Linear algebra lecture notes, Arun Ram August 29, 2026

1 Linear algebra lectures

1.1 Column vectors R" (Lecture 1)

Let n € Z~y. The R-vector space R™ is
T

T2
R™ = Mpx1(R) = {|z1,...,2pn) | ® € R}, where |z1,...,2,) =

Tp
The addition and scalar multiplication are given by

|z1, 22, ..., &n) F Y1, Y25 -, Yn) = |21+ Y1, 2 + Y2, ..., Tn, + Yn)

and
clxi, o, ..., xpn) = |cx1, cxo, ..., cxy) for c € R.

The notation |x1,...,x,) is Dirac’s ket notation for the column vector with entries x1, ..

The favorite basis of R". Let eq,...,e, be the length n column vectors given by
e; has 1 in the ith spot and 0 elsewhere.

Every vector in R" is a (unique) linear combination of ey, ..., e,.

(‘linear’ means using scalar multiplication and addition).
For example, if n = 4 then

1 0 0 0
e1 = 0 e L e 0 e 0
1 — 0 Y 2 — 0 Y 3 = 1 Y 4 — 0
0 0 0 1
3 1 0 0 0
5 0 1 0 0
and 5 =3 0 +5 0 + (—2) 1 +0 0
0 0 0 0 1
= 3e1 + Heg + (—2)es + Oey.
1.1.1 Inner product, length function and distance function.
The standard inner product on R™ is (| ): R™ x R™ — R given by
Y1
Y2
(@1, anlyn, ) = (210 @2 0 @) [ L = ot + T
Yn

The length function is || ||: R™ — Rx>q given by

s, .. za)ll = /a3 + a3+ + 2.

5

N
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The distance function is d: R" x R™ — R>( given by

Azt .y zn)s [yt - yn) = |z, sxn) — |y1, - yn) |-

If
x=|r1,22,...,xy) and Yy =|y1,y2,---,Yn)
then
(m,y) ="y =211 + T2y2 + - + TnYn
and
|zl = {z,z) and |z|?= (z, ) and
d(z,y) = lly —zll = V{y -2,y — x)

=V —21)? 4+ (g — 20)2

Easy to establish properties that are used VERY often.
Let z,y,2 € R™ and let ¢ € R.

(y,2) =z + yax2 + -+ Yny
=z1y1 + Toy2 + - - TpYn = (2,9),

(my+z)=a"(y+z2)=a"y+a"z=(2,y) + (z,2),
(T+y,2) = (z,x+y) = (22)+(2,y9) =(z,2) + (y,2),

<.Z', Cy> = xTcy = CwTy = C(.CC,y>, <C.’L‘,y> = <y7 C{E> - C<y, .CU> = C<$7y>7

lez|| = V/(cx, cx) = /2 {z,2) = Ve /(w,x) = || - .

1.1.2 Cauchy-Schwarz and the triangle inequality
Theorem 1.1. (Cauchy-Schwarz and the triangle inequality) Let u,v € R". Then
[(w, )| < ull - [lo]l  and  [lu+ vl < [Jull + o]

1.1.3 Angle and projection
Let u,v € R™ with u # 0 and v # 0. The angle between u and v is 6(u,v) given by

cos(f(u,v)) = m -
y = cos(x)
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The projection of v onto u is

Projj,v = Eu’w u. g

u7u> u

Let u,v € R™. The vectors u and v are perpendicular if (u,v) = 0.
The vectors v and v are parallel if (u,v) € {1, —1}.

Example E1. If u = [1,3,1,2) and v = |2,1, —1,3) in R* then
u—v=11,-2,0,1)
and the distance between the points (1,3,1,2) and (2,1, —1,3) is

d(w,0) = | 1,-2,0,1) || = I+ (22 + 02+ 12 = VI+ 45 0+1= V6,

Example E2. If u = [0,2,2,—1) and v = |-1,1,1,—1) in R* then

(u,v) = (0,2,2,—1|]-1,1,1,—1)
=0-(=1)+2-14+2-1+(=1)-(-1)
—0+2+1+1=5

and

Ju| =vV0+4+4+1=v9=3 and |u|=vVI+1l+1l+1=V1=2

Since |5 < 3 -2 we observe that, in this case,

[{w, o) | < flul] - [lv]]-

Example E4. Let u = (2,—1,—2) and v = (2,1, 3). Find vectors v; and vy such that
V= U1 + V2
where vy is parallel to u and v, is perpendicular to u.

Solution: Since the projection of v onto u is parallel to u then let

(u,v>u _ -3
(u, u) 9

= %1|27 _17_2> = |%27 %) %>

V1 = proj,v =

and
v =u—v; =12,-1,-2) — ]_72, %, %) = \%, %, %)

Then u = v1 + v9 and vy is parallel to u and ve is perpendicular to u.
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1.2 Linear combinations, lines and planes in R? (Lecture 2)

1.2.1 Linear combinations
Let u,v € R3. The set of linear combinations of v is
R-span{v} = {tv | t € R}.

The line in R® with direction v = |v1,v2,v3) going through the point p = |p1,p2,ps) is

z-axis

(p1,Pp2,p3)

p+Rv={p+tv|teR}

y-axis
The set of linear combinations of {u,v} is
R-span{u,v} = {su+tv | s,t € R},
The plane in R3 spanned in directions u = |uy,us,u3) and v = |vy,v2,v3) going through the point

p = |p1,p2,p3) is

z-axis

(P1,pg, P3)

p+Ru+Rv={p+su+tv|stecR}

y-axis

x-axis

1.2.2 Equations of lines in R?

The line in R® with direction v = |v1,v2,v3) going through the point p = |p1,p2, p3) is
p+Rv={p+tv|teR}

The points in the line are the |z,7, z) in R3 such that

(357 Y, Z) = (p17p2’p3) + t(”l) V2, vS)v with ¢ € Rv (’U@CtOT’ equation}

or
x =p1 +tug,
y = po + tug, with t € R,  (parametric equation)
z = p3 + tus,

Solving for ¢ gives that the points on the line are the |x,v, 2) in R? which satisfy the equations

€T — - z =
PL_Y=Pr _Z7P5 (Cartesian form)
U1 V2 U3
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1.2.3 Equations of planes in R3

The plane in R3 spanned in directions u = |uy,us,u3) and v = |vy,v2,v3) going through the point
p=|p1,p2,p3) is

p+Ru+Rv={p+su+tv|stecR}

The points in the line are the |z,7, z) in R3 such that

T = p1 + suy + tuy,
Yy = po + sug + tug, with s,t € R.  (parametric equation)
z = p3 + sug + tus,

The vector equation is
(z,y,2) = (p1,p2,p3) + s(u1, u2,uz) +t(vi,ve,v3), with s,t € R.

Let
n = |a, b, ¢) be such that n is perpendicular to both u and v.

In other words, n is a vector perpendicular to the plane. Then
(n|z,y,2) = (n,p + su+tv) = (n,p) + s(n,u) + t(n, v)
=(n,p)+s-0+t-0=(n,rg),

and since (n|x,y,z) = (a,b,c|z,y,2) = ax + by + cz then the plane is the set of |x,y,2) € R? such
that
ar + by + cz = (p,n). (Cartesian form)

Example E8. Determine the vector, parametric and Cartesian equations of the line through the
points P = (—1,2,3) and Q = (4,—-2,5).
Solution: Since the direction of the line is

Q_P: |4a_2,5>_|_1’273>: |57_472>

and
P =|—1,2,3) is a point on the line

then the line is the set of points in R? given by
{|-1,2,3) + t-]5,—4,2) | t € R}.

Parametric equations for the line are

r=—1+45t,
y=2—4t, with ¢ € R.
z =34 2t,
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Solving for ¢, the Cartesian equation of the line is

x+1 y—-2 =z2-3

) —4 2
O

Example E9. Find a vector equation of the ‘friendly’ line through the point (2,0, 1) that is parallel

to the ‘enemy’ line
x—1 y+2 =z2-6

1 -2 2
Does the point (0,4, —3) lie on the ‘friendly’ line?

Letting
t:x—1:y+2:z—6
1 -2 2
gives
x=1+4t,
y=—-2-—2t withteR,
z=06+2t
and

{’17 _27 6> + t|17 _27 2> ‘ te R}
is the set of points in R? that lie on the ‘enemy’ line.

The ‘friendly’ line we want is parallel to the ‘enemy’ line and goes through the point |2,0,1).

So the ‘friendly’ line consists of the points
{12,0,1) +t]1,-2,2) | t € R}.

Since

12,0,1) + (=2) - |1, -2,2) = |0,4, —3)
then |0,4, —3) is on the ‘friendly’ line. O

Example E11. Find the vector equation for the plane in R? containing the points P = |1,0,2) and
Q=11,2,3) and R = [4,5,6).

The point |1,0,2) is in the plane and two vectors in the plane are
Q—-P=10,2,1) and R—P=3,54).
So the points in the plane are the points |z, v, z) in R3 which satisfy

|z, y,z) =11,0,2) + 5[0,2,1) + ¢|3,5,4) with s,t € R.

Example E12. Where does the line

1 2 3
intersect the plane 3z + 2y + z = 207
The line in parametric form is
r=1+1,
y=24+2t, withteR,
z =34 3t,

10
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and plugging into the equation of the plane gives
20=3(t+ 1)+ 2(2t +2) + (3t + 3) = 10t + 10 so that ¢ = 1.

Thus the point |z,y,z) withx =1+1=2,y=2+2 =4 and z = 3+ 3 is on both the line and the
plane.

Example E13. Find a vector form for the line of intersection of the two planes x + 3y + 2z = 6 and
3z + 2y + 2z =11.
The points on the intersection of the two planes are the points |z,y, z) that satisfy the system of
equations

3x 4 2y — z =11,

x4+ 3y + 22 =6.
One of the main points of this course is to learn how to use matrices as an efficient and organized
mechanics for solving systems of equations of this type. For now, let’s proceed ad hoc. The second
equation gives

r=6—3y — 2z, and plugging back into 3z + 2y —z =11

gives

11=36-3y—22)4+2y—2=18—9y —62+2y —2=18—Ty — 7z.
SoTy=7—T7zandy=1—2. Sox=6—-3y—2=6—3(1 —2) — 2z and

r=3+4+z,
y=1—2, where z can be any number.
z=0+4 z,

So the line is the set of points |z,y, z) such that

T 3 1
yl=11]+2z]-1|, withzeR.
z 0 1

So the line is
p+Rvu, where p=13,1,0) and v = |1, —1,1).

1.3 Cross products (are only available in R?) (Lecture 3)
1.3.1 A notation for the standard basis in R3

Let %,j’,/;; € R? be given by
i=11,0,0), 7=10,1,0), k=10,0,1).
Proposition 1.2. (Standard basis of R?) Let v € R3.
(a) If v =|ay,as,a3) then v = aii + asj + ask.
(b) If ai,az,a3 € R and api+ asj + ask =0 then ay =0 and as = 0 and a3 = 0.

Every vector in R? is a (unique) linear combination of 7, j and k
(‘linear’ means using scalar multiplication and addition).

For example, |5, —1,—4) = 51 + (=1)7 + (—4)];:.

11
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1.3.2 Determinants

The determinant is a shorthand for specific expressions. It will soon become evident that these,
perhaps initially complicated looking, expressions have rather amazing properties.

The determinant of a 1 x 1 matriz is det(ai1) = aq1.

The determinant of a 2 X 2 matriz is

det (@1 @12) _
et = a11a22 — A12021.
a1 g

The determinant of a 3 X 3 matriz is

aix aiz2 a3
det | a91 a2 ass | =

az1p asz2 ass

411022033 — 112021033 — 113022031
—@11023032 + A12023031 + 013021032.

Note that

a1l a2 aig

a a a a a a
det | a91 a2 asg | = ajp det 2 B aqs det 21 2 + a1z det 2 2 .
as2 ass asp ass asy  as2
azp a2 as3

1.3.3 Cross products (are only available in R3)

Let u = |ug, ug,u3) € R3 and let v = |vy, v, v3) € R3. The cross product of u and v is given by

~

u X v = (ugu3z — u;),vg)% + (ugvy — ulvg)j + (u1v9 — uguy)k.

In terms of determinants u X v is

u X v = det <u2 u?’) 1 — det (ul u3> 7+ det <u1 u2> k
Vo U3 v1 U3 v V2

T ]k
“=" det | uy wus wug |,
v U2 U3

where the last 3 x 3 determinant on the right hand side doesn’t really make sense (because f,j’,l% are
not numbers); but this “determinant” is a very useful mnemonic.
If u = |ui,ug,us),v = |v1,v2,v3), w = |wi, wa, w3) then

(u,v X w) = (uy, ug, us|(vaws — w3va, —(Viws — V3wy), vViwe — Vowy)
= U1 (’Ugwg — vgwg) — ’LLQ('UlU)?, — ’Ugwl) + Ug(vlwg — ’Ugwl)

up Uz U3

=det | v1 v w3

w1, Wy W3

Since
U1 V2 V3 w1 wy wWs
(vyuxw)y=det | vi vy w3 | =0 and (w,vxw)=det| vy v2 w3 ]| =0
w1 w2 wWs w1 wy wWs

12
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then
v X w is perpendicular to both v and w.

Example E5. Find a vector perpendicular to both |1,1,1) and |1,—1, —2).

