—-1,0,~1)and v = |1,0,4, —1) in R and let § = {|2, —1,3,2),|—1,1,1,-3), |1,1,9, =5}

(a) Are u and v in span(S).
(b) Find a basis of span(S) containing w.
(c¢) Find a basis of span(.S) containing v.

40. Let V be an R-vector space. Assume that .S is a linearly independent subset of V and let v € V.
Show that v ¢ span(S) if and only if S U {v} is linearly independent.

41. Let S = {[1,0,-1,1),]2,-1,0,1),|1,1,2,1)} in R%.

(a) Show that S is linearly independent.

(b) Show that |1,3,3,2) € span(S).

(¢) Show that |0,1,1,—1) ¢ span(5).

(d) Find an R-basis for span(S) which contains |1, 3, 3, 2).
)

(e) Find an R-basis for R* which contains |0, 1,1, —1).
42. Let V = Mays(C).

(a) Explain how to view V as a C-vector space and find a C-basis of V.

(b) Explain how to view V as a R-vector space and find a R-basis of V.
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43. Let V = May2(C) and let

={6 D666

(a) Find a C-basis of C-span(S).
(b) Find a R-basis of R-span(5).

44, Let § = {|1,1,0), i, 1+i,1),[1 44,1 +i,0)} and T = {|1,0,1), |d, —4,0),]0,4,7) in C3.

(a) Find a C-basis of C-span(S) N C-soan(T).
(b) Find a C-basis of C-span(S) + C-soan(T).
(c¢) Show that R-span(S) N R-soan(T") = {0}.

45. Let S={1 -2+ 32+t —t2 + 3,1 + 2t + t* — 3} in R[t]<s.

(a) Show that ¢ + ? — 3 € span(S).

(b) Show that 14t — 2 +t3 & span(.9).

(c) Find an R-basis for span(S) that contains ¢ + 2 — ¢3.
(c) Find an R-basis for R[t]<3 that contains 1+t — 2 + 3.

46. (basis of F") Let F be a field and let
F" = { 1 x n matrices with entries in F}.

Let
e; be the 1 x n matrix with 1 in the ith entry and all other entries 0.

Show that {ej,eq,...,e,} is a basis of ™.
47. (basis of My,xn(F)) Let F be a field and let
My xn(F) = { m x n matrices with entries in [F}.

Let
E;; be the m x n matrix with 1 in the (i.j) entry and all other entries 0

Show that {E;; | i € {1,...,m} and j € {1,...,n}} is a basis of M,x,(IF).

48. (basis of F[x]) Let IF be a field and let
F[x] = {polynomials with coefficients in F}.

Show that {1, 2,22 23,...} is a basis of F[z].

49. (basis of F[z]<4) Let d € Z>o and let F be a field. Let
Flz]<4 = {polynomials of degrees < d with coefficients in F}.

Show that {1,z,2% 23,... 29} is a basis of F[z]<4.

50. (R as a Q vector space) Find a basis of R as Q-vector space.
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7 Working with linear transformations

7.1 Matrix of a linear transformation with respect to bases B and C
1. Let v = (1,5) € R2.

(a) Find the coordinate vector of v with respect to the basis S = {(1,0), (0,1)}.
(b) Find the coordinate vector of v with respect to the basis B = {(2,1),(—1,1)}.

2. Find the coordinate vector of p = 2 + 7 — 922 with respect to the basis B = {2, %a:, —322} of
Qlz] <.

3. Let T: R? — R? be the function given by T'(z1, 2o, x3) = |29 — 223, 321 + 23).

(a) Prove that T is a linear transformation.

(b) Find the matrix of T with respect to the basis S = {|1,0,0), |0, 1,0),]0,0,1)} of R and the
basis B = {|1,0),]0,1)} of R2.

4. Let T: Mayx2(R) — Max2(R) be the linear transformation given by
T(Q) = Q"

Find the matrix of 7" with respect to the basis B = {F11, E12, Fo1, F22}, where E;; is the matrix
with 1 in the (7, 7) entry and 0 elsewhere.

5. Let T: R[z]<2 — R[z]<1 be the linear transformation given by
T(ag + a1x + a2x2) = (ap + a2) + apz.

(a) Find the matrix of T' with respect to the basis B = {1,z,2?} of R[z]<s and the basis
C ={1,z} of R[z]<;.

(b) Find the matrix of 7" with respect to the basis B = {1,z,2%} of R[z]<2 and the basis
D = {2,3z} of R[x]<;.

6. Suppose that T: R? — R? is a linear transformation and that the matrix of 7' with respect to
the basis A = {|1,0,0),0,1,0),|0,0,1)} of R? and
the basis S = {|1,0),]0,1)} of R? is
51 0
[T)sa = (1 . _2> :

Find the matrix of T" with respect to
the basis B = {|1,1,0),|1,—1,0), |1, -1, -2)} of R3 and
the basis C = {|1,1), |1, 1)} of R%.

7. Let T: R? — R? be the transformation which is reflection across the y-axis.

y-axis y-axis

l r-axis L r-axis

Find the matrix of T with respect to the basis S = {|1,0), |0,1)}.
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8.

10.

11.

12.

13.

Find the matrix of the linear transformation
T:R? - R? which is projection onto the z axis.

Is T injective? Is T surjective. Is T invertible?

. Let ¢ € Ryg and let T: R? — R? be the linear transformation which is the shear by a factor of

c along the z-axis.

. -axis
y-axis v

i N : |L r-axis
x-axis

c

Find the matrix of 7" with respect to the basis S = {|1,0),]0,1)}.

Find the image of (z,y) € R? after a shear along the z-axis with ¢ = 1 followed by a reflection
across the y-axis.

Let ¢ € Ryg and let 7: R? — R? be the linear transformation which is stretching of the z-axis
by a factor of c.

. -axis
y-axis v

i N i i—) r-axis
x-axis

c

Find the matrix of 7" with respect to the basis B = {(1,0), (0,1)}.

Let T: R? — R? be the linear transformation which is rotation by # (about the origin counter-
clockwise).

y-axis y-axis

- e
Tr-axl1s Tr-axl1s

Find the matrix of T with respect to the basis S = {(1,0), (0,1)}.

Let T: R?2 — R? be the reflection in the line y = 5x.

y-axis y-axis

T-axis

Identify two lines through the origin that are invariant under 7" and find the image of the
direction vectors for each of these lines.

14. Let T: R? — R? be the linear transformation which is reflection in the line y = 5z.

y-axis y-axis

r-axis
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Let S ={(1,0),(0,1)} and let

B = {(17 5)7 (57 _1)}7

x-axis

(5,-1)

so that the first vector in B is a vector in the direction of the line y = bx and the second vector
in B is a vector perpendicular to y = 5z.

(a) Compute [T]BBv [I]SBa [I]BS, and [T]SS-
(b) Compute T (é) and T <(1)> .