Solution. By definition of the cross product

11,1,1) x |1, -1, —2)
=1 (-2) =1+ (=1), =1+ (=) = 1- D1+ (=)~ 1-1)
=|-1,3,-2).

The vector |—1,3,—2) is perpendicular to both |1,1,1) and |1, —1, —2) since
(-1,3,-2|1,1,1) =-1+3-2=0

and
(—1,3,-21,-1,-2) = —1—-3+4=0.

1.3.4 Volumes

Theorem 1.3. (Volumes of parallelipipeds.)

(3) Letu = |uy,ug,uz) € R® and v = |v1,v2,v3) € R3 and w = |wy, w2, w3) € R3. The volume of the
parallelipiped with vertices 0, u, v, w,u + v,u + w,v + w,u + v+ w is

Uy U2 U3z
det | vi vo w3 ||.
w;p w2 w3

(2) Let u = |u1,us) € R? and v = |vy,v2) € R%. The area of the paralellogram with vertices

0,u,v,u+v is
‘det <u1 u2> . ﬂ
v1 V2

(1) Let u = |u1) € R'. The length of the segment with endpoints 0 to u is

| det(uq)]. -

Example E7. Find the volume of the parallelipiped with adjacent edges 1@, P—})B, ﬁ , where
P=12,0,-1), Q =14,1,0), R=13,-11) and §=12,-2,2).
Since the edges of the parallelipiped are

PG=P-Q=|21,1, PR=P-R=[1,-1,2), P§=P—5=10,-23),

13
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then
(Volume of parallelipiped) = |<1@, PE x P8 )|

2 1 1

=|det |1 —1 2 :’Q-det<:; §>—det<_12 ;)‘
0 -2 3

=2(=3+4)-B+2)=[-3=3

O

Example E8. Find the area of the triangle in R? with vertices |2, —5,4), |3, —4,5) and |3, —6,2).
Letting

u=|3,—-4,5) — |2, -5,4) = |1,1,1) and v=13,-6,2) —]2,-5,4) = |1,—1,-2),
then
uxov=|1,1,1) x |[1,—1,-2)
=1 (=2) = 1 (1), ~(1 (-2) = 1 1)1+ (=) = 1-1)
=]-1,3,-2).
Then

(Area of triangle) = (area of rectangle with edges u and v)
1 < volume of parallelipiped )

=1
© 2 lu x v|| \ with edges u, v and u X v)

1
[ x vl|

= 5llux v =3501-1,3,-2) |

(u X v,u X v)

N[

=3V 43+ (-2 = éﬂ
O
Example E10. Find the Cartesian equation of the plane with vector form
|z,y,2) =s|1,—1,0) +¢2,0,1) + | — 1,1,1), with s, € R.
A normal vector to this plane is
n=uxu, where u = |1, —1,0) and v = |2,0,1).
Then n = u x v = |-1—0, —(1-0),0—(-2)) = |-1, -1, 2).
Then |—1,1,1) is a point in the plane, and
(L1, 1uxv)=(-1,1,1|-1,-1,2) =1 —-1+2=2.
Since the plane is
|-1,1,1) + {|z,y,2) € R® | (z,y,2|—1,-1,2) = 0}
then the Cartesian equation of the plane is
- —y+2z=2.
O

14
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1.4 Matrices and operations (Lecture 4)

A matrix is a table of numbers.
78 62 91 85

A=132 41 24 39
6 99 29 81

Some applications of matrices are
1. Solving systems of linear equations
2. lengths, distances, angles, projections
3. Equations of lines and planes, volumes of parallelipipeds
4. graphs and networks
5. Data processing and analysis of data
6. Dynamics
7. Symmetry
8. Quantum mechanics

9. ... and many many more ...

1.4.1 Addition and scalar multiplication

Addition.
78 62 91 85 1 2 3 4 79 64 94 89
32 41 24 39|+ 5 6 7 8 | =37 48 31 47
6 99 29 81 -1 -2 -3 4 5 97 26 77

Scalar multiplication.

L [ 62 91 8 26 %27%
3 (32 41 24 39 = 102 3 8 13
6 99 29 81 2 33 % 27

Let t,s € Z~og and let i € {1,...,t} and j € {1,...,s}. The matriz unit E;; is the matrix

1 in the (i, j)-entry

Ejj € Mixs(Q) which has and 0 elsewhere,

1.4.2 The favourite basis of M;,(Q).

Ift =2 and s = 3 then
100 010 001
E”(o 0 o)’ Em(o 0 0)’ E13<0 0 0>

000 000 000
E21_<1 0 0>’ E22_<0 1 o)’ E23_<0 0 1)‘
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Every matrix is a (unique) linear combination of Ej;

(‘linear’ means using scalar multiplication and addition).

78 62 91\  T8E1; +62E12 +91FE3
32 41 24)  +32Fy +41E9 + 24FE93

1.4.3 Multiplication.

In English. The (i,7) entry of AB is the ith row of A times the jth column of B.
In Math.

1, ifj =k,
0 otherwise.
Examples:
4
(25 11 13) g —2.445-04+11-3+13-(-2)
o —8+33-26=15.
2
78 62 91 85 0 78~2+62~851J691.1+85.12 65.37
32 41 24 39 100 | — 32.2+41~8%r%4.1+39.12 _ 4041
6 99 29 81 @ 6-2+99~851—i£9-1+81.12 04.98

Theorem 1.4. Properties of matrix operations. Let t,s € Z~o and let M;xs(Q) denote the set
of t X s matrices with entries in Q.

(a) If A, B € M;»5(Q) then A+ B= B+ A.
(b) If A,B,C € M;xs(Q) then A+ (B+C)=(A+B)+C.
(c) If A€ Miys(Q), B € Msyr(Q) and C € M,4(Q) then

A(BC) = (AB)C.
(d) If A, B € Mi»s(Q) and C,D € M;y,(Q) then
A(C+D)=AC+ AD and (A+ B)C =AC + BC.
(e) If A€ Miys(Q), B € Msxr(Q) and c € Q then A(cB) = ¢(AB).
(f) If A € Mixs(Q) and 1 is the identity in Mgxs(Q) then A-1= A.
)
)

(9) If A € Mixs(Q) and 1 is the identity in Mix:(Q) then 1- A = A.

(
(
(
(h) If A € Mixs(Q) then A+0=A and 0+ A = A.

16
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Warning. The list of properties of matrix operations says that for the most part the matrix number
system works much like the ordinary integer number system. But be careful.

a(UY) wa ()
O [ R o BRI O I H T Y

and so AB is not the same as BA. For most matrices A and B, the product AB is not the same as
BA. When it does happen, that should be viewed as very special and very lucky. Don’t push your
luck.

1.4.4 Invertible matrices

Let n € Zso. Let E;; be the n x n matrix with 1 in the (4, j) entry and 0 elsewhere.

The identity matriz is
1= Ell + -+ Enn in Mnxn(@)

The set of invertible n X n matrices is

B there exists A~1 € My xn(Q)
CLn(@) = {A € Mixn(Q) ’ such that AA~l=1and A~'A=1 [~

If n = 2 then
e 1\ /0 1 10 0 1\ [c 1 10
<1 o) (1 -—c> "<0 1> =1 and (1 -—c> (1 0) "(0 1> =1

Example Al. (Root matrices and their inverses) If ¢ € Q and

1 ¢ 0 1 0 ¢ 1 00
z12(c) =10 1 0], zi3(c)=[0 1 0}, za3(c)=|0 1 ¢
0 01 0 01 0 01
then
1 —c 0 1 0 —c
$12(C)71: 0o 1 0], 5613( )71— 01 0
0 0 1 0 0 1
and
1 0 0
ro3(c) =110 1 —c
0 0 1

Check these claims by multiplying the matrices.
Example A2. (Diagonal generators and their inverses) If d € Q and d # 0 and

d 0 0 100 100
hi(d)=10 1 0], hotd)=1{0 d 0O, ha(d)=[0 1 0
00 1 00 1 00 d
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then
100 100
md™=(0 10|,  h(d'=[0 % 0
0 01 0 01
and
1 00
hs(d)y™t =10 1 0
00 3%
Check these claims by multiplying the matrices.
Example A3. (Row reducers and their inverses) If ¢ € Q then
c 10 1 00
si(c)=(1 0 0 and sa2(c)=10 ¢ 1
0 01 010
then
0 1 0 10 0
si(c) =1 —c 0 and sy(c)'=10 0 1
0 0 1 01 —c

Check these claims by multiplying the matrices.

Generators of GL,(Q).
Let n € Z~o. Let E;j be the n x n matrix with 1 in the (7, j) entry and 0 elsewhere.
Let 4,5 € {1,...,n} with ¢ # j. Let ¢ € Q. The root matriz x;;(c) is

zij(c) € Myuxn(Q) given by x;5(c) =1+ cEj;.
Let i € {1,...,n}. Let d € Q with d # 0. The diagonal generator h;(d) is
hi(d) =1+ (d —1)Ey.
Let i € {1,...,n — 1} and let ¢ € Q. The row reducer s;(c) is
si(c) =1~ Ey — Eit101 + Eiip1 + B + cBy.

Theorem 1.5. (Generators for GL,) Let A € GL,(Q). Then A can be written as a product of
row reducers, diagonal generators and root matrices.

1.5 Finding inverses (Lecture 5)

Let n € Z~g. The set of invertible n X n matrices is

such that AA~l=1and A~ 14 =1.

GL,(Q) = {A € Myxn(Q) ‘ there exists A~! € M5 (Q) }

Let n € Zso. Let Ej;; be the n x n matrix with 1 in the (4,7) entry and O elsewhere. Let
i,j € {1,...,n} with ¢ # j. The root matrices xe(c), the diagonal generators and the row reducers
are given by

ackg(c) =1+ CEM, hk(d) =1+ (d — 1)Ekk and

18
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si(c) =1—Ei — Eip141 + Eijv1 + Eig1 + cEyj.
for c,d € Q withd # 0, k,£ € {1,...,n} withk #¢and i€ {1,...,n—1}.

1 2 1
Example M6. Find the inverseof A= | -1 -1 1
0o 1 3
Start with AA=! = 1 which is
1 2 1 1 00
-1 -1 1|A?*t={0 10
0 1 3 0 01

Left multiply both sides by s1(—1)~!, which is the matrix

010 -1 -1 1 010
1 1 0], toget 0 1 2]At=(110
00 1 0 1 3 00 1

Left multiply both sides by so(1)~!, which is the matrix

1 0 0 -1 -1 1 01 O
00 1], toget 0 1 3]At=[0oo0 1
01 —1 0 0 -1 11 -1
Left multiply both sides by h3(—1)~1th;(—1)"!, which is the matrix
-1 0 0 1 1 -1 0O -1 0
0 1 0], toget [0 1 3]At=l0 0 1
0 0 -1 00 1 -1 -1 1
Left multiply both sides by x23(3)~!, which is the matrix
1 0 0 1 1 -1 0 -1 0
01 3|, toget [0 1 0 ]At=|3 3 =2
00 1 0 0 1 -1 -1 1
Left multiply both sides by x13(—1)"1, which is the matrix
1 01 110 -1 -2 1
01 0], toget |0 1 0JA =3 3 =2
0 01 0 0 1 -1 -1 1
Left multiply both sides by x12(1)~!, which is the matrix
1 -1 0 1 00 -4 -5 3
0 1 0], toget |0 1 0]A =3 3 -2
0 0 1 0 01 -1 -1 1
Check:
-4 -5 3 1 2 1 1 0 0
3 3 =2 -1 -1 1]=10 1 0
-1 -1 1 0 1 3 0 0 1
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In summary,
A7l = 1’12(1)715613(—1)71%23(3)71 . hg(—l)flhl(—l)il . 82(1)7181(—1)71

and
A= 81(—1)52(1) . hl(—l)h3(—1) . x23(3)x13(—1)$12(1).

Example M8. Find the inverse of (; i)
1 2 10
~ -1 _ R 1 _
Start with AA~" = 1 which is <3 4> A = <O 1) .

Left multiply both sides by

0 1) 3 4\ 4 0 1
1 toget < 2)14 :< 1>.
(1 —3 0 3 1 -3

Left multiply both sides by

Left multiply both sides by

1.5.1 Inverses of products

Theorem 1.6. (Inverses of products) Let A, B € GL,(Q). Then AB € GL,(Q) and

(AB)"'=B7tA™L

This is because, by associativity,
(B'A™HY(AB)=B YA 'A)B=B"1'.1.B=B"'B=1,

and
(ABYB'A™HY=A"YB'B)A=A4"1.1-A=4"14=1.

The theorem tells us that if we want to find A~! we can factor A into a product of row reducers,
diagonal generators and root matrices and then multiply the inverses of the factors (in reverse order)
to get the inverse of A.

1.5.2 Generators for GL,,

Theorem 1.7. (Generators for GL,) Let A € GL,(Q). Then A can be written as a product of
row reducers, diagonal generators and root matrices.
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1.6 Factoring and the rank theorem (Lecture 6)

Root matrices.

1 ¢ 0 1 0 ¢
zi2(c)=[0 1 0], 23(c)=10 1 0, ze3(c)=
0 01 0 1
Diagonal generators.
d 00 1 00
hi(d)=10 1 0], ha(d)=|0 d 0], hs3(d) =
0 01 0 01
Row reducers.
c 10 10
sifle)=1(1 0 0 and s9(c)= [0 ¢
0 01 0 1
1 —c 0
Inverses of Root matrices. x12(c)"'={0 1 0],
0 0 1
1 0 —c 10
z13(c) "t =0 1 0], xs(c)'=(0 1
00 1 00
a7t 00
Inverses of Diagonal generators. hi(d)™*=| 0 1 0],
0 01
1 0 0 10
ho(d)™ = [0 d* 0], ha(d)'=(0 1
0 0 1 00
Inverses of Row reducers.
0 1 0 1
si(c) =1 —c 0 and so(c) =10
0 0 1 0

Example A8. By multiplying out the matrices on the left hand side check that

84(1)83(2)82(3)81(4) . 84(5)83(6)82(7) . 84(8)83(9) . 84(10) =

Example A9. By multiplying out the matrices on the left hand side check that

h1(15)ha(—3)h3(76)ha(—19)hs5(2) =

21

15
0

0
0
0

0 0
-3 0
0 76
0 O
0 O

oS = O

O O =

O O =
S = O

4

=N W
O = Ot

0
0
0
—19
0

o = O

QU O O

9

8
1
0
0

0

0
0
0
2

= o0 O

—_
o

o O o

(= el
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Example A5. By multiplying out the matrices on the left hand side check that

5(345(1)51'35(2)5625(3) (1) 110 g g g
$15(4)$34(5)$24(6) _ 0 0 15 2
$14(7)$23(8)$13(9) 0 0 0 1 1
z12(10) 00 00 1

Example A6. By multiplying out the matrices on the left hand side check that

1 —-10 71 =302 186
$12(10)_1:1713(9)_11'23(8)_1 0 1 -8 34 921
-1 -1 -1
x14(7) x24(6) 1'34(5) . 0 0 1 _5 3
-1 -1 -1 =
$15(4) $25(3) I35(2) 0 0 0 1 1
wa5(1) 7
4 0 0 0 0 1
Then check that
1 —-10 71 =302 186 1 10 9 7 4 1 0 0 0 O
o 1 -8 34 =21 0 1 8 6 3 01 0 00
0 O 1 -5 3 0 0 1 5 2]=1]00100
0 O 0 1 —1 0 0 0 1 1 00 0 10
0 0 0 0 1 0 0 0 01 0 0 0 0 1

Let n € Z~g. The set of invertible n X n matrices is

B there exists A~ € M., (Q)
GLn(Q) = {A € Mpxn(Q) such that AA~!'=1and A4 =1.

Example A1l. By multiplying out the matrices on the left hand side check that
1 2
b @hGead = (5 1)

Example A2. By multiplying out the matrices on the left hand side check that

-2 1

nad) M) @) ) = ()

2 2

(F )6 D=6,

Example A3. By multiplying out the matrices on the left hand side check that

Then check that

1 2 1
51(—1)82(1)h1(—1)h3(—1):r23(3)x13(—1)x12(1) = -1 -1 1
0 1 3
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Example A4. By multiplying out the matrices on the left hand side check that

-4 -5 3
x12(1)_11'13(—1)_13323(3)_1 _ 3 3 _9
h3(=1) "t hi(=1)"tsa(1) sy (—1) 7!
-1 -1 1
Then check that
1 2 1 -4 -5 3 1 00
-1 -1 1 3 3 =2]=1010
0 1 3 -1 -1 1 0 01

1.6.1 Factoring

An upcoming lecture will specify a specific factoring algorithm that can factor any matrix. The output
of the factoring algorithm will give us the following theorems.

Theorem 1.8. (Factoring for invertible matrices) Let n € Z~q. Let A € GL,(Q). The factoring
algorithm gives

A = (product of si(c)s) - (product of hi(d)s) - (product of z;;(c)s)

This last theorem tells us that we can factor any invertible matrix as a product of s;(c)s, h;(d)s and
xi;(c)s. The next theorem deals with matrices that don’t have to be invertible.

Theorem 1.9. (Factoring for all matrices) Let s,t € Z~q. Let E;; be the t X s matriz with 1 in
the (i,7) entry and 0 elswhere. For r € {1,... , min(s,t)} let

1, =By + -+ Ep.
Let A € My«s(Q). The factoring algorithm gives
A = (product of s;i(c)s) - (product of hi(d)s) - (product of x;;(c)s)
-1, - (product of s;i(c)s) - (product of zi;(c)s).

1.6.2 Rank of a matrix

The number r that comes out of the factoring algorithm is the rank of A. Later the rank of A will be
realised as the dimension of the image of A,

r = dim(im(A)) = rank(A) is the rank of A.

1 -1 2 1
Example M10. Let A= [0 1 1 —2| € M3x4(Q). Then
1 -3 0
1 -1 1 1 -3 0 5
A= 82(0) 1 -3 5 = 82(0)81(1) 0 2 2 —4
0 1 -2 0O 1 1 -2

0 0
0 )
== 82(0)81(1)52(2)1'12(—3) 1 -2
0 0
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Since this last right hand factor has a row of Os then A is not invertible.
A = 82(0)81(1)82(2)3312(—3) . 12 . 3323(1).%14(5)11324(—2).

So rank(A4) = 2.

1.7 The factoring algorithm (Lecture 7)
1.7.1 Prelude

Before doing factoring for matrices, let’s think about how do to factoring of a number like 174240.

Step 1: Factor out 2s.

174240 = 2 - 87120 = 22 - 43560 = 23 . 21780
=2%.10890 = 2° - 5445.

Step 2: Factor out 3s.
174240 = 2° - 3- 1815 = 25 - 32 605.

Step 3: Factor out 5s.
174240 = 2° - 32 .5 121.

Step 4: Factor out 7s.
174240 = 25 .32 .51 . 79 . 121,

Step 5: Factor out 11s.
174240 =2°-32. 50 . 7Y 11-11=2°-3%.51 . 70 . 112 - 1.
The process ends when the right factor is 1. The factorisation of 174240 is
174240 = 2° - 32 . 51 . 79 . 112,

1.7.2 Factoring a matrix Step 1: Factoring out an s;(c) (on the left)

The matrix

157 3 -2 4

000 0O 6 2

004 -2 3 8

000 0O 0 O

000 0 7 12 has first ‘nonzerro sequence

A: O 0 3 3 2 8 f(A): (17573700707376737370074);

8 8 2 (1) g g factor out 88(%).

007 5 2 6

000 O 0 O

000 3 1 1

The spots where f(A) did not increase are marked in red. The minimal red value is 3 and the last 3
comes from row 9, where the 7 is. There is a 4 in row 8 above the 7 in row 9. Factor off an sg (%) (on
the left).
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So A = 38(%) (58(%)_114). In other words,

157 3 —2 4

000 0 6 2

004 -2 3 8

000 0 0 0

000 0 7 12

A=ss(2)|0 0 3 3 2 8

000 0 0 9

007 5 2 6
0001-%2.56-2.2 2-2.6

000 0 0 0

000 3 1 1

so that

157 3 -2 4 157 3 -2 4
000 0 6 2 000 0 6 2
004 -2 3 38 004 -2 3 38
000 0 0 0 000 0 0 0
000 0 7 12 000 0 7 12
003 3 2 8|=s(3)foo03 3 2 38
000 0 0 9 000 0 0 9
004 1 6 2 007 5 2 6
007 5 2 6 000 -2 3 10
000 0 0 0 000 0 0 0
000 3 1 1 000 3 1 1

Continue factoring out s;(c) matrices (on the left) until the matrix factor on the right has its first
nonzero sequence strictly increasing.

1.7.3 Factoring a matrix Step 2: Factoring out an h;(c) (on the left)

Suppose that A has its first nonzero sequence strictly increasing.

176 28 5 =2 -1
001619 3 -5
00 0O0O0O4 1 6
A=|0 0 0 0O 0 0 1 2
00 0O0O0OO0OTO0 7
000O0O0OO0O O O
000O0O0OO0O O O

has first nonzero sequence f(A) = (1,3,6,7,8,00,00), The first row that has its first nonzero entry
not equal to 1 is row 3 where the 4 is. Factor off an h3(4) (on the left).
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So A = h3(4)(h3(4)"'A). In other words,

176285 -2 —1
001619 3 =5
oo0oo0oo0o01 &+ ¢

A=hg(4)[0 00000 1 2
000000 0 7
000000 0 O
000000 0 O

Continue factoring out h;(c) matrices (on the left) until every nonzero row has its first nonzero entry
equal to 1.
1.7.4 Factoring a matrix Step 3: Factoring out an z;;(c) (on the left)

Suppose that A has its first nonzero sequence strictly increasing and that the first nonzero entry of
each nonzero row is equal to 1.

1 85 20370
00102900
A - 0001 6 030 has first nonzero sequence
000 O0O0 130 f(A) =(1,3,4,6,8,00)
000 0O0O0TO0H1
000 0O0O0OTO0OO O

The last element of f(A) where that column contains more than one nonzero entry is column 6. The
lowest nonzero entry in column 6 (above the 1 that is the first nonzero entry in its row giving the 6
in f(A)) is the 9 in row 2. Factor off an x94(9) (on the left).

So A = x26(9) (226(9) "t A). In other words,

A = T26 (9)

OO OO o
OO OO O
[l elall el
O OO = ONN
O O O OO
OO = OO W
OO W WO
O R O O O O

Continue factoring out z;;(c) (on the left) until every column specified by f(A) contains only one
nonzero entry.

1.7.5 Factoring a matrix Step 4: Factoring out an z;;(c) (on the right)

Suppose that A has its first nonzero sequence strictly increasing and that the first nonzero entry of
each nonzero row is equal to 1 and that every column of A appearing in the first nonzero sequence
f(A) has only one nonzero entry in it.

SO OO o
OO OO oo
(=l elNall =
OO o= OO
oo oo oo
S O O oot O
OO R O oo
OO WO o
O = O O OO
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The first nonzero row that has more than one nonzero entry is row 2 and the second nonzero entry in
row 2 is the 5 in entry (2,6). Factor off x26(5) (on the right).
Then A = (Az6(5) ') 226(5). In other words,

x26(5).

O O OO o
OO O O oo
[=llelelell e
[l elell S =)
OO OO OO
O O O o OO
OO = O OO
OO WO = O
O R O O O O

Continue factoring out z;;(c) on the right until every nonzero row contains only one nonzero entry.

1.7.6 Factoring a matrix Step 5: Factoring out an s;(0) (on the right)

Suppose that A has its first nonzero sequence strictly increasing and that the first nonzero entry of
each nonzero row is equal to 1 and every nonzero row contains only one nonzero entry.

10 000O0O0O0O
01 00O0O0O0GO0O

A 001 0O0O0O0O0TQ 0 has first nonzero sequence
000O0O0OT1QO0TO0® O f(A)=(1,2,3,6,9,00)
000O0O0O0DO0OTO 0?1
000O0O0O0OO0OOQ 0O O

The first spot where f(A) increases by more than 1 is the 6. Factor off s5(0) (on the right) to move
the 1 to the 5th column.
Then A = (As5(0)~1)s5(0). In other words,

s5(0)

OO OO o
[l elelell
OO o= OO
OO O O o O
OO = O OO
OO OO oo
OO O O OO
OO O O o O
O R O O O O

Continue factoring out s;(c) on the right until the first nonzero sequence increases by only one at every
step.

1.7.7 A full factoring example

Here is a full factoring example, factoring off one factor at a time. Begin with

-3 —36 -39 —42 —46 -84
-9 —108 —28 114 23 167
3 36 42 45 48

25 13
0 0 6 £ b

W= %
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Then
—3 —36 —39 —42 —46 -84
3 36 39 42 45 48
A==(3)1g g 1 12 B g
0 0 1 6 £ 1
3 36 39 42 45 48
00 0 0 —1 —36
=nlEnEDly g 1o 3 g
o0 i1 6 2 B
3 36 39 42 45 48
00 0 0 -1 -36
= s9(—3)s1(—1)s3(2) 2 3
00 5 6 % B
00 0 0 -1 -36
3 36 39 42 45 48
oo L ¢ 2 18
:52(—3)51(_1)53(2)52(0) 0 0 0 0 —1 -36
00 0 0 —1 -36
3 36 39 42 45 48
00 i+ ¢ 2 L
=s5(=3)s1(-1)ss(20ss1) [ o o & o 1 36
00 0 0 0 0

which completes Step 1, the process of factoring out s;(c) matrices on the left.
The next step is Step 2, factoring out h;(c) matrices on the left. Then

12 13 14 15 16
0 1 6 25 13

1
A = s3(=3)s1(—1)s3(2)52(0)s3(1) - ~1(3) 8 0 0 1 _36
0

4
0

0 0 0 0 O
1

1 12 13 14 15 16
0 0 1 24 25 26
= 52(=3)51(=1)s3(2)52(0)s3(1) - mBh2(D | s 0 0 0 -1 36
0O 0 0 0 O 0
1 12 13 14 15 16
0 0 1 24 25 26
= 59(—3)s1(—1)53(2)52(0)s3(1) - h1(3)ha(])h3(—1) 00 o0 o 1 3l
0O 0 0 0 0 O

which completes Step 2, the process of factoring out h;(c) matrices on the left.
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The next step is Step 3, factoring out z;;(c) matrices on the left. Then

1 12 13 14 15 16

52(_3)31(—1)53(2)52(0)813(1) 0 0 1 24 0 —874
e ‘h1(3)ha(1)hs(—1) 00 0 0 1 36
223(25) 00 0 0 0 0

1 12 13 14 0 10838

32(_3)31(—1)33(2)82(10)83(1) 0 0 1 24 0 —874
= h1(3)ha(3)ha(—1) 00 0 0 1 36
T23(25)713(15) 00 0 0 0 O

1 12 0 —298 0 10838

s2(—3)s1(— ) 3(2)s2 (1) 3(1) 0 0 1 24 0 —874

- h1(3)ha(7)hs(—1) 000 0 1 36
:1:23(2 )x13(15)212(13) 000 0 0 0

which completes Step 3, factoring out x;;(c) matrices on the left.
The next step is Step 4, factoring out z;;(c) matrices on the right. Let

P = 55(—3)s1(—1)53(2)52(0)s3(1) - 1 (3)ha(§)hs(—

1)1‘23(25)$13(15)$12(13).