15. Let T: R?2 — R? be the linear transformation given by
T(z,y) = 3z —y, —x + 3y).
and let B and S be the bases of R? given by
B={(1,1),(-1,1)} and S ={(1,0),(0,1)}.

Let u and v be the vectors in R? determined by

(a) Compute [I|pg, and [I]sp
(b) Compute [u]s and [v]p.
(c) Compute [T]ss and [T]pB.

16. Let T: R?® — R? be the linear transformation given by
T(lz,y,2)) = |z —y,x+2y — 2,20+ y + 2).
Find the matrix of T" with respect to the standard basis of R3.
17. Let T: R?® — R3 be the linear transformation given by
T(lz,y,2)) = |z —y,x+2y — 2,20+ y + 2).
Find the matrix of T' with respect to the basis B = {|1,0,1),| — 2,1,1),|1,—1,1)} of R3.

18. Let T: R? — R3 be the linear transformation such that the matrix of T" with respect to the
standard basis is

011
1 01
1 10
Find the matrix of T with respect to the basis B = {|1,0,1),| —2,1,1),|1,—1,1)} of R3.
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19.

20.

21.

22.

23.

24.

25.

26.

27.

Let T': R[z]<, — R[z]<, be the linear transformation given by

_ 4
dx’
Find the matrix of T with respect to the basis B = {1,z,22,...,2"} of R[z]<y.

T(f)

Let T: R[z]<n — R[z]<y, be the linear transformation given by

_ 4
dx’
Find the matrix of T with respect to the basis B = {1,z —1,(z — 1)%,..., (z — 1)"} of R[z]<y.

T(f)

Let T: R[z]<, — R[z]<, be the linear transformation given by

_ 4

da’

Find the matrix of T' with respect to the basis B = {1,1+x,1+x+2%,...,1+x+---+2"}
of R[I‘]Sn

T(f)

Let T': R[z]<, — R[z]<, be the linear transformation given by
T(f(x)) = f(z+1).
Find the matrix of T with respect to the basis B = {1,z,22,...,2"} of R[z]<,.
Let T: R[z]<p, — R[z]<y, be the linear transformation given by
T(f(z) = f(z+1).
Find the matrix of T with respect to the basis B = {1,z — 1, (z — 1)%,..., (z — 1)"} of R[z]<p.
Let T': R[z]<, — R[z]<;, be the linear transformation given by
T(f(z)) = f(z +1).

Find the matrix of 7" with respect to the basis B = {1,1 +x, 1+ x4+ 22,..., 1 +x+--- + 2"}
of R[Z’]Sn.

Let S € Myxn(R). Let T: Mpxpn(R) = Myxn(R) be the linear transformation given by
T(A) = SA.

Find the matrix of T" with respect to the basis B = {E;; | 1,5 € {1,...,n}} of My, xn(R).

Let S € Myxn(R). Let T: Myxpn(R) = Myxn(R) be the linear transformation given by
T(A) = AS.

Find the matrix of 7' with respect to the basis B = {E;; | 4,5 € {1,...,n}} of Myxn(R).

Let S € Myxn(R). Let T: Myxn(R) = Mpxn(R) be the linear transformation given by

T(A) =SA— AS.

Find the matrix of 7' with respect to the basis B = {E;; | 4,5 € {1,...,n}} of Myxn(R).
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28. Let B = {uy,us} be a basis of R? and let X = {v1,v2,v3} be a basis of R3. Let T: R? — R? be
the linear transformation given by

T(u1) = v1 + 2vg — vg,
T(Ul) = V1 — V3g.
(a) Find the matrix of T with respect to the basis B of R? and the basis X of R3.
(b) Let C = {—uy + u2,2u; —ug} and Y = {v1,v1 + v2,v1 + v2 + v3}. Find the matrix of T
with respect to the basis C' of R? and the basis Y of R3.

29. Let A\, € R. Let U be a R-vector space with basis B = {uj,u2,u1} and let V' be a R-vector
space with basis X = {vy,vg,v3}. Let T: U — V be a linear transformation such that the matrix
of T with respect to the bases B and X is

1 1 1
Tlxp=|1 X p
1 )\2 M2
Let C = {u1 + u2 + ug, u1 + ()\ + 1)U3,U3}.

(a) Find the matrix of 7" with respect to the bases C and X.
(b) Find the values of A and u for which the system

r+y+z=1,
T4+ Ay + pz =2, has a unique solution.
T+ N2y + p2z,

(c¢) Find the values of A and p for which the system

r+y+z=1,
T+ Ay + pz =2, has more than one solution.
z+ Ny + pz,

30. The vector space of homogeneous real quandratic polynomials in z, y, z is
V= {a,lyc2 + asy? + asz® + asxy + asxzz + agyz | a1, az2,as,a4,a5,a¢ € R}.
Let a,8,7v € R and let T: V — V be the linear transformation given by
T(f(x,y,2) = flax +y+ 2z By +72,0).
Find the matrix of ¢ with respect to the basis B = {z',y?, 22, 2y, v2,y2} of V.
31. The vector space of real quadratic polynomials in x and y is
U = {a12? + agy® + azzy + asx + asy + ag | a1,az2,a3, a4, as, a6 € R}.
The vector space of real cubic polynomials in z is
V = {c12® + cox® + c3x + aq | ¢1,¢2,¢3,¢4 € R}
Let T: U — V be the function given by

T(f(z,y)) = f(x,2).
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32.
33.
34.

35.

36.

37.

38.

39.

(a) Show that T is a linear transformation.

(b) Find the matrix of T' with respect to the basis B = {22, y? 2y, ,y,1} of U and the basis
C = {23 2%, 2,1} of V.

Carefully define the matrix of a linear transformation with respect to bases B and C.
Carefully define the change of basis matrix from B to C.
Prove the following proposition.

Proposition 7.1. Let V and W and Z be F-vector spaces with bases B, C' and D, respectively.
Let
V=W g VW hW—=Z beF-linear transformations

and let c € F. Then
(cfles=c-fep,  fep+g9ce=(f+9ce  and  (hog)pp = hpcgcs.
Prove the following proposition.
Proposition 7.2. Let g: V — W and f: V — V be an F-linear transformations. Let
Bi and Bs be bases of V., and let Cy and Cs be bases of W,

and let Pg,p, and Pc,c, be the change of basis matrices defined as in (?7?). Then

-1
gCQBQ = PCQClgclBlpBlBQ and fB2B2 = PBlBQfBlBl—PBlBQ’

7.2 Kernels and images of linear transformations
Let T: R? — R? be the linear transformation given by
T(z,y,2) = 2z —y,y + 2).
Find bases for ker(7") and im(7") and verify the rank-nullity theorem.
Let T: R[z]<2 — R[z]|<1 be the linear transformation given by
T(ap + a1z + asx®) = (ap — a1 + az)(1 + 2x).