Then

1 0 0 —298 0 10838
001 24 0 —874

A=P-1g 00 o 1 36 | ®202
000 0 0 0
1 00 0 0 10838
001 24 0 —874

P1oo0oo0 01 36 - 214(—298)212(12)
000 0 0 0
100 0 0 0
001 24 0 —874
=P 0 60 0 1 36 | 106(10838)z14(—298)212(12)

000 0 0 0
10000 0
00100 —874

=P 0001 36 | *31(249216(10838)214(-298)212(12)
00000 O
10000 0
00100 0

= 00 001 36 236(—874)734(24)716(10838)14(—298)712(12)
00000 0
100000

=P 8 8 (1) 8 (1) 8 56(36) 736 (—874)234(24) 716 (10838) 14 (—298)x12(12)
000000

which completes Step 4, factoring out x;;(c) matrices on the right.
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The next step is Step 5, factoring out s;(0) matrices on the right. Then

10 0000
A—p 010000_(32(0) )
0 00010 -:6'56(36)1’36(—874)%‘34(24)3316(10838)1’14(—298)1’12(12)
0 000 OO
100 0 00
p. |01 0000 .<54(0)52(0) )
000100 56(36)x36(—874)x34(24)216(10838)z14(—298)x12(12)
0 00 O0O0O
10 00 00
_p ot 0000 ‘<53(0)34(0)82(0) )
- 0 01 0 0O '1‘56(36)$36(—874)1‘34(24).%’16(10838)%’14(—298)1’12(12)
000 O0O0O

This completes all 5 factorisation steps. Let

P = 59(—3)s1(—1)s3(2)s2(0)s3(1)
- h1(3)ha($)ha(—1)z23(25)213(15)z12(13).

and
Q = 83(0)84(0)82(0) . 3:56(36)x36(—874)a:34(24)
: 51316(10838)1’14(—298)3:12(12)
and
10 00 00
01 0 0O0O0
13— 001000 ThenAfPng.
000 O0O0UO O

This example has illustrated the proof of the following theorem.

Theorem 1.10 (The rank theorem). Let A € M;xs(Q). Then there exist P € GL/(Q) and Q €
GLs(Q) and r € {1,...,min(s,t)} such that

A= Pl1.Q, where 1, = E11+ Eso+ -+ Enp in Mxs(Q).

1.8 Solutions of linear systems (Lecture 8)

1.8.1 Linear systems

o 3 1 o I . 7
(32) () e (2)
B . 3 1 1\ _ (7
Ax = b is the same as (_1 4)(952)_(2)
3r1+ xo (7
—x14+4xy ]\ 2
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which is the same as

3xr1+ xo =17
—x1+ 429 =2
In general Az = b looks like
T b
A A - A ' bl
. . . x2 — 2
Aml Am2 U Amn b
xn n

Let A € Myyxn(Q) and b € M,,»1(Q). The set of solutions of Az =b is

T
Sol(Az =b) ={ | : | € M1 (@) ‘ Az =b

Tn

1.8.2 The number of solutions of a linear system

Example A. If A = (é ?) and b = (;) then Sol(Ax =b) = { <;> }

and ! + 0z =17, has exactly one solution n=T
0z1 + 20 = 2. To = 2.
10 7
If A= 10 and b= { then Sol(Az = b) = () and
o+ 0z =T, has no solutions.
1+ 0x9 = 2.
10 7 7
If A = (0 0> and b = <o> then Sol(Az = b) = {<C> ) ce Q},
1+ 0xo =7, has infinitely many 1 =7,
Ox1 + 0xo = 0. solutions x9 =¢, foranyceQ.

1.8.3 Solving linear systems with matrices

1

2 =1\ (z\ (3 Co 2r —y =3,
(1 1><y>_<0> whichis == 0.

Example LS2,3&4. If A = (2 _11> x = (5) and b = <g> then Az = b is
Start with
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Left multiply both sides by
Left multiply both sides by

Left multiply both sides by

1 -1 1 0\ [z 1 C r=1
(0 1) to get <0 1) <y>_<—1) which is Y= 1.

So Sol(Az = b) = { (_11> } (exactly one solution).

Example LS5&6. Solve the following system of linear equations.

4x — 2y 4+ 5z = 31,
20 — 3y — 2z =13,
r—3y+2z=11.

In matrix form, this is Az = b, where

4 -2 5 x 31
A=\(2 -3 2|, z=1[y]|, b=113
1 -3 2 z 11
Start with
4 -2 5 T 31
2 -3 -2 y| =113
1 -3 2 z 11
Left multiply both sides by
10 0 4 -2 5 x 31
00 1 to get 1 -3 2 y]l =111
01 -2 0 3 -6 z -9
Left multiply both sides by
0 1 0 1 -3 2 x 11
1 -4 1 to get 0 10 -3 y|=1-13
0 0 1 0 3 —6 z -9
Left multiply both sides by
10 1 -3 2 x 11
0 0 1 to get 0 3 —6 yl=1-9
01 -2 0 0 17/ \z 17
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Left multiply both sides by

1 0 0 1 -3 2 x 11
03 0 toget [0 1 —2|(y]=]-3
00 + 0 0 1 z 1
Left multiply both sides by
1 00 1 -3 2 x 11
0 1 2 to get 0 1 0 yl=1-1
0 01 0 0 1 z 1
Left multiply both sides by
1 0 -2 1 =30 x 9
01 0 to get 0 1 0 yl=1-1
0 0 1 0 0 1 z 1
Left multiply both sides by
1 30 1 00 x 6
010 to get 010 yl=1-1]1,
0 01 00 1 z 1
So
T =0, 6
y=—1, or, equivalently, Sol(Ax =b) = -1
z =1, 1

(exactly one solution).

1.8.4 The case when A is invertible

Theorem 1.11. If A € GL,(Q) then every linear system of the form Ax = b has a unique solution,
given by
z=A"1b.

So, if A € GL,Q) then

Sol(Azx = b) = {A™'b}, which contains exactly one element.

This is because,
left multiplying both sides of Az =b by A71,

gives
A7 Az = A7), which says z = A~ 'b.
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1.9 Kernels and Images (Lecture 9)

The set of s x 1 matrices with entries in Q is
Q° = Msx1(Q).
Let A € M;«s(Q). The kernel of A is
ker(A) = {z € Q° | Az =0}

and the image of A is
im(A) = {Az | s € Q°}.

Let A € M;«s(Q) and let b € Q°. The set of solutions of the linear system Az = b is

Sol(Azx =b) = {z € Q° | Az = b}.

1 01 1 -2
Example LS7. f A= [0 2 2], z= 22| andb= | 4 | then Az = b is the system
0 00 x3 -3

z1 + 0x9 + 23 = —2,
0x1 + 229 + 223 = 4, which has no solutions
0x1 4 022 4+ 0x3 = —3,

(no choice of x1,zex3 € Q will satisfy the third equation). So

Sol(Az =b) = 0.
Then Ax = 0 is the system
1+ 022 + 23 =0, T = —I3,
0x1 + 2x9 + 223 =0, which is To = T3,
0x1 + 0z + 0x3 = 0, T3 = I3,
where x3 can be any number.
So
-1 -1
ker(A) =< z3 | —1 ‘ z3 € Q p = Q-span -1
1 1
Then
1 01 1
im(A) = 0 2 2 T9 ‘ T1,T9, T3 € Q
0 00 x3
1 0 1
=<z [0 +22|2] 4232 ‘:L'l,l'g,l'g,EQ
0 0 0
1 0 1
= Q-span | columns of |0 2 2
000
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1 00 -2
Example LS8. If A=|{0 1 0| andb= | 4 | then
0 01 15
o1+ 0z + Oy = 2, which has exactly =2,
01 + 12g + Oz = —4, one solution T2 =—4,
0x1 4 0x2 + x3 = 15, x3 = 15.
2
Sol(Azx =b) = —4
15
Then Az = 0 is the system
21+ 0z + Oz =0, which has exactly r1 =0,
O0x1 + lxzo 4+ 0z3 = 0, . T2 = U,
one solution
O0x1 4+ 0x2 + 23 = 0, z3 = 0.
So
0
ker(A) = 0
0
Then
1 00 T
im(A) = 010 T9 ‘ r1,2T9,23 € Q
0 01 3
1 0 0
0 0 1
xr1
= T x1, 72,73 € Q p = Q%
3
Example LS9. If
1 2 0 0 5 1
001 06
A= 00017 and b= g then
000 0O

1 + 229 + 0x3 4+ Oz4 + 525 = 1,
0x1 + 0z + 1xg + 0xyq + 625 = 2,
0x1 4 029 4+ 023 + 24 + Tx5 = 3,
0x1 + 0z 4 Ox3 + Ox4 + Ox5 = 0,

More specifically,

Sol(Az = b)

35
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Equivalently,
1 -5
0 _j“ 0
Sol(Az =b) ={w=|2|+| 7 |+]| -6 ]m,%e@
3 0 —7$5
0 xIs5
1 -2 -5
0 1 0
=2 +<S22| O | +25]|—6 ‘332,3656@
3 0 -7
0 0 1
1 9\ /-5
0 1 0
= 12| + Q-span 01],]-6
3 0 -7
0 0 1
= p+ ker(A).

1.9.1 A formula for the solutions of a linear system

Theorem 1.12. (Computing solutions of linear systems) Let A € M;«s(Q) and let b € Q'.
Then there exist P € GL(Q) and Q € GLs(Q) and r € {1,...,min(s,t)} such that

A= P1,Q, where 1, = FEy1 + Eoo+ -+ E,,
and
(Pilb)l
Q-1 (P—lb)r + ker(A), if entries r+1,...,t of P~'b
Sol(Az =b) = 0 are all 0,
0
0, otherwise.

1.10 Computing kernels and images of matrices (Lecture 10)

1.10.1 Images and columns

Let A E MtXS(@)'

The kernel of A is ker(A) = {x € Q° | Az = 0}.
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The image of A is im(A) = {y € Q! | there exists z such that y = Az}.

| \ [
im(A) = {Az | z € Q°} = (al as) : ‘xl,...,xse(@

| 1/ \a,

| |
{.’L’l (a1)+"'+$s (as) .’L'l,...,xSEQ}
| |

= Q-span{columns of A}.

So im(A) is the set of linear combinations of the columns of A.

Example V27&28. Let
S={]1,3,-1,1), |2,6,0,4), |3,9,—2,4) }.

Then
1 2 3
3 6 9
§= 11’10’ -2
1 4 4
and
1 2 3
. 3 6 0
R-span(S) = im(A), where A = 1 0 -9
1 4 4

1.10.2 How kernel and image change

The following Proposition specifies how the kernel and image change if A is multiplied (on the left or
the right) by an invertible matrix.

Proposition 1.13. (How kernel and image change) Let A € My s(Q) and P € GL(Q) and
Q € GLs(Q). Then
ker(PA) = ker(A), ker(AQ) = Q71 - ker(A),
im(PA) = P -im(A), im(AQ) = im(A).
Proof.
ker(PA) = {xr € Q° | PAz =0} = {x € Q° | P"'PAz = P70}
={r € Q’| Az = 0} = ker(4),
ker(AQ) = {r € Q° | AQz =0} = {Q'Qz € Q° | AQx =0}
= Q' {Qr e Q| AQx =0}
=Q HyeQ | Ay=0} = Q" -ker(4),
im(PA) = {PAz | z € Q°} = P{Ax | x € Q°} = P -im(A),
im(AQ) = {AQx | z € Q°} = {Ay | Q" 'y € Q°}
={Ay | y € Q°} = im(A). O
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1.10.3 Kernels are subspaces

A subspace of QF is a subset W C Q° such that
(a) 0e W,
(b) If wy,wy € W then wy +wy € W,
(c) If we W and ¢ € Q then cw € W.
Proposition 1.14. Let A € M;xs(Q). Then ker(A) is a subspace of Q°.

Proof. (a) Since A0 = 0 then 0 € ker(A).
(b) Assume wi,wy € ker(A). Then Aw; = 0 and Awy = 0. So

A(wy +we) = Aw; + Awe =04+ 0=0. So wy + wy € ker(A).
(c) Assume w € ker(A) and ¢ € Q. Then Aw = 0 and
A(cw) = cAw =c0=0. So cw € ker(A).
So ker(A) is a subspace of Q°.

1.10.4 Images are subspaces

A subspace of Q' is a subset Y C Qf such that
(a) 0€Y,
(b) If y1,92 € Y then y1 +y2 € Y,
(¢c) fyeY andce Qthency €Y.
Proposition 1.15. Let A € Myxs(Q). Then im(A) is a subspace of Q.