(a) Find bases for ker(7T) and im(7T).
(b) Is T injective?
(c¢) Is T surjective?

The derivative with respect to z is the linear transformation T': R[z]<3 — R[z]<2 given by
T(ag + arx + asx?® + a3x3) = a1 + 2a22 + 3azz’.

(a) Find the matrix of T with respect to the basis S = {1,z,22 23} of R[x]<3 and the basis
B = {1,z,2%} of Rlx]<s.

(b) Find ker(T") and im(7).

Let T: V — W be a linear transformation.
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(a) Define ker(T).
(b) Define im(T).
(a) Show that ker(T") is a subspace of V.
(b) Show that im(7") is a subspace of W.

40. Let T: X — Y be a linear transformation.
(a) Define ker(T).
(b) Define im(T).
(c) Define what it means for 7' to be injective.
(d)
)
)

(e) Prove that T is injective if and only if ker(7") = 0.
(

Define what it means for T to be surjective.

f) Prove that T is surjective if and only if im(7") =Y.
41. (transpose) Show that the function

T: Mygo(F) — My, (F)
A — At

is an F-linear transformation.

Find the matrix of T respect to the basis {E;; | i € {1,...,t},7 € {1,...,s}}. Determine ker(T’)
and im(7).
42. (derivative) Show that the function f: Cl[z] — Clx] given by

f(p):%

Find the matrix of f with respect to the basis {1,z,22,...}. Determine ker(f) and im(f).

is an F-linear transformation.

43. (matrices give linear transformations) Let V = R3® and let A € Ms5x35(R). Show that the
function
T:V->V given by T(v) = Av

is a linear transformation.
44. (more matrix linear transformations) Let V' = M3,2(R) and let A € M3,3(R).
(a) Show that the function T: V' — V given by
T(v) = Av is a linear transformation.
(b) Find the matrix of T with respect to the basis {E11, F12, E21, Fo2, E31, E32}.
45. (determinant is not a linear transformation) Let V' = Mj3x13(R). Show that the function
T:V—>R given by T(V) = det(v),
is not a linear transformation.

46. (rotations, reflections, stretchers, shears and projections) Draw pictures of the linear transfor-
mations f: R? — R? given by multiplication the matrices

= (3 ) = () =G ) 4= a=G0)
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47. Let V be an R-vector space and let {b1,...,b12} be a basis of V. Show that the function
T: |4 — R
C1

is a bijective linear transformation.
c1v1 + -+ c12v19 —

C12
48. Let T: R* — R3 be the linear transformation defined by
T(|la1, ag, a3, a4)) = |op — ag + a3 + g, a1 + 200 — a3 + auq, 3z + 2a3).

Find bases for ker(T") and im(7).

49. Let T: R* — R3 be the linear transformation with matrix relative to the standard bases given

by
1 2 -1 2
2 6 3 -3
02 5 -7

Find the dimension of ker(T") and find the dimension of im(T").
50. Define a linear transformation 7: R* — R3 by
T(Jag, e, a3,04)) = |ag — az + 204, —201 + g + 23, g + 4ay).
(a) Find the dimension of ker(7") and find the dimension of im(7").

(b) Show that |1,3,k) is in im(7") if and only if k£ = 5.
(c¢) Find the condition for |1,z,1,y) to be in ker(T).

51. Define functions S: R[z,y]<n, — Rz, y]<n and T': Rz, y]<, — R[z,y]<n by

of  of Pf | ,0°f
S(f):x%—kya—y and T(f):xQ@—Hfa—yQ.

(a) Show that S and T are R-linear transformations.
(b) Find ker(S), im(S), ker(7) and im (7).

(c) Specify an R-basis of Rz, y]<, and find the matrices of S and T" with respect to your
specified basis.

52. Let D: R[[z]] — R[[z]] be the linear transformation given by D(f) = %.

(a) Find ker(D).
(b) Let n € Zso. Find ker(D").
(¢) Find ker(D —1).

11

53. Let §' = (1 9

>. Let T': Max2(R) — Max2(R) be the linear transformation given by

T(A) = SA.

Find bases for ker(7) and im(T).
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54.

25.

26.

o7.

o8.

99.

60.

61.

62.

63.

64.

11

LetSz(1 9

>. Let T': Max2(R) — Max2(R) be the linear transformation given by

T(A) = AS.
Find bases for ker(7") and im(7T").

11

LetSz(1 9

). Let T: Max2(R) — May2(R) be the linear transformation given by

T(A) = SA — AS.
Find bases for ker(T") and im(7).

Let T: V — W be a linear transformation and let U C W be a subspace of W. Show that
X={veV|Tw) eU} is a subspace of V'
and find the dimension of X in terms of dim(V'), dim(W), dim(U) and dim(im(7")).
Let S:V —V and T: V — V be linear transformations. Prove that
dim(ker(ST)) < dim(ker(S)) + dim(ker(7)).
Let n € Zwg and let S: V — V be a linear transformation such that S™ = 0 and S™~! #£ 0.
Determine dim(ker(S5)).

Let S: U — V and T: V — U be linear transformations. Prove that

dim(im(7)) — dim(ker(ST")) < dim(U) — dim(im(.5)).

Give an example of a linear transformation T': V' — V such that ker(T") = im(T').

Give an example of vector space V' such that there does not exist a linear transformation 7': V' —
V such that ker(7") = im(T).

Let T: V — V be a linear transformation.

(a) Assume that if v € V and T(T'(v)) = 0 then T'(v) = 0. Show that im(7") Nker(7T") = {0}.
(b) Assume that im(7") Nker(7) = {0}. Show that if v € V and T'(T'(v)) = 0 then T'(v) = 0.

Let T: V — V be a linear transformation such that dim(im(7?)) = dim(im(7)). Show that
im(7") Nker(T") = {0}.

Let T: V — V be a linear transformation such that 7% = T.

(a) Show that ker(T) = im(1 — 7T') and ker(1 — T') = im(T').

(b) Show that ker(T") Nim(T") = {0}.

(c) Show that if v € V then there exists unique v; € ker(T) and ve € im(T') such that
UV = V1 + v2.
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7.3 Invertible linear transformations

65. Let V be an R-vector space and let {v1,va,v3,v4} be a basisof V. Let A\ € Randlet T: V — V
be the R-linear transformation given by

T(v1) = v1 + vy, T (v2) = 2v1 + va, T(v3) = 2v9 + v3, T (v4) = 203 + va.
Determine (with proof) {\ € R | T is invertible}.
66. Let T: R* — R* be the R-linear transformation defined by
T(Jay, a0, a3)) = [3a; — ag, a1 — g + ag, —ag + 209 — ag).

(a) Show that T is invertible.
(b) Compute T~1(|B1, B2, B3))-

67. Let T: C — C be the R-linear transformation defined by T'(z) = (1 —4)z. Show that T is
invertible.

d
68. Let n € Z>o. Let D: R[x]<, — R[z]<, be the linear transformation given by D(f) = d—f
= = = x

(a) Show that D is not invertible.
(b) Determine ker(D).

69. Let V be a C-vector space and let T: V — V be a C-linear transformation such that 72 = 0.
Show that 1 — T is invertible.

70. Let T: V' — V be a linear transformation. Show that T is invertible if and only if ker(T") = 0
and im(7) = V.

71. Let T: V — V be a linear transformation. Show that if V' is finite dimensional and ker(7) = 0
then im(7) = V.

72. Let T: V — V be a linear transformation. Show that if V' is finite dimensional im(7") = V then
ker(T') = 0.

7.4 The rank of a linear transformation

73. The vector space of homogeneous real quandratic polynomials in x, y, z is
V = {a12® + aoy® + a32® + agxy + asxz + agyz | a1, a, a3, a4, as, ag € R}.
Let a, 8,7 € R and let T: V' — V be the linear transformation given by
T(f(x,y,2)) = flax +y + 2z By +72,0).
Find the rank of T
74. Let S € M,(Q). Define a Q-linear transformation
T: M,(Q) — M,(Q) by T(A) = AS.

(a) Assume that S is invertible. Show that the rank of T is n?.
(b) Show that if S € M, (Q) then rank(7) = n - rank(S).
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7.5 Eigenvalues and eigenvectors of linear transformations

75. Let T': Rlx]|<,, = R[x]<y be the linear transformation given by T'(f) = %. Find the eigenvalues
and eigenvectors of T'.

76. Find the eigenvalues and eigenvectors of reflections and rotations in R?.
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8 Inner products

10.

8.1 Inner products

(The standard inner product on C™) Show that

(z,y) = 2171 + -+ + T,
defnes an inner product on C™.

(The standard inner product on M, «,(F)) Show that
(A, B) = tr(A'B).
defines an inner product on M, xn (F).

(The standard inner product on polynomials) Show that

(f,9) _/0 f(ﬂf)mdm

defines an inner product on the vector space C[z].

. Let u=1[1+1i,1=14) and v = |i,1) in C? with the standard inner product.

Compute (ulv), (v|u), (u|u), (ulu), d(u,v), cos(0(u,v)) and 6(u,v).

Let w = 1 and v = z in R[z]<g with the standard inner product.
Compute (ulu), (v|v), (u|v), d(u,v), cos(d(u,v)), and O(u,v).

. Let A € My, (C) satisifying A = A and let (,): C" x C® — C be given by

U1
((uty .o un)y (V1,2 vn)) = (U1, ... un)A | 0 | =u'Av,
T

Prove that (,) satisfies all the properties of an inner product, except perhaps the positive defi-
niteness.

Let u,v € R™ and let Q € O,(R). Prove that (Qu|Quv) = (u|v).

. Is the map (,): R3 x R?® — R given by

((u1,u2,us), (v1,v2,v3)) = urv] — UgV2 + U3V3 positive definite?

. Is the map (,): C? x C? — R given by

((u1,u2), (v1,v2)) = fuT7 — iUz positive definite?

Is the map (,): R? x R? — R given by

((u1,u2), (v1,v2)) = 2u1v] — 2u1v2 — 2V + UgVy positive definite?
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11. Is the map (,): R? x R? — R given by

((u1,u2), (v1,v2)) = ugv1 + 2ugvsy positive definite?

12. (Pythagorean theorem) Let V' be an F-vector space with an inner product. Let u,v € V and
suppose that u and v are orthogonal. Prove that ||u + v||? = |Jul|? + |v|?.

13. Let V be a F-vector space with an inner product (,): V x V — F.
Let B = {b1,...,b,} be a basis of V and let A be the Gram matrix of (,) with respect to the
basis B. Let u,v € V. Prove that

(u,v) = [u]pA[T]5.
14. Let (, ): R[z]<2 X R[z]<2 — R be the standard inner product on the R-vector space R[z]<s.

(a) Let u =T+ 3z + 22% and v = 5 + x2. Calculate (u|v).
(b) Let A be the Gram matrix of (, ) with respect to the basis B = {1,z,2?}. Calculate A.

(c) Calculate [u]p and [v]p and [u]zAlv]B.

15. Let (,): R? x R? — R be given by

((u1,u2), (v1,v2)) = urv1 + 2ugvy = (u1 ug) <é g) (Z;) .
Let u =|3,1) and v = |[—2,3). Find ||u||, d(u,v) and 0(u,v).
16. Are |2,—1,1) and |1,2,1) perpendicular in R? with the standard inner product?
17. Are |2,1,-3) and |1,1,1) perpendicular in R with the standard inner product?
18. Are |7,5,3) and |1, —2,1) perpendicular in R? with the standard inner product?
19. Find a vector perpendicular to |2, —1,2) and |1,—1,2) in R? with the standard inner product.
20. Find the length of |1,2,1) in R3 with the standard inner product.
21. Find the length of |3, —2,5) in R3 with the standard inner product.
22. Find the length of |1,0, —1) in R? with the standard inner product.
23. Find the angle between |3, —2,1) and |1, —1,1) in R with the standard inner product.
24. Find the angle between |2,1, —1) and |1,0,2) in R? with the standard inner product.

25. Determine (with proof) whether the function (,): % x I?> — R given by

(a1 a2), (B1 B2)) = a1p1 — aaf — a1 fo + 20232

is an inner product on 2.

26. Determine (with proof) whether the function (,): % x 4% — R given by

(a1 a2), (81 B2)) = 11+ azf1 + a1 —

is an inner product on .
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27. Determine (with proof) whether the function (,): f2 x A — R given by
(o1 a2), (B1 B2)) = a1B1 — a2B1 + a1P2 + 2a2f32

is an inner product on 2.
28. Determine (with proof) whether the function (,): fI2 x % — R given by
(1 @), (B1 Ba)) = i 7 + a3 33

is an inner product on 2.
29. Determine (with proof) whether the function (,): * x I* — R given by
(a1 a2,0a3),(B1 B2, B3)) = 181 + 20282 + 3as B3 + a1 + azf + 183 + azBi + 2a283 + 2a3 32

is an inner product on .
30. Determine (with proof) whether the function (,): fI3 x > — R given by
(o1 a2, a3), (B1 B2, 83)) = a1f1 + 2282 + 3a3 B3 + 2a1 B2 + 21 B3 + 4o B3

is an inner product on JI°.
31. Determine (with proof) whether the function (,): i x > — R given by
(a1 az,a3), (B1 B2, B3)) = a1f1 + azfs — a1 — azf — a1f83 — azfi + aaffs + asfe

is an inner product on 9.