Proof. (a) Since 0 = A0 then 0 € im(A).
(b)Assume y1,y2 € im(A). Then there exist z1,z2 € Q° such that y; = Az; and yo = Axy. Then

y1 +y2 = Az + Axg = A(x1 + x2). So y1 + y2 € im(A).
(c) Assume y € im(A) and ¢ € Q. Then there exists x € Q° such that y = Az. Then
cy = cAx = A(cx). So cy € im(A).
So im(A) is a subspace of Q.

1.10.5 Bases of subspaces.
Let W be a subspace of Q°. A set B = {by,...,b;} is a basis of W if every element of W is
a unique linear combination of by, ..., bg.

Let Y be a subspace of Q'. A set D = {dy,...,bs} is a basis of Y if every element of Y is

a unique linear combination of dy, ..., d.

A set B ={by,...,b;} is a basis of ker(A) if every element of ker(A) is

a unique linear combination of by, ..., bg.
A set D ={dy,...,ds} is a basis of im(A) if every element of im(A) is

a unique linear combination of dy, ..., dp.

38



Linear algebra lecture notes, Arun Ram August 29, 2026

1.10.6 Bases of kernels.

Let t,s € Zso and let E;; be the t x s matrix with 1 in the (i,j) entry and 0 elsewhere. Let
r€{l,...,min(s, )} and let
I, =FEn+-+ Ep.

Let eq,...,es be the standard basis of Q°. Then
{€r41,...,€6s} s a basis of ker(1,).
If Q@ € GLs(Q) is invertible then

{Q7ters1,...,Q tes} is abasis of Q !ker(1,).

For example, if s =5 and t = 6 and r = 2 then

1 0 00O

01 0 00O 0 0 0

000 0O 0 0 0
1y = and ker(1g) = span 11,]01,/0

0 00 0O 0 1 0

000 0O 0 0 1

0 00 0O

1.10.7 Bases of images.

Let t,s € Zso and let E;; be the t x s matrix with 1 in the (¢,j) entry and 0 elsewhere. Let
re{l,...,min(s,t)} and let
11":E11+"'+E7‘r-

Let e, ..., e; be the standard basis of Q. Then
{e1,...,e,} isabasisof im(1,).
If P € GL(Q) is invertible then

{Pey,...,Pe,} isabasisof Pim(1l,).

For example, if s =5 and t = 6 and r = 2 then

10 0 00 1 0
01000 0 1
0 00 0O . 0 0
1y = 0000 0 and im(1ly) = span ol 1o
0 00 0O 0 0
0 00O0O 0 0

Theorem 1.16. (Computing kernels and images) Let P € GLi(Q), Q € GLs(Q). Let r €
{1,...,min(s,t)} and let

L, =En+FExn+ ---+E, in Mtxs(@)-
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Let
A= Pl.Q.

Then
ker(A) has basis {last s—r columns of Q'},

im(A) has basis {first r columns of P}.
Proof. By the How Kernel and Image Change Proposition

ker(A) = ker(P1,Q) = ker(1,Q) = Q' ker(1,) and
im(A4) = im(P1,Q) = im(P1,) = Pim(1,)

Since {Q e, 11,...,Q tes} is a basis of Q7 ker(1,) then
ker(A) has basis {last s—r columns of Q71},
Since {Pey,...,Pe,} is a basis of Pim(1,) then

im(A) has basis {first r columns of P}. O

Let A € M;«s(Q). By definition,

dim(ker(A)) is the number of elements in a basis of ker(A), and

dim(im(A)) is the number of elements in a basis of im(A).
From the Computing Kernels and Images Theorem,
dim(ker(A)) =s—r and dim(im(A)) =r = rank(A).
Corollary 1.17. (rank-nullity theorem) Let A € M, s(Q). Since (s — 1) +r = s then

dim(im(A)) + dim(ker(A)) = (number of columns of A).

Example V27&28. Let
S = {|1’37_171>3 ’276>O74>a |3a97_274> }

Then
1 2 3
3 6 9
§= 11’10’ -2
1 4 4
and
1 2 3
Q-span(S) =im(A), where A = _31 g _02
1 4 4
Now
1 2 00 1 0 0
1 0 2
|3 600|fo10 1\
A=12101 0flo 0 o 83%‘1312@’
1 4 0 1 0 0O
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where
1 2 00 1 00 1 9
|3 6 00 (o 1 0 _ 1
b= —1010’12_000’62_8(1)%
1 4 01 0 00
Then
1 0
. . . 0 1
im(A) = im(P12Q) = Pim(13) = span P 0 , P 0
0 0
Thus
1 2
. . 3 6
im(A) has basis 1110
1 4
Since

ker(A) = ker(P12Q) = ker(1,Q) = Q' ker(1,)

and Q!=

S O =

0
1 -3 then ker(A) = Q-span
0

(SN

Thus ker(A) has basis {|—2, 5,1)}.

1.11 Eigenvalues and eigenvectors (Lecture 11)

1.11.1 Eigenvalues and eigenvctors
Let A € M,(Q).

e An eigenvalue of A is an element A € QQ such that ker(A — \) # 0.
Let A € M,(Q) and X € Q.

e An eigenvector of A of eigenvalue X is a nonzero element of ker(A — \).

If v is an eigenvector of A of eigenvalue A then
(A=XNv=0 and Av=)\v.
1.11.2 Linear independence and diagonalization

Let A € M, (F) and let py,...,px be eigenvectors of A. The set {p1,...,pr} is linearly independent if
1, - - -, P satisfy the condition

if ci,...,cp, €Fand cipr + -+ cxpr =0

then ¢ =0 and co =0 and ... and ¢ = 0.
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Theorem 1.18. (Diagonalization.) Let A € M,y (F). The matriz A has n linearly independent
eigenvectors py, . .., pn € F™ with eigenvalues M1, ..., A, if and only if A= PDP~! where,

| | A1
P=1|p1 - pp and D =diag(A1,..., ) = .
| | .

so that p1,...,pn are the columns of P and D is the diagonal matriz with diagonal entries Ay, ..., \y.

1.11.3 Examples

Example EV2,6&9. Find the eigenvalues of A = (1 le)

A—t:<1zt 14_t>:<11t (1]> (é 4_1(1__tt)2>

C(1-t 1)\ (1 1—t
“L1 o)\o —¢+1)@-3)
Case 1: t+1=0. Then

Gt (2 (22) s (2))

Case 2: t —3 =0. Then

-2 1\ /1 =2 2
AB—<1 0> <0 O> and ker(A3)—span{<1>}.
(-2 2 (-1 0 a1 /=1 2
If P—<1 1> andD-(O 3> then P —4<1 2>

(=2 2\ (-1 0\ , (-1 2
andPDP_<11 0 3/ 71 2

First,

The characteristic polynomial of A is

det(A —t) = det(D — t) = (—1 — t)(3 — t).

2 -3 6
Example EV3,4&10. Find the eigenvaluesof A= [0 5 —6
0 1 0
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Find ker(A — t) by row reduction:

A—-t= 0 5—-t —6
0 1 00—t
1 0 0 2—t -3 6
=0 5—-¢t 1 0 1 —t
0 1 0 0 0 —6—(B—-1t)(-t)
10 0 1 30 2—-t 0 3(2—1)
=0 5—-¢t 1 010 0 1 —t
0 1 0/ \0o 01 0 0 —(t>?—5t+6)
1 3 0\ /2—-t 0 3(2—t)
=0 5—-¢t 1 0 1 —t
0 1 0 0 0 —(t—2)(t—3)
Case 1: t —2 = 0. Then
1 3 0 0 0 O
A-2=[0 5-2 1 01 -2
0 1 0 0 0 O
and
0 0 O 1 0
ker(A—2)=ker [0 1 —2| =spang [0], |2
0 0 0 1
Case 2: t —3 = 0. Then
13 0 2-3 0 3(2-3)
A-3=10 5-3 1 0 1 -3
o 1 0 0 0 0
1 30 -1 0 -3
=10 2 1 0 1 -3
010 0 0 O
and
-1 0 -3 -3
ker(A—3)=ker[ 0 1 —3]| =span 3
0 0 1

Then A = PDP~! where

(a]
w

(@)

[

w

o |
—
Il

S O =

»—~|oo
—t

| o |

N T O

The characteristic polynomial of A is

det(A —t) =det(D —t) = (2 —t)%(3 — t).
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Example EV5,88&12. As an element of Msyo(R), the matrix

1
A= (_01 O) has no eigenvalues and no eigenvectors.

The linear transformation

T: R?> — R2?

v o Av is a rotation of 37” about (0,0).

As an element of Mjyx2(C), the matrix

A= <_01 é) has two eigenvalues, 7 and —i.

(- = {(})} wd et —sa{(7)}.

1) is an eigenvector of eigenvalue ¢ and

()
<_Z

1 ) is an eigenvector of eigenvalue —i.

_ =i 1 _ ? 0 -1 _ 1 1 —1
P_<1 1) andD-(O —i> then P _—2i<—1 —i)
1 (=1 i i 0 ‘ i 1 —i

PDP = <1 1> (() —i) —2i <—1 —z')

If

and

The characteristic polynomial of A is

det(A —t) =det(D —t) = (i —t)(—i —t) = t> + 1.

Example EV11. If PDP~! = A then the columns of P are linearly independent eigenvectors of A.
Here is an example where A does not have n linearly independent eigenvectors.

1 2 1-—¢ 2
If A—<O 1> then A—t—( 0 1—t>

which has a single row of Os when t = 1.
(The characteristic polynomial of A is det(4 —¢) = (1 —t)2.)

ker(A — 1) = span { <é> } .

Since A does not have two linearly independent eigenvectors then

A is not diagonalizable.
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1.12 Symmetric, Hermitian, unitary and orthogonal matrices (Lecture 12)
1.12.1 Transpose

Let A € M;ys(Q). The transpose of A is AT € My (Q) given by
(AT)Z‘j:AjZ', fOI‘iG{l,...,S} andje{l,...,t}.

1 2 3

Example M4. If A = <4 56

1 4
) then AT =2 5
3 6

A symmetric matriz is A € Myxn(C) such that A = AT,
An orthogonal matriz is A € My, (C) such that AAT = 1.

A Hermitian matriz is A € My x,(C) such that A = a’,
A unitary matriz is A € M« (C) such that AAT = 1.

Example IP2. Let A (—lz i) and B = <_OZ —Oz> . Since

A*:AT:<_11. i):A and B*:BT=<_OZ _OZ.>;£B

then A is Hermitian and B is not Hermitian.

Example IP21. The matrix U = % <_1Z i) is unitary since

-5 (GGG D-6)

cosf —sind
sinf cosf

7 (cosf —sinf cosf) sinf
QR = (sin& cos 6 ) (— sinf cosé
B cos? 6 + sin? 6 0 (1 0
- 0 cos20 +sin%26) — \0 1)°

The general linear group GLy,(R) is the set

Example IP15. ) = < ) is orthogonal since

_ there exists A=Y € M, (R)
GLa(R) = {A € Mrxn(R) ’ such that AA™' =1and A=1A =1

The orthogonal group Oy (R) is the set
On(R) = {A € M,xn(R) | AAT =1}.
The unitary group Uy, (C) is the set
Un(C) = {A € Mypyn(C) | AA" =1}.
Example IP17. Assume Q € O,(R). Then 1 = QQ7 and
1 = det(1) = det(QQT) = det(Q) det(QT) = det(Q) det(Q) = det(Q)%.
So det(Q) € {1,—1}.
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1.12.2 Standard inner products and R"™ and C"
(a) The standard inner product on R™ is (,): R™ x R™ — R" given by
(Z,y) =151+ + Tnln,
ife=|zy,...,2n) and y = |y1,...,Yn)-
(b) The standard inner product on C" is (,): C" x C" — C" given by
(r,y) =101 + - + T,
ife=|zy,...,2n) and y = |y1,...,Yn)-
Example IP16. Let u,v € R and let Q € O,(R). Then

T

(ulvy =u'v and

(Qu|Qv) = (Qu)TQu=u"QTQuv="u"-1.-v=1ulwv.
So (QulQu) = (ulo).
1.12.3 Orthonormal bases and diagonalization
A basis of R™ is a subset {b1,...,b,} of R such that
every vector in R" is a unique R-linear combination of by, ..., b,.
A basis of C™ is a subset {b1,...,b,} of C" such that
every vector in C" is a unique C-linear combination of by, ..., by,.
An orthonormal basis of R™ is a basis of {b1,...,b,} of R™ such that
ifi,je{1,...,n} then (b;,b;) = dyj,
where (,) is the standard inner product on R".
An orthonormal basis of C™ is a basis of {b1,...,b,} of C" such that
ifi,je{1,...,n} then (b;,b;) = dyj,
where (,) is the standard inner product on C".

Theorem 1.19. Let A € Myxn(R). Then A € GL,(R) if and only if the columns of A form a basis
of R™,

Theorem 1.20. (Diagonalization) Let A € Myxn(F). The matriz A has n linearly independent
eigenvectors p1, . .., pp € F™ with eigenvalues A1, ..., \n if and only if A= PDP~! where,

| | .
| | An

so that p1,...,pn are the columns of P and D is the diagonal matriz with diagonal entries Ay, ..., Ay.
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Theorem 1.21. Let A € M, xn(C). Then A € U,(C) if and only if the columns of A form an
orthonormal basis of C™ with respect to the standard inner product on C™.

Theorem 1.22. (Hermitian diagonalization) Let A € M,y,(C) be a Hermitian matriz. If
P1,---,Pn € C™ are orthonormal eigenvectors for A with eigenvalues A1, ..., A, and
| | M
P=|p1 -+ pn and D =diag(A1,..., ) = .
\ | A
then P is unitary and A = PDP".

Theorem 1.23. Let A € Mpxn(R). Then A € O,(R) if and only if the columns of A form an
orthonormal basis of R™ with respect to the standard inner product on R™.

Theorem 1.24. (Real symmetric diagonalization) Let A € M, (R) be a symmetric matriz. If
P1,--.,Pn € R™ are orthonormal eigenvectors for A with eigenvalues Ay, ..., A, and

| | A
P=1|p1 - pn and D =diag(Ai,...,\y) = _
B N
then P is orthogonal and A = PDP".

Example IP18. The characteristic polynomial of the symmetric matrix

det(A—t)=(1—-t)?% -1
A:<1 _1> is =1-2t+t>2—1=12-2t
= (t—0)(t —2).

1 (1 1 (1
B0) = sl

are eigenvectors of length 1 with eigenvalues 0 and 2, respectively.
Then

Then

1 1
_ 1 ;
Q= 7 (1 _1> is orthogonal

1ot Yor

Example IP23. The characteristic polynomial of the Hermitian matrix

and

: det(A —t) = (1 —t)2 — (—i) -
A—(_l. ;) is =12+ 1=1¢2-2
! = (t—0)(t —2).

() = 4()

Then

Sl
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are eigenvectors of A of length 1 with eigenvalues 0 and 2, respectively. Then

1 1
_ 1 . .
U= 73 (Z —i) 1s unitary

and
_ 0 0\ ~7
A=U <0 2) U*.
O
1.13 Singular value decomposition (Lecture 13)
Let t,s € Z~ and let Ej; be the t x s matrix with 1 in the (7, j) entry and 0 elsewhere.
Let A € M;»s(R). Find orthonormal eigenvectors vy, ..., vs of A'A with eigenvalues A1, ..., \s and
let | |
V=1v - wvs and S =+\AE11+ 4+ VAsEss.
| |
If \; 0 let u; = \/%AUZ
Extend u, ..., u; to an orthonormal basis of R and let

U=u - u

| |
Then U € O¢(R) and V € O4(R) and S € M;«s(R) is ‘diagonal” and

A=USVT,

Example IP20. If

A:(lOJ) then ATA—

—_ O
o = o
—_ O

The columns v, v9, vg of

1 -1
NG
V=10 1 0 are orthonormal eigenvectors of AT A
1 1
i 0
with eigenvalues A =2, Ao =1, A3 = 0. Let

1 0
Uy = %Avl = <0> and wuo = %Avg = <1> .

Then {uy,us} is already an orthonormal basis of R?, Let
10 V2 0 0
U—<0 1> and s_<0 " O)
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Then U € O2(R), V € O3(R) and S € May3(R) and A = USVT.

Example IP19. If
(0 -1 7, (0 0
A—<0 0> then A A_<O 1)

The columns v1, vy of

V= (? é) are orthonormal eigenvectors of AT A
with eigenvalues A\; = 1, Ao = 0. Let

o (-1 (0

ul—ﬁAv1—<0 and let wug = 1)

so that {ui,us} is an orthonormal basis of R?, Let

-1 0 Vi 0 10

o= 5) mes= (5 )=o)

Then U € O2(R), V € O2(R) and S € Mayo(R) and A =USVT,

1.14 Traces and Determinants (Lecture 14)

Let n € Zso. Let E;j be the nxn matrix with 1 in the (4, j) entry and 0 elsewhere. Fori € {1,...

and ¢ € Q define
si(c) =1—Ey — Eip1i41 + Eijt1 + Eig1i + cEyj.

Forie {1,...,n} and d € Q with d # 0 define
hi(d) = 14 (d — 1) Ey,
For i,5 € {1,...,n} with ¢ # j and ¢ € Q define
zij(c) = 1+ cEy,

For r € {1,...,n} define
17“:E11+"'+Er7"-

The deteminant is the function det: My, x,(Q) — Q determined by

if A,B € Mpxn(Q) then det(AB) = det(A)det(B),
and ifi,j € {1,...,n} withi# jand k € {1,...,n— 1} and ¢,d € Q with d # 0 then

det(z;(c)) =1, det(hi(d)) =d, det(sk(c)) =—1.
Theorem 1.25. (Factoring) Let n € Z~g. Let

L, =FEn+-+E; in Mpxn(Q).
Let A € Myxn(Q). The factoring algorithm gives
A = (product of si(c)s) - (product of hi(d)s) - (product of z;;(c)s)

-1, - (product of si(c)s) - (product of z;;(c)s).
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2 6 9
Example M12. Let A = (0 3 8 ) . Then
0 0 —1

S = W

1
A = hi(2)ha(3)hs(~1) (0
0

9

g)
9
2

3
1
(

= h1(2)ha(3)h3(—1)z12(3)213(3)w23(5),
So
det(A) = det (hl(Q)hg(3)h3(—1)5{?12(3))%13(%)1‘23(%)
— det(hn(2)) det(ha(3)) det(hz(~1))
. det(:c12(3))) det(.ﬁl]lg(%)) det(aﬁgg(%))
=2-3-(-1)-1-1-1=-6.
1 21
Example M13. Let A= (-1 1 1]. Then
0 1 3

O = = =W O
oo O = O
e N

So det(A) =(-1)-(=1)-(=1)-1-(=7) =T1.

Let A € My, xn(Q). The trace of A is

tr(A) = Ay + -+ Apy where A=

1 2 3
tr|{4 5 6] =1+54+9=15.
7 8 9

Proposition 1.26 (Properties of trace). Let A, B € My« (Q) and let c € Q. Then

Example M3.

tr(A+ B) = tr(A) + tr(B), tr(cA) = ctr(A)

and

tr(AB) = tr(BA).

50



Linear algebra lecture notes, Arun Ram August 29, 2026

Theorem 1.27 (Determinant and trace are conjugacy invariants). Let n € Z~qg. Let A € Myxn(Q)
and let P € GL,(Q) so that P is an invertible n x n matriz. Then

det(PAP™') = det(A) and  tr(PAP™Y) = tr(A).

Example M14. Let A € M,,x,(Q). Since 1 = AA~! then det(1) = det(A)det(A™1). So

1 =det(A)det(A™!) and = det(A71).

1
det(A)
Let P € GL,(Q). Then

1
det(PAP™') = det(P) det(A) det(P~1) = det(P) det(A) dct(P)
1
= det(P det(A) = det(A).
et(P) gz det(4) = det(4)
O
1.15 Applications to graphs and networks (Lecture 15)
1.15.1 Adjacency matrices of graphs
Square symmetric matrices with 0, 1 entries are equivalent to graphs.
Example M1&2. The graph
v2 vs 01 001
101 11
v1 G has adjacency matrix A=]0 1 0 1 0
01 1 01
v5 1 1 0 10
There is a 1 in the (i, ) entry if there is an edge connecting vertex i and vertex j.
Then
01 0 01 2 1 1 2 1
1 01 11 1 41 2 2
AB=AAH=[0 101 0|1 121 2
01 1 01 2 21 3 1
1 1 010 1 2 2 1 3
2 6 3 3 5
6 6 6 7 7
=13 6 2 5 3
3 75 47
5 7 3 7 4
The (i, j) entry of A3 gives the number of paths of length three from vertex i to vertex j. O
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1.15.2 Calculating flows in networks

Example LS10. At each node e require
(sum of flows in) = (sum of flows out).

Determine a, b, ¢ and d in the network

10 a 3
> Node 1: 10 = a + b,
Node 2: a=3+c
b c N s
rpresent o o T Nodes:  ctd=6,
:j Node 4: b=1+d.
1 6
So
a+b+0c+ 0d = 10, 11 0 0 a 10
atOb—ct0d=2 .. [10 -1 0 b| |3
0a+0bdctd=6, 00 1 1 cl " |6
0a+b+0c—d=1 0 1 ~1) \d 1
Start with
11 0 0 a 10
10 -1 0 b| |3
00 1 1 cl =16
0 1 1) \d 1
Left multiply both sides by
0 1 00 10 -1 0 a 3
1L -1to0o0| . fo1 1 0 b| |7
0 0 10 © 8¢ 00 1 1 ¢l 7|6
0 0 00 01 0 -1/ \a 1
Left multiply both sides by
1000 10 -1 0 a 3
0o1o0o0f o1 1 0 b| |7
000 1 & 01 0 —1|lel |1
0010 00 1 1 d 6
Left multiply both sides by
10 0 0 10 -1 0 a 3
00 1 of |01 0 —1|fb|_[1
01 —1 0 © 8¢ 00 1 1 el T 16
00 0 1 00 1 1 d 6
Left multiply both sides by
100 0 10 -1 0 a 3
010 0 woeer |01 0“1 fe] |t
000 1 © 8¢ 00 1 1 ¢l " |6
001 —1 00 0 0 d 0
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Left multiply both sides by

1 010 100 0 a 9
01 00 to ot 01 0 -1 bl |1
0010 & 001 1]|ec]™ |6
0 0 01 00O d 0
This is the system
a=29, a= 9 + 0d,
b—d=1, which is b= 1+ 14,
c+d=6, c= 6 + (-1)d,
0=0, d= 0 4+ 1d.
where d can be any number. So
9 0
1 1
Sol(Ax =b) = 6 +d 1 deQ
[ \O 1
9 0
1 1
=6 + Q-span 1
0 1

1.16 Application of diagonalization to dynamics (Lecture 16)

Theorem 1.28. (Diagonalization) Let A € M,(F). The matrizc A has n linearly independent
etgenvectors p1, . ..,pn € F™ with eigenvalues A1, ..., A\, if and only if

A=PDpP!

where,
| | .
| | An

so that p1,...,pn are the columns of P and D is the diagonal matriz with diagonal entries Ay, ..., Ay.

Example EV13.

—4
If D=10
0

(=) 0 o0
then D0 = 0 310 0
0 0 210

o w o
N OO

Example EV14. If A= PDP~! then

A3=A.-A.-A=(PDP Y)Y (PDP YYPDP')=PDP'PDP'PDP!
=PD-D-DP ' =PDP!,
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and, similarly, if & € Z then

AF = pDFpL,
Let
=) =0y (00
Then
pt=1 <_11 3) and A=PDP.
So

R e e | G FT
((f )

_((=1)F-2 3'“ 1

S\ (=DF 4

1 2(( ) +3k 1k+1+3k)

4 ( 1)k+1+3k ) +3k:)

Example EV15. Let

T i1l
n 2 1

0= | P and  T=|(5 5 3
W, 0 i %

and define an evolution process by
Tpt1 = Txy.

This is the Markov chain defined by T. Since T'= PDP~!, where

1 -1 1 100 i 11
P=(2 0 -2|,D=(0 4% 0], P'=(-3 0 4%
11 00 0 b
then the stationary state of the process on R® defined by T is
1" 0 O
lim 7"z = lim PD"P 'zg= lim P| 0 (3)" o] P!
n—00 n—o00 n—oo
0 0 O
100 1 -1 1\ /1 1 1
=P|0 0 0|P'mp=(2 0 —2|[0 0 0]a
0 00 1 1 1 0 0 O
%(To+po+wo) %
=|3(ro+po+two)|=135]-
i(ro+po+wo) i

1.17 Vector spaces and linear transformations (Lecture 17)
1.17.1 Fields

A field is a number system F that is similar to @, R and C (the precise definition is given in 7777).
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The number systems @, R and C are all fields. There are some ‘more exotic’ fields like finite fields.
For example, if p is a prime number then the p-clock number system F, is a finite field.

The world of F-vector spaces works for any field F. But, the properties depend on F. For example,
with dimension of a vector space

The R-dimension of R? is 3.
The C-dimension of C? is 3.
The R-dimension of C? is 6.
The Q-dimension of R? is co.
We often write ‘Let F be a field’. You are encouraged to think of F as R or Q (or whatever your

favourite field is).

Later we may explore some cool applications of vector spaces that use finite fields (codes, fast Fourier
transform, etc.).

1.17.2 Vector spaces

Let F be a field. A F-vector space, or F-module, is a set V with functions

VxV = \% and FxV — V
(v1,v2) — v+ v n (c,v) +— cv

(addition and scalar multiplication) such that
(a) If v1,v9,v3 € V then (v + va) + vz = v1 + (v2 + v3),
(b) There exists 0 € V such that if v € V then 0 4+ v = v.
(c) If v € V then there exists —v € V such that v + (—v) = 0.
(d) If v1,v9 € V then vy + vo = vy + vy,
(e) If c € F and vy, ve € V then c(vy + v2) = cv1 + cvg,
(f) If ¢1,c2 € F and v € V then (c1 + c2)v = c1v + cov,
) If ¢1,¢0 € F and v € V then ¢1(cov) = (c1¢2)v,
)

(g
(h) If v € V then 1v = v.

1.17.3 Linear transformations and subspaces

Linear transformations are for comparing vector spaces.