32. Determine (with proof) whether the function (,): C(R_1 1], R) x C(R|_1 5}, R) — R given by
/ fla
33. Determine (with proof) whether the function (,): C(R_; 1}, R) x C(R|_; 1}, R) — R given by
/ f(2)g(x)(1 — 22)dx

34. Determine (with proof) whether the function (,): C(R_1 1], R) x C(R|_; 3}, R) — R given by

(f,g) = /f )a2da

is an inner product on C(R(_ jj, R).

is an inner product on C(R_y jj, R).

is an inner product on C(R_y jj, R).

35. Determine (with proof) whether the function (,): Max2(R) x Mayo(R) — R given by
(A, B) = tr(AB)
is an inner product on Mayo(R).
36. Determine (with proof) whether the function (,): Max2(R) x Maxa(R) — R given by
(A, B) = det(AB)

is an inner product on Mayo(R).
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37.

38.

39.

40.

41.

42.

43.

44.

45.

46.

47.

8.2 Lengths, distances, and angles between vectors

Let u = [1,0,2,—2) and v = |2,1,—2,0) in R* with the standard inner product. Compute ||ul|,
|||, (u,v) and the angle between u and v and verify that the Cauchy-Schwarz and the triangle
inequalities hold.

Let v = 2 and v = cos(mz) in C(Rjp ], R) with the standard inner product. Compute [lul],
|lv]|, (u,v) and the angle between u and v and verify that the Cauchy-Schwarz and the triangle
inequalities hold.

Let v = (1,0,2) and v = (2,1,2) in f° with (,): f° x I> — R given by
(a1 ag,a3), (81 B2, P3)) = a1B1 + 20002 + 3azfB3 + a1 P2 + a1 + a1 B3 + a3 f1 + 2283 + 203 52.

Compute ||u||, ||v||, (u,v) and the angle between w and v and verify that the Cauchy-Schwarz
and the triangle inequalities hold.

Let u = (1,0,2) and v = (2,1,2) in A with (,): I* x > — R given by
(a1 ag,a3), (B1 B2,B3)) = a1 1 + 2a282 + 3asfs + 2aq B2 + 21 B3 + daa B3

Compute ||u||, ||v||, {(u,v) and the angle between u and v and verify that the Cauchy-Schwarz
and the triangle inequalities hold.

Let v = (1,0,2) and v = (2,1,2) in f? with (,): f° x > — R given by
(a1 a2, 03), (B1 B2, 83)) = a1P1 + azfz — a1 B2 — anff — a3 — a3 + i3 + a3 fo

Compute ||u||, ||v]|, (u,v) and the angle between v and v and verify that the Cauchy-Schwarz
and the triangle inequalities hold.

Let V be a inner product space and let u,v € V. Show that
[ ull = vl T < flu = o
Let V be a inner product space and let u,v € V. Show that
A, v) = Jlu+o]* — [lu— ol
Let V be a inner product space and let u,v € V. Show that
lu+ vl + flu = ol = 2(]Jull® + [Jo]|*).
What does this say about the diagonals of a parallelogram?

Let V be a inner product space and let u,v € V. Show that
d(u,v) > 0.

Let V be a inner product space and let u,v € V. Show that
d(u,v) = d(v,u).
Let V be a inner product space and let u,v € V. Show that

d(u,v) =0 if and only if u=wv.
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8.3 Orthogonality and orthogonalization

48. Let V be an F-vector space with an inner product (,): V x V — F. Assume B = (by,...,by) is
an ordered orthonormal basis of V and x € V. Prove that

x = (x,b1)by + -+ + (x,b,)by.
49. Let (,): R? x R?® — R be given by
((u1,u2,u3), (v1,v2,v3)) = u1v1 + 2uzvV2 + U3V3.

a) Prove that § = ,1,1),(1—-1,1),(1,0— 1s an orthogonal sequence in with respect
P hat S 1,1,1),(1—1,1),(1,0 = 1)} i hogonal in R? with

to (,).
(b) Let
1
b = —u, where « = (1,1,1),
[l
1
by = —w, where v =(1,-1,1),
[lv]l
1
b3 = —w, where w = (1,0,01).
[[wll

Show that {by,b2,b3} is an orthonormal sequence in R3 with respect to (, ).
(c) Let x = 1,1, —1) and ¢, ¢2, c3 € R such that

x = c1b1 + caba + c3bs.
Compute cq, ¢o, c3.
50. Let V =R"™ and let u € V with u # 0. Let
W = R-span{u} = {au | a € R}.

(a) Show that W is a subspace of V.
(b) Find an orthonormal basis of W.
(c) Let z € V. Prove that

projy (z) = proj,(z). 4

51. Let V =R3 and let W = {|z,y,2) € R® | 2 + y + 2 = 0}.

(a) Show that the set
{b1,b2} = { 5I1,-1,0), J%[1,1,-2)}

is an orthonormal basis of W with respect to the standard inner product on R3.

(b) Let x = |1,2,3). Compute projy ().
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92.

23.

o4.

95.

96.

o7.

58.

99.

60.

61.

62.

63.
64.
65.
66.

67.
68.

69.

(c) Compute the shortest distance from z to W.

Let V = R? with the standard inner product. Let S = {vy,v2,v3} with
v =|1,1,1), v =10,1,1), v =10,0,1).
Apply the Gram-Schmidt process to convert S into an orthonormal basis B.

Let V be a C-vector space with inner product (,): V x V — C.
Let B = {b1,...,b;} be an orthogonal set in V. Prove that B is linearly independent.

Show that |2,3,—2,1,0) and |2, —1,1,0,2, 1) are orthogonal in R* (with the standard symmetric
inner product).

Show that |i, 1, —i) and |1 —4,2,1+ i) are orthogonal in C? (with the standard Hermitian inner
product).

Show that 1 and cos(mz) are orthogonal in C(Ryg ), C) (with the standard Hermitian inner
product).

Find all vectors which are orthogonal to | —1,1,2, —1) in R* (with the standard symmetric inner
product).

Find all vectors which are orthogonal to |1 — 4,1+ i) in C? (with the standard Hermitian inner
product).

Assume that m,n € Z and m # n. Show that cos(2mnx) and cos(2nmz) are orthogonal in in
C(Rjo,11,R) and find the length of cos(2mmz).

Find a quadratic polynomial orthogonal to 1 and z in C(Ryg 1), R).

Let a,b,c,d € R. Find necessary and sufficient conditions for a + bz and ¢+ dx to be orthogonal
in C(R[O,l] s R) .

Show that sin(rx),sin(27z), sin(37x), , ... are orthogonal in C (R ;},R). Obtain an orthonormal
set from these.

Use the Gram-Schmidt procedure to orthogonalize {|1,—1,1),]2,1,1),]1,0,1)} in R3.

Use the Gram-Schmidt procedure to orthogonalize {|1,—1,1,1),|0,1,0,1),|2, —1,1,1)} in R%.
Use the Gram-Schmidt procedure to orthogonalize {|1,—1,i), |i,1,2)} in C3.

Complete {|%, 0, %}, |0,1,0)} to an orthonormal basis of R3.