Let F be a field and let V' and W be F-vector spaces. An F-linear transformation from V to W is a
function f: V — W such that

(a) If vi,v2 € V then f(v1 + v2) = f(v1) + f(v2),
(b) If ce F and v € V then f(cv) = cf(v).
One vector space can be a subspace of another.
Let V be an F-vector space. A subspace of W is a subset W C V such that
(a) 0e W,
(b) If wy,wy € W then wy +wy € W,
(c) If we W and ¢ € F then cw € W.
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1.17.4 Basis and dimension

Let F be a field and let V' be an F-vector space.
Let {v1,v9,...,v} be a subset of V.

An F-linear combination of v1,...,v; is an element of the set
F-span{vy,...,vx} = {c1v1 + -+ cxvi | c1,¢9,...,c, € F}.
The set {v1,...,vx} is linearly independent over T if it satisfies:
ifer,...,cp € Fand cqv1 + -+ -+ v =0
thenc; =0,c0=0, ..., ¢ =0.

An F-basis of V is a subset B C V such that
(a) F-span(B) =V,
(b) B is linearly independent.

The F-dimension of V' is the number of elements of a F-basis B of V.

1.17.5 Favourite vector spaces and favourite bases
1. R ={lai,ag,...,an) | a1,a2,...,a, € R} = M,1(R) has basis
{e1,e9,...,en}, where e;=][0,...,0,1,0,...,0),

has 1 in the ¢th entry and 0 elsewhere.

2. My, xn(R) has basis
{Eij |te{l,...,m}, je{l,...,n}},

where FE;; is the matrix with 1 in the (4, j) entry and 0 elsewhere.

3. Rz]<p ={ao+ a1z +---+apz™ | ap,ai,...,a, € R}

has basis  {1,z,2%,...,2"}.

4. The vector space of polynomials with coefficients in R is

R[z] = R-span{1,z,z%, 2%, ...} which has basis {1, z, 22 23, ...}.
Example V22. Let v, v, v3,v4 € R? be given by

v =11,2,3), wv2=13,6,9), wv3=|-1,0,-2), wvg=11,4,4).

(a) Is {v1,v2,vs3,v4} linearly independent?
(b) Express vo and vy as linear combinations of v; and vs.

(¢) Is {v1,vs} linearly independent?
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(a) Since v2 = 3v; then 0 = 3v; — vo = 3v; — v2 + Ovz + —vy.

Soci =3,c0=—-1,¢c3=0, ¢4y =0 is a case that gives c1v1 + cova + c3v3 + cqvq = 0.
So {v1,v2,v3,v4} is not linearly independent.

(b) Since vy = 3v; + Ovs then vy € R-span{vi,v3}.

Since v; +v3 = (0,2,1) and v1 + |0,2,1) = |1,4,4).

So vg = 2v1 + v3. So vy € R-span{vy,vs}.

(c) To show: If ¢1,c € R and ¢41|1,2,3) + 2| —1,0,2) = |0,0,0)

then ¢; = 0 and ¢y = 0.

Assume c¢1,c9 € R and ¢1]1,2,3) + ¢2| —1,0,2) ={0,0,0).

Then
c1—co =0,
2¢1 +0cy =0,
3c1 + 2¢9 = 0.

The first equation gives ¢; = ¢ and the second equation gives 2¢; = 0 so that co = ¢; = 0. This
system has
only one solution: c1=0, c2=0.

So {v1,vs} is linearly independent. O

Example V7. Is the line
L= {|z,y) eR? |y=2z+1} a subspace of R??

Since 0 = ]0,0) and 0 #2-0+ 1 then 0 & L.
So L is not a subspace of R2. O

Example AS8. Is the line
L={|z,y) €eR? |y =2z} a subspace of R*?

Since |0,0) = 0,2 -0) then |0,0) € L.
Assume |a, 2a),|b,2b) € L. Then

la,2a) +1b,2b) = |(a+b),2(a + b)) € L.
Assume |a,2a) € L and ¢ € R. Then
¢ la,2a) =|(ca),2(ca)) € L.

So L is a subspace of R2. O

1.17.6 Definition of a field
A field is a set F with functions

FxF — F q FxF — F
(a,b) +— a+b o (a,b) +— ab
such that
(Fa) If a,b,c € F then (a+b)+c=a+ (b+c¢),
(Fb) If a,b € F then a4+ b =b+a,
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(Fc) There exists 0 € F such that
ifa€F then 0+a=aand a+0=a,
(Fd) If a € F then there exists —a € IF such that a + (—a) = 0 and (—a) + a = 0,

(Fe) If a,b,c € F then (ab)c = a(bc),

(Ff) If a,b,c € F then
(a +b)e = ac+ be and c(a+b) = ca + cb,

(Fg) There exists 1 € F such that
ifaeF then 1-a=aanda-1=a,

(Fh) If @ € F and a # 0 then there exists a~* € F such that aa™! =1 and a~ta =1,
(Fi) If a,b € F then ab = ba.

1.18 Linear transformations (Lecture 18)
Linear transformations are for comparing vector spaces.

Definition. Let F be a field and let V and W be F-vector spaces. An F-linear transformation from
V to W is a function f: V — W such that

(a) If v1,va € V then f(v1 +v2) = f(v1) + f(ve),

(b) If ce F and v € V then f(cv) = cf(v).

1 2 3 4
Example Al. LetA—<5 6 7 8).

Let T: R* — R? be the function given by T(x) = Az so that

z1 I

To (1 2 3 4> T9 _<x1+2x2+3x3+4x4>

T T3 “\5 6 7 8 T3 5x5 + 6x6 + Tx7 + 878

T4 Tq

Show that T is a linear transformation.
Solution. Let u,v € R*. Then, by the distributive property of matrix multiplication,

T(u+v)=Alu+v)=Au+ Av =T (u) + T(v).
Let u € R* and ¢ € R. Then, by the associative property of scalar multiplication for matrices,

T(cu) = Acu = cAu = cT'(u).
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So T is a linear transformation.

Example A2. Let t,s € Z~g and A € My 5(R). Let T: R®* — R? be the function given by

T(x) = Ax. @AI

Show that T is a linear transformation.

Solution. Let u,v € R®. Then, by the distributive property of matrix multiplication for matrices,
Tu+v)=Au+v) =Au+ Av =T (u) + T(v).
Let w € R® and ¢ € R. Then, by the associative property of scalar multiplication for matrices,
T(cu) = Acu = cAu = T (u).
So T is a linear transformation.

Example A3. Let n € Z~( and let T': M, (Q) — Q by the function given by

T(A) = tr(A). @ )

Show that T is a Q-linear transformation.
Solution. Let A, B € My,x,n(Q). Then

T(A+B)=tr(A+B)=(A4+B)i11+---+(A+ B)un
=An+Bu+--+ Ann + Ban
=Apn+- -+ Apn ++B1u+ - By
=tr(A) +tr(B) =T(A) +T(B).

Let A € M, xn(Q) and ¢ € Q. Then

T(cA) =tr(cA) = (cA)11+ -+ (cA)pn
=cAi + -+ cAnn

=c(An1 + -+ Appn) = ctr(A) = cT'(A4).

So T is a linear transformation.

Example A4. Let T: My2(Q) — Q be the function given by

a b a b
T(C d)—det<c d>—ad—bc.

Show that T is a linear transformation.

Solution. Let A = (é (1)> and let ¢ = 2. Then
2 0

T(cA) = det(2A) = det (O 5

>:2-2—O-O:4

and
10

0 1

So this gives an example where T'(cA) # cT'(A).
So T cannot possibly be a linear transformation.

cT(A)szet< >:2'(1-1—0'0):2.
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1.19 span, linear independence and bases (Lecture 19)

Let F be a field and let V' be an F-vector space.
Let {v1,v9,...,v} be a subset of V.

An F-linear combination of v1,...,v; is an element of the set
F-span{vy,...,vx} = {c1v1 + -+ cxvi | c1,¢9,...,c, € F}.
The set {v1,...,vx} is linearly independent over T if it satisfies:
ifer,...,cp € Fand cqv1 + -+ -+ v =0
thenc; =0,c0=0, ..., ¢ =0.

An F-basis of V is a subset B C V such that
(a) F-span(B) =V,
(b) B is linearly independent.

The F-dimension of V' is the number of elements of a F-basis B of V.

Example A9. Let V be a Q-vector space and let vy, ve,v3,v4,v5 € V. Let S = {v1,va,v3,v4, 05}
Show that Q-span(S) is a subspace of V.

Solution. (a) Since 0 = 0v; 4 Ovy + Ovs + Ovy + Ovs then 0 € Q-span(S).
(b) Assume a = ajv;1 + agvy + azvs + aqvs+asvs € Q-span(S) and b = byvy +bave +bvg + byvy +bsvs €
Q-span(S). Then

a+ b= a1v1 + agvy + azvz + aqvg + asvs
+ bivy + bavg + b3vz + byvy + bsvs
= (a1 +b1)v1 + (a2 + b2)va + (a3 + b3)vs
+ (aq + bg)vg + (a5 + bs)vs.

So a + b € Q-span(5).
(c) Assume a = a1v; + agva + azvs + agvg + asvs € Q-span(S) and ¢ € Q. Then
ca = c(a1vy + agve + azvz + asvs + asvs)
= cajvy + cagvy + cagvs + casvy + casvs € Q-span(S).
So Q-span(S) is a subspace of V. O
Example V13. In R[z]<s, is 1 — 22 — 22 € R-span{1l + x + 22,3 + 22}?
Solution. By definition R-span{1 + = + 22,3 + 22}
={c1(1+z+2%) + c2(3+ 22) | c1ca € R}.

So we need to show that there exist ¢1,co € R such that

c(l4+z42%) +e(34+2%)=1—22 — 2%

c1+ 302 = 1,
So we need to show that the system ¢y + 0co = —2, has a solution.
c1+co=—1,
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The second equation gives ¢; = —2 and then ¢ = —1—¢; = 14+ 2 = 3. Since the equation ¢; +3co =1
also works when ¢; = —2 and ¢y = 3 then ¢y = —2, ¢3 = 1 is a solution to this system.

Alternatively, the solution can be found by row reduction as follows. In matrix form the equations are

1 3

Left multiply both sides by
10
0 0 1
0 1

O =
|>~oo
—

N~
N
e
N
~_

Il

Left multiply both sides by

o ()6
) e ()O-(
o (02)6)-

Left multiply both sides by

10 0 11 .
0 0 1 to get 0 -1 (Cl): —
01 —2 0 0) \? 0

Left multiply both sides by

—_
@)
e

o

—_

o
q ~
o o o
~__— ~_

0 -1 0 to get

Left multiply both sides by

1 -1 . —2
0 1 0| toget [0 1 < 1> =1
0 0 1 0 @

So ¢g = —2 and ¢y = 1 is a solution.

So —2(1+z+2?)+(B3+2%) =1-2z—2%
So 1 —2x — 2% € R-span{l + x + 22,3 + 2?}.

So 1 — 2z — 22 is a linear combination of 1 + z + z2 and 3 + 22 and

1 -2z — 2 € R-span{l + z + 22,3 + 2°}.

Example V16new. Let S be the subset of R[x|<2 given by
S = {1+ 2x,1+ 5z + 32, x + 2°}. Show that R-span(S) = Rlz]<s.
Proof. By definition
R-span(S) = {c1(1 + 22) + co(1 + 5z + 322) 4+ c3(z + 22) | ¢1,¢2,¢c3 € R}

To show: (a) R-span(S) C R?
(b) R3 C R-span(S).
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(a) Since S C R3 and R3 is closed under addition and scalar multiplication then R-span(S) C R[xz]<a.
(b) To show: R[z]<2 C R-span(5).
To show: R-span{1,x,z%} C span(S).
Since R-span(S) is closed under addition and scalar multiplication,
To show: {1, x,2%} C R-span(S).
To show: There exist ¢1, co, c3,d1,do,ds, m1,72,73 € R such that
c1(1+2z) + eo(1 + 5z + 32%) + e3(x + 2?) = 1 4 0z + 22,
dy(1+2z) + do(1 4 52 + 32%) + d3(x + 22) = 0 + = + 022,
r1(1 4 2x) + ro(1 4 5z + 32%) + r3(x + 2%) = 0 + 0z + 2.
To show: There exist c1, co, c3,d1,d2,ds, 1,712,753 € R such that
1 1 0 C1 dl 1 1 0 0
2 5 1 (&) d2 T9 = 01 0
0 3 1 cg dg 73 0 01

Multiply both sides by

1 00 1 10 c1 di T 1 -2 0
—2 1 0] toget |0 3 1 co dy ro]l =10 1 O
0 01 0 3 1 C3 d3 T3 0 0 1
Multiply both sides by
1 0 0 1 10 c1 di T 1 -2 0
0 1 0] toget (O 1 co do 9l =0 1 O
0 -1 1 00 0 c3 d3 T3 0 -1 1

Since the bottom row on the left hand side is all 0 and the bottom row on the right hand sides is not
all 0 then there do not exist ¢y, co,c3,d1,do,ds, 1,792,735 € R such that

1 10 C1 d1 1 1 00
2 5 1 (&) dg T9 = 010
0 3 1 C3 d3 T3 0 01

So {1,z,2?} Z R-span(S).
So span(S) # R[z]<a. O
Example V23. Is S = {(1,-1),(2,4)} a basis of R??