Complete {3|1,4,1,4),%]i,1,4,1)} to an orthonormal basis of C*.

Find an orthonormal basis for fI° with (,): fI° x * — R given by
(a1 g, a3), (81 B2,B3)) = a1B1 + 20282 + 3a3fBs + a1 B2 + azBi + a1 B3 + agfi + 20083 + 2a35s.
Find an orthonormal basis for fI> with (,): M x I*> — R given by

(a1 ag,a3), (B1 B2, 83)) = a1B1 + 2a2B2 + 3a3Bs + 2a1 B2 + 21 B3 + 4 B3
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70.

71.

72.

73.

74.

75.

76.

7.

78.

Find an orthonormal basis for fI* with (,): M x I*> — R given by
((a1 ag,a3), (B1 B2, B3)) = a1 f1 + azPs — a1 B — aaB — a1 B3 — B + azffs + a3

Apply Gram-Schmidt to {1,z, 22, 2%) to produce an orthonormal basis of R[z]<3.

Let B = {b1,...,b,} be an orthonormal basis of a real inner product space V. Prove that, if
v € V then
v =(v,b1)by + - (v, by,) by,.

Specify an orthonormal basis of C3 and find the coordinates of |1,4, —i) with respect to this
basis.

Specify an orthonormal basis of R[z]<2 and find the coordinates of 2% + 1 and 2% — x + 1 with
respect to this basis.

Let R[x]<s have inner product (,): Rlz]<3 X R[z]<s — R given by

1
(f.9) = /_ )91 - ),

2

Apply Gram-Schmidt orthogonalization to S = {1,z, 22,23} to obtain an orthonormal basis of

Rz]<3.

Let V be a real inner product space and let B = {by,...,b,} be an orthonormal basis of V. Let
T:V — V be a linear transformation. Let ¢,5 € {1,...,n}. Prove that the (,j) entry of the
matrix of T" with respect to the basis B is (T'vj, v;).

Let V be a real inner product space and let u,v € V such that ||u|| = |[v||. Prove that
u+ v is orthogonal to u — wv.

What does this say about the diagonals of a rhombus?

Let V be a inner product space and let u,v € V. Show that
lu+ ol + lu =l = 2(|full® + [[o]*).

What does this say about the diagonals of a parallelogram in R? (or for that matter, any
dimension)?
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9 Determinants and characteristic and minimal polynomials

9.1

10.

11.

2
.Let A= -1 1
1

1
1
3
1 2 3
.Let A= (4 5 6). Compute tr(A).
78 9

Determinants
2 6 9

.Let A=[0 3 8 |. Find the determinant of A by computing the normal form of A.

0 0 -1

. Find the determinant of A by computing the normal form of A.

Let A, B € Myx,(Q) and let ¢ € Q. Prove that

tr(A+ B) = tr(A) + tr(B), tr(cA) = ctr(A) and tr(AB) = tr(BA).

. Let n € Z~g. Let A € M,,x,(Q) and let P € GL,(Q) so that P is an invertible n x n matrix.

Prove that
det(PAP™!) = det(A) and tr(PAP™1) = tr(A).

. Let A € My»,(Q). Prove that

=det(A™).

det(A)

1 21
Let A=1-1 1 1
0 1 3

(a) Compute the (2,3) cofactor of A.

(b) Use cofactor expansion along the third row to compute det(A).

. Using cofactor expansion down the fourth column, compute the determinant of

1 -2 0 1
3 2 20
A= 1 0 1 0
0 -4 2 4

. Find det (3 2).

4 5
0 -1
Finddet [1 2 2
3 2 4
2 1 2
Finddet | -1 1 5
-1 2 3
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12. Find det
2 31
13. Finddet |1 0 1
3 3 2

14. Factor det

a®? (b+¢)? be
v (c+a)? ca

(
(
(

15. Factor det

¥ +c2 (b—c)? a®+2bc
A+a®> (e—1)%2 b+ 2ca
a?+b* (a—b)?% 2+2a

16. Factor det

(z—a)? (z+a)* 2y*+ 222
(y—a)? (y+a)® 22%+22°
(z—a)® (z+a)

17. Factor det
z+a)® 22?4+ 2y°

alb+c) (b+c)* a?—2bc
18. Factor det | b(c+a) (c+a)? b2 —2ca
cla+b) (a+0b)? c*—2ab
1 + sin?() cos? 0 4sin(26)
19. Determine which 6 € R satisfy det [ sin?() 14 cos?(§)  4sin(26)
sin?() cos?(f) 1+ 4sin(26)

a—xr b—=x c
20. Let a,b,c € C. Determine which x € C satisfy det | a — x c b—ux
a b—x c—=x

4 3 -3 5
21. Compute det 1 0 0 -1
-1 1 0 1
2 1 01
1 2 10
22. Compute det 1 9 5 3
0 -1 11
2 -1 11
5 6 1 2
23. Compute det 1 -9 1 1
3 =2 1 1
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T a b c
. a x b c
24. Let a,b,c € C. Find the values x € C such that det 0 b oz e
a b c =z
25. Let a,b,c € C and let
0 1 1 1
A 1 0 a+b a+c
|1 b+a O b+c
1 ¢c+a c+b O
(a) Show that det(A) = —4(ab + be + ca).
(b) Assume a, b, ¢ are distinct cube roots of unity. Find det(A).
(c) Assume a, b, c are distinct fourth roots of unity. Find det(A).
1 11 -+ 1 1
-1 1 1 .-+ 1 1
26. Show that det [ 0 —1 1 -~ 1 1| _9gn-1
S 11
0 0 0 -1 1
1 1 1 1
1 0 0 0
27. Show that det [ 1 1 @ -+ 0 0 — (@ _1)((z — 1) 242 1),
1 1 1 1 =z
1+2? =z 0 0 0
r 1+2° 0 0
28. Show that det 0 X 1+ 22 0 0 =14+22+- -
0 0 0 R
a+b a a a
a a+b a a
29. Show that det . . . . =b""Y(na +0b).
a a a a+b

30. Let A € My (C) with

A(1,1) #0 and A(i,j) #0wheni+j>n+1

and A(i,7) = 0 otherwise. Find det(A).
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31.

32.

33.

34.

35.

36.

37.

38.

Let A, € M,xn(Q) be given by

—_
—_ |
[\]
|
N =~
=~ O
S O
o O

oo
o o
oo
Oo...
—
;_Ll
[\
IS
[\V]

(a) Show that if n = 3k — 1 then det(4,) = 0.
(b) Assume n = 3k and find det(A4,,).

Let D: M, (R) — R be such that
if A,B € M,(R) then D(A)D(B)= D(AB).

(a) Assume D(1) = 1. Show that if A is invertible then D(A) # 0.
(b) Assume D(1) = 0. Show that if A € M,,(C) then D(A) = 0.

Let D: M,(R) — R be such that
if A,B € M,(R) then D(A)D(B)= D(AB).
Assume that A € M,,(C) has a row of zeros. Show that D(A) = 0.

Let A, € M, (C) be given by A(i,5) = |i — j|. Show that det(4,) = (—=1)""1(n —1)2"2

2 1 3
Determine if [ 1 —1 2| is invertible.
4 5 2
-1 1 1
Determine if [ 2 0 1] is invertible.
1 3 5
1 0o 2
Determine if [ =1 1 1] is invertible.
2 -1 1

Let o, 8,~v € C. For r € Z~g let
Spr = ar+ﬁr+7r'

3 S1 S92
(a) Express the determinant det | s; s2 s3 | as a product of two determinants.
S2 83 84
3 S1 82
(b) Show that det | s1 s2 s3 | = (a— B%)(a—7)%(B —7)%
52 53 S84
3 S1 S2
(c) Evaluate det | s1 s2 s
S2 S3 Sj5

81



Linear algebra problem lists, Arun Ram September 4, 2026

39. Let A be the matrix
a+br+cx’® a+by+cy?® a+bz+ cz?
c+ax+bx® c+ay+by® c+ax+ ba?
b+cx+ax? b+cy+ay?® b+cx+ ax?
and let B be the matrix
1 1 1
T Yy =z
22 2 22
Find a matrix C such that A = CB. Show that the determinant of A is
a+b+c a+b+c a+b+c
det | ax+cy+bz bxr + ay + cz cx + by + az

ax® + cy? +bz% bz® + ay® + c2?  cax? + by + az?

40. Use Cramer’s method to solve the following system of linear equations.
r—y+2z=1,
2r+y+z=2,
r—3y+z=1.

41. Use Cramer’s method to solve the following system of linear equations.
20 + 3y — bz =4,
r+ Ty —2z=1,
5r — 11y 4+ 22 = —2.

1 ¢t 0
42. For what valuesof tis A= |0 1 —1| invertible? Find the inverse for each value of ¢ such
t 0 1

that A is invertible.

43. Let A € M,(Q) and let (adj A) be the adjugate of A. Prove that det(adj A) = (det(A))"~1.
44. Let z € C and let
z+1 0 -1 10 0
A= 0 z+1 =2 and B={(0 1 0
1 1 r—2 1 1 z—-1

(a) Find the adjugate of A.
(b) For which z € C is (adj A)B invertible?

9.2 Characteristic polynomials and minimal polynomials

45. Let ayq,...,a, € R. Find the characteristic polynomial of
00 0
1 0 0 a9
01 0 as
0 0 1 an,
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46.

47.

48.

49.

50.

ol.

92.

93.

o4.
95.

26.

57.

Let a,b € R. Find the characteristic polynomial of

1+ a a? e an!
1 a-+b a? cee fe%)
1 a a’?+b - Qs
1 a a? N L )
. . . 1
Find the minimal polynomial of A. = < 1 >
110
Find the minimal polynomial of A= {0 1 0].
0 0 2
1 00
Find the minimal polynomial of A= [0 1 1
0 0 2
1 -4 2 4
. . . 2 -1 -1 2
Find the minimal polynomial of A = 0 -4 3 4
2 0 -2 1

0 1 0 0
0 0 1 0
A=1": : : :
o o0 o .- 1
ap a1 az -+ QAp—1

Let f(z) = ag+a1z+asx®+---+a,_ 12" ' +2" Find an n x n matrix with f(x) as the minimal
polynomial.

Assume that A is a matrix with characteristic polynomial (z — 1)3(z + 2)%(x — 3).

(a) Find all possible minimal polynomials of A.

(b) For each minimal polynomial given in A find a matrix A that has that minimal polynomial.
Give a direct proof of the Cayley-Hamilton theorem for diagonal matrices.

Give a direct proof of the Cayley-Hamilton theorem for triangular matrices.

1 -1 -1
Calculate the minimal polynomial of A= |0 3 2 |]. Determine if A is diagonalizable.
0 -1 0
2 0 -1
Calculate the minimal polynomial of A= | —1 2 2 |. Determine if A is diagonalizable.
1 -1 -1
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o8.

29.

60.

1 4 -2 —4
.. . 01 0 -2 . . :
Calculate the minimal polynomial of A = 0 4 -1 -4l Determine if A is diagonalizable.
00 0 -1
3 -4 0 5
. . 1 -1 01 . D .
Calculate the minimal polynomial of A = 9 3 1 4| Determine if A is diagonalizable.
0 0 01

9.3 Conjugacy invariants
(The Cauchy-Binet theorem) Let n”\* be the set of subsets of {1,...,n} with k elements,
N ={1c{1,...,n} | |I| =k}
Define a matrix A" € M, (F) by
AN, ) = det(Ary),

where Ajy is the k x k matrix consisting of the rows of A specified by I and the columns specified
by J.

Let I,J C{1,...,n} with |I| = |J| = k. Define

(A/\k>[J = Z det(w>‘4(217.7w(1)) e A<Zk7.7w(k))

wESy

Then

(ABY"M)ry= > (A™)k(B")k..

k
Kezﬁ’n]

In other words, if A, B € M,(F) then

(AB)/\k — A/\kBAk.
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10 Geometry, other applications and learning to do proofs

10.1 Geometry in R”
1. Let

el = €9 = €3 —

OO\‘OD—‘
OOVHO
o = O O
_ o O O

Compute 3e; + Hea + (—2)es + Oey.

2. Let z,y,z € R™ and ¢ € R. Show that

(yoo) = (@,y),  (wy)=2"y, el =V(zz), day) =V —2)? -+ (e — )
3. Let z,y,z € R™ and ¢ € R. Show that
(y,2) = (,y),  (wy+2) =(y)+(z2), (2+y,2)=(@2+{2),
(x,cy) = cz,y),  (ew,y) =clw,y), ezl = |e| - |l=]].
4. (Cauchy-Schwarz) Let u,v € R™. Prove that

[{w, 0)| < lul] - [lv]]-

5. (Triangle inequality) Let u,v € R™. Prove that

lw 4 vf} < flel + [|v]]

6. Let u=1[1,3,1,2) and v = |2,1,—1,3) in R*. Compute u — v and d(u,v).

7. Let u=10,2,2,—1) and v = |—1,1,1,—1) in R*. Compute (u,v), ||u|| and ||v|| and check that
[{w, 0)| < lul] - [lv]]-

8. Let u=(2,—1,—2) and v = (2,1, 3). Find vectors v; and v such that
v = U1 + U2
where v; is parallel to u and vy is perpendicular to wu.

9. Determine the vector, parametric and Cartesian equations of the line through the points P =
(—=1,2,3) and Q@ = (4, —2,5).

10. Find a vector equation of the ‘friendly’ line through the point (2,0,1) that is parallel to the
‘enemy’ line

xr—1 y+2 2z2-6
1 -2 2
Does the point (0,4, —3) lie on the ‘friendly’ line?

11. Find the vector equation for the plane in R3 containing the points P = [1,0,2) and Q = [1,2,3)
and R = |4,5,6).
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12. Where does the line

intersect the plane 3z 4 2y 4+ z = 207
13. Find a vector form for the line of intersection of the two planes x+3y+2z = 6 and 3z+2y+2z = 11.

14. Let %,3,1% € R3 be given by

i =11,0,0), 7=10,1,0), k=10,0,1).

Compute 5i 4 (—1)] + (—4)k.
15. Let u = |uy, ug, u3),v = |v1, v, v3),w = |wy, ws, w3) In R3. Prove that

u X v =det <u2 u;;) i — det (ul u3> 7+ det <u1 u2> l%, and
V2 U3 V1 U3 V1 U2

(75} U2 U3
(u,v x w)y =det [ v1 vy 3
wp w2 wsg

16. Let u = |uy, ug,u3),v = |v1,v9,v3),w = |wy, ws,w3) In R3. Prove that

(v,vxw) =0 and (w,v x wy =0.

Conclude that v x w is perpendicular to both v and w.

17. Find a vector perpendicular to both |1,1,1) and |1,—1,—2)
18. Find the volume of the parallelipiped with adjacent edges F@, P—}%, ﬁ , where
R=|3,-1,1) and S=12,-2,2).

P:‘2707_1>7 Q:‘47170>7

19. Find the area of the triangle in R3 with vertices |2, —5,4), |3, —4,5) and |3, —6,2).

20. Find the Cartesian equation of the plane with vector form
|z, y,2) =s|1,—-1,0) +¢|2,0,1) + | — 1,1,1), with s, € R.

10.2 Some further applications
21. Use adjacency matrices to compute the number of paths of length 3 from vertex i to vertex j in
the following graph for every pair (i,j) with 4,5 € {1,...,5}.

U2
v3

U1

V4

(%)

86



Linear algebra problem lists, Arun Ram September 4, 2026

22.

23.

24.

At each node e require
(sum of flows in) = (sum of flows out).

Determine a, b, ¢ and d in the network

—_—

represents flow in
indicated direction

(Ciphers by matrices) Before departure agree with your guardian angel on the encryption scheme

1 21
A=12 5 3
2 3 2

Convert the letters A, ...,Z to numbers 1, ..., 26.
1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19
A B CDUFEVFGHIT J KL MN O P @@ R S

The message
SENDMONEY becomes 19,5,14,4,13,15,14, 5,25.

Putting this message in a 3 x 3 matrix B and multiplying by the ecryption matrix produces the
encrpyted message.

19 4 14 43 45 49
B=|5 13 5 and AB = |105 118 128
14 15 25 81 77 93

so that the encrypted message is
43,105,81,45,118,77,49, 128, 93.

To decrypt the message multiply by A~

1 -1 1 43 45 49 19 4 14
Al=12 0 -1 and A1 (105 118 128 =| 5 13 5
-4 1 1 81 77 93 14 15 25

giving 19,5,14,4,13,15,14,5,25. In other words, SENDMONEY. Now! Please! ASAP!
40,100, 61, 70,167,113

Suppose that the data set of assignment and exam marks for 7 students is

Student | AssignmentMark FEzxamMark
S1 99 100
S2 80 82.5
S3 79 79
S4 75.5 82.5
S5 87.5 91
S6 67 67.5
ST 76 68
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25.

26.

27.

28.

29.

Calculate the mean assignment mark 4, the mean exam mark pup and the and the correlation
corr(A, E) = cos(0(A — pua, E — ug)) between the assignment marks and the exam marks.

Given the data set D = {(—1,1),(1,1),(2,3)} let

(2,3)

1 -1 1
A=11 1 and = |1
1 3 (-1.1) (1,1)

8

Compute

§= (AtA)—lAtg»: <Zbest)
best

and determine the list of best fit y = apest + bpestx for the data set D.

10.3 Learning to do proofs

Prove the following theorem.

Theorem 10.1. (Exchange Theorem) Let V' be an F-vector space. Let B = {vy,..
a basis of V and let D = {dy, ..

., vk} be
.,dg} be another basis of V. Then there exists d;; € D such that

{diy,b2,b3,...,bp} is a basis of V.

Prove the following theorem.

Theorem 10.2. (Basis Minimax Theorem) Let V be an F-vector space and let B be a subset
of V.. The following are equivalent:

(a) B is a basis of V.
(b) B is a minimal spanning set of V.
(¢) B is a maximal linearly independent set of V.

Prove the following theorem.

Theorem 10.3. (Dimension Theorem) Let V be an F-vector space. Any two bases of V' have
the same number of elements.

Let W = {|t,t,t) | t € R}, a subset of R3.

(a) Show that W is a subspace of R3.

(b) Let S be the subset of R? given by S = {(1,1,1),(2,2,2),(3,3,3)}. Show that S is a
spanning set for W.

(¢) Show that S is not a minimal spanning set for W.
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(d) Remove some elements of S to produce a minimal spanning set for W.
30. Let s,t € Z~g and let A € My s(R).

(a) Prove that If ker(A) = 0 then the columns of A are linearly independent.
(b) Prove that im(A) = R-span{columns of A}.

31. Prove the following theorem.

Theorem 10.4. (Invertible matrices are square) Let s,t € Zso and let A € My s(R).
Suppose there exists

P € Mg (R) be such that PA=1.

Suppose there exists
Q € Msx(R) be such that AQ = 1.

Then

(a) ker(A) = 0.

(b) im(A) = R

(c) The set of columns of A is a basis of Q.
(d) s =t.

(e) P=Q.

32. PF4 Prove the following proposition.

Proposition 10.5. (Span is a subspace) Let V be a R-vector space. Let B = {by,...,b;} be
a subset of V. Then R-span(B) is a subspace of V.

33. Prove the following proposition.

Proposition 10.6. Let s,t € Z~ and let A € My 5(R).
If ker(A) = 0 then the columns of A are linearly independent.

34. Prove the following proposition.

Proposition 10.7. Let s,t € Z~g and let A € Myxs(R). Then

im(A) = R-span{ columns of A}.

35. Prove the following proposition.

Proposition 10.8. Let A € M;»s(Q). Then ker(A) is a subspace of Q°.

36. Prove the following proposition.
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37.

38.

39.

Proposition 10.9. Let A € Myys(Q). Then im(A) is a subspace of Q.

Let T: V — W be an R-linear transformation.
Show that ker(7') = {v € V | T'(v) = 0} is a subspace of V.

Let T: V — W be an R-linear transformation.
Show that im(7") = {T'(v) | v € V'} is a subspace of W

Prove the following proposition.

Proposition 10.10. Let s,t € Z~o and let A € My«s(R). Let aq,
Then
im(A) = spanf{ay, ..., as}.
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...,ag be the columns of A.