Solution. Let
_ (1 2 -1 _
A= <1 4> . Then A7 =

1 2 C1 . 0 ives C1 . 0
1 4)\ex) = \0 &V ) o)
So S is linearly independent.

If |a,b) € R? then |a,b) = c1|1, —1) + ¢2]2,4), where
cr) _ % —1% a) _ %a — %b ‘
C2 6 6 b ga‘f‘ gb
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So R? C R-span(S). Since S C R? and R? is closed under addition and scalar multiplication then
R-span(S) C R2. So R-span(S) = R2.

So S is a basis of R2. O
Example V21. Let S be the subset of M>(R) given by

1 3 -2 1 1 10
_ . : o
S { (1 1) , ( 1 _1> ) <4 9 ) } . Is S linearly independent?

Solution. To show: If ¢1,c2,c3 € R and

L3), (=2 1), (1 10)_ (00
Al 1)72(1 —1)7%4 2)7\o o

then ¢y =0, co =0, c3 =0.

Suppose an oracle tells you to try (or you guess) ¢; = —3, ca = 1, cg3 = —1 and then you verify that

_3 1 3 n -2 1Y\ (1 10} _ 3 1 3 n -3 -9\ _ (0 0
11 1 -1 4 2/ 11 -3 =3/ \o0o 0)°
This means that you don’t have to have ¢, co and c3 all 0 to get a zero linear combination.

So S'is not linearly independent.

If you have no oracle, or are not a good guesser, then proceed as follows.

Assume ¢y, co,c3 € R and

L3, (=2 1Y, (1 10)_ (00
“\1 1)72\1 —1) 7%\ 2) 7 \o o)

Then
c1 —2ca+c3 =0, 1 -2 1 B 0
der+ e 4 10e3 =0, or, equivalentl 3110 c1 =10
c1+co+4eg =0, » SqUiV 4 1 1 4 02 - 0
Cl—CQ+203:0, 1 -1 2 3
Left multiply both sides by
1 0 0 O 1 -2 1 0
0010 0f o3 1 10 “ay 0
000 1 & 1 -1 2| {2~ 0
001 -1 0 2 2/ \®
Left multiply both sides by
1 0 0 O 1 -2 1 0
00 1 0| oo |1 -12 ay 0
01 -3 0 © 8¢ 0o 4 4|2~ 0
00 0 1 0 2 2/ \®
Left multiply both sides by
0O 1 0 O 1 -1 2 0
L—1 00| oo fo =1 =1 () _(,
o 0o 1ol B lo 4 4 22 “,
0 0 0 1 0 2 2 3
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Left multiply both sides by

100 0 1 -1 2 ) 0
010 0 oot |0 1 -1 " 0
000 1 A 22 o
001 -2 0 0 0 3
Left multiply both sides by
100 0 1 -1 2 0
00 1ol o0 2 2 ? o
01 10 8 0 0 of \Z] T\,
000 1 0 0 0 3
Left multiply both sides by
1 000 1 -1 2\ 0
0 % 00 to get 0 11 c1 =10
0010 & 0o 0 of \Z] 7\,
00 0 1 0 0 0 3
Left multiply both sides by
1100 L0 3\ /. 0
0100 o 011 cl _ (o
0010 & 00 o) {Z/71,
000 1 00 0 3
This gives the system
c1+3c3 =0, C 1. e =3¢
which is ¢y = —e¢3,
co+c3 =0,
c3 = C3,
which has solutions
-3 -3
c3 | —1 c3 € R ) = R-span -1
1 1

So ¢1 =0, co =0, c3 =0 is not the only solution.
This means that you don’t have to have c1, c2 and c3 all 0 to get a zero linear combination.
So S is not linearly independent. O

1.20 Kernel and image of a linear transformation (Lecture 20)

Kernel and image of a linear transformation. The kernel of an F-linear transformation f: V —
W is the set

ker(f) = {v € V | f(v) = 0}.

The image of an F-linear transformation f: V — W is the set

im(f) = {f(v) [veV}.

64



Linear algebra lecture notes, Arun Ram August 29, 2026

Kernel and image of a matrix. Let A € M;»s(Q). The kernel of A is
ker(A) = {z € Q° | Az =0}

and the image of A is
im(A) = {Az | s € Q°}.

Example A5. Let T: V — W be an R-linear transformation.
Show that ker(7) = {v € V | T'(v) = 0} is a subspace of V.

Solution. Let v, vy € ker(7T'). Then
T(vy +v2) =T(v1)+T(v2) =0+0=0. So v+ vg € ker(T).
Subtracting 7'(0) from each side of the equation T'(0) = T'(0 + 0) = T'(0) + T'(0) gives
0=T7(0), andso O € ker(T).
Let v € ker(T') and let ¢ € R. Then
T(cv)=cT'(v)=c-0=0 andso cv e ker(T).

So ker(T) is a subspace of V.

Example A6. Let T: V — W be an R-linear transformation.
Show that im(7") = {T'(v) | v € V'} is a subspace of W.

Solution. Subtracting 7'(0) from each side of the equation T'(0) = T'(0 4+ 0) = T'(0) + T'(0) gives

0=7(0), andso 0¢€im(7T).
Let wi,wy € W. Then there exist vi,v9 € V such that

T(v1) =w; and T(vy) = ws.
Then wy + wy = T'(vy) + T'(v2) = T(v1 + v2),

and so  wi +wy € im(7T).
Let w € W and let ¢ € R. Then there exists v € V such that
T(v) = w.

Then cw = ¢T'(v) = T(cv)
and so cw € im(7T).

So im(T') is a subspace of W.
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1.20.1 Injective, surjective, bijective, invertible.
Let S and T be sets and let f: S — T be a function from S to T
(a) The function f: S — T is injective if f satistifes
if s1,80 € S and f(s1) = f(s2) then s; = sa.
(b) The function f: S — T is surjective if f satisfies
if t € T then there exists s € S such that f(s) =t¢.
(¢) The function f: S — T is bijective if f is
both injective and surjective.
(d) The function f: S — T is invertible if there exists a function g: T — S such that
gof=idg and fog=idyp.
Let V be a vector space. The dimension of V is
dim(V') = (number of elements in a basis B of V).
Theorem 1.29. (The rank-nullity theorem) Let f: V — W be an F-linear transformation. Then
(a) ker(f) is a subspace of V.
(b) im(f) is a subspace of W.
(c) dim(ker(f)) + dim(im(f)) = dim(V).

Theorem 1.30. Let f: V — W be an F-linear transformation. Then
(a) f is injective if and only if ker(f) = {0}.
(b) f is surjective if and only if im(f) = W.
(c) f is invertible if and only if f is both injective and surjective.
Example LT15. Let T: R3 — R? be the linear transformation given by
T(z,y,2) = 2z —y,y + 2).
Find bases for ker(T") and im(7") and verify the rank-nullity theorem.

Solution.
ker(T) = {|z,y,2) € R® | T(x,y,2) = [0,0)}
={|z,y,2) €eR® | |22 — y,y + 2) = 0,0)}

:{|:c,y,z) GR?" 2r—y =0, }

y+2=0
1
xziyu
= ‘x7y7z>€R3) y=1y,
z=—y

={y-]3,1,1) e R? | y € R} = Rspan{|1,1,-1)}
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and {|3,1,—1)} is a basis of ker(T). So dim(ker(7T)) = 1.

Since

T(4,0,0)=[1,0) and 7T(0,0,1) = 0, 1)

then
|1,0) and |0,1) are elements of im(7T").

Since im(7) is a subspace of R? then R-span{|1,0),]0,1)} is a subset of im(7"). So
im(T) =R? and {[1,0),]0,1)} is a basis of im(T).
So dim(im(7)) = 2 and
dim(ker(T)) + dim(im(7)) =2+1=3 and 3= dim(R?)

is the dimension of the source of the linear transformation 7: R3 — R2.

Example LT16&17. Let T: R[z]<2 — R[z]<1 be the linear transformation given by
T(ag + a1z + aga®) = (ag — a1 + az)(1 + 2x).
(a) Find bases for ker(T) and im(7T).

(b) Is T injective?
(¢) Is T surjective?

Solution.

ker(T) = {ag + a1z + as2® € R[z]<o | T(ag + a1z + agz?®) = 0 + 0z}
= {a() +a1x + GQJZQ € R[J;]SQ ’ (ao — a1 + ag)(l + 2:13) =0+ Ol’}

ag —ai +as =0,
2(ap — a1 +az) =0

= {ap + a17 + azx® € R[z]<a | ap = a1 — az}
={(a1 — a2) + a1z + agz? | a1,a2 € R}
={a1(l+z)+az2(—1+ x2) | a1,a2 € R}

= R-span{1 + z, —1 + 2%}

= {ao + a1z + axx’ € Rlx]<2

and {1+ x, —1+ 22} is a basis of ker(T).

im(T) = {T(ap + a1z + a2x2) | ap,a1,as € R}
= {(ap — a1 + a2)(1 + 22) | ap,a1,a2 € R}
= {a(1+ 2x) | a € R} = R-span{l + 2z}

and {1+ 2z} is a basis of im(7"). So dim(im(T")) = 1.
Since ker(T) # {0} then T is not injective.
Since R[z]<1 = {co + c12 | c1,c2 € R} then

im(T) # R[z]<1 and T is not surjective.
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1.21 With respect to a basis (Lecture 21)

Even in an arbitrary vector space, vectors and linear transformations can be converted to matrices,
provided that the corresponding column vectors and matrices are constructed with respect to a basis.

1.21.1 Basis.

Let V be an F-vector space. A basis of V' is a set S = {b1,ba,...,b,} such that every vector in V is a
unique linear combination of by, ..., b,.

1.21.2 Coordinates.

Let B ={b1,...,b,} be an ordered basis for an F-vector space V and let v € V. The coordinate vector
of v with respect to B is [v]p € F™ given by

vl =] : if v=cby+ -+ crby.

Example V33. The coordinate vector of v = (1,5) with respect to the basis S = {(1,0),(0,1)} of
R? is

[v]s = (é) since (1,5)=1-(1,0)+5-(0.1).

The coordinate vector of v = (1,5) with respect to the basis B = {(2,1),(—1,1)} of R? is

[vlp = <2> since (1,5)=2-(2,1)+3-(—1.1).

O

Example V34. The coordinate vector of p = 2+ 7z — 922 with respect to the basis B = {2, %w, —32%}
of Q[z]<2 is

plp= (14| since 2472 —92°=1-2+14-(32) +3-(-32?).

O

Let f: V. — W be an F-linear transformation. Let B = {b1,...,bs} be a basis of V and let C =
{c1,¢2,...,¢:} be a basis of W. Suppose that

f(b1) = Anier + Agico + - - - + Anicn,
f(b2) = Aract + Agaca + - - - + Apacy,

f(bn) = Alncl + A2n02 +---+ Anncn7

The matriz of f with respect to bases B and C' is the matrix

A A - Ay

Agr Ay - Agy
[fles = : : :

Anl An2 e Ann
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1.21.3 Change of basis matrix.

Let V be and F-vector space. Let B = {by, ...
basis of V. Let

,bn} be a basis of V and let C' = {¢y,

..., Cn} be another

b1 = Ancr + Asrea + -+ - + Apicy,
by = Aract + Agaca + -+ - + Apacy,
b, = Aincr + Aogpea + -+ - + Anncna
The change of basis matrix from B to C is
A A A1p
Agr Ag Az,
Ues=| . : :
Anl An2 Ann

The change of basis matrix is the matrix of the identity transformation I with respect to the basis B
and C.

LetT:U —V and f: V — W be linear transformations. Let

B be a basis of U, C a basis of V. D a basis of W.

Then
[f oTlpB = [f]lpc[Tlen.
Let T: V — W be a linear transformation.

S be a basis of V.
B be another basis of V,

C be a basis of W,
D be another basis of W.

Then
Upc(Tleslllps = [Tlps and  [I]sp[llps = [I]ss = 1.

This last equation tells us that [I]sp is invertible. Since invertible matrices must be square then B
and S have the same number of elements.

Theorem 1.31. Let V' be an F-vector space. Any two bases of V' have the same number of elements.

1.21.4 Examples

Example LT2&14. The derivative with respect to z is the linear transformation 7': Rlz]<s — Rlx]<2
given by
T(ag + a1z + asx® + a3x3) = a1 + 2a97 + 3azz>.

Since
T(1) = T(1 + 0z + 02 + 02®) = 0 + 0z + 022,
T(x) = T(0+ 1z + 02% 4+ 023) = 1 + 0z + 022,
T(2*) = T(0 4 0z + 12* + 02%) = 0 + 2z + 022,
T(2®) = T(0 4 0z + 022 + 123) = 0 + 0z + 322,
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then the matrix of T' with respect to the basis S = {1, z, 2%, 23} of R[z]<3 and the basis B = {1, z, 2%}
of R[CL‘]SQ is

0100
[Tlsgs={0 0 2 0
000 3

Then
ker(T) = {p € Rlz]<z | T'(p) = 0}
. 2 3 a1 + 2asx + 3&3.@2
_{ao—i-al:r—i-azx + aszx :0—|—Ox+0x2—|—0x3
= {a0+a1x+agx2+a3x3 | a1 = 0 and a2 = 0 and a3 = 0}
= {ap + 0z + 022 + 023 | ap € R}
={ag | ap € R} = R-span{1}
and

im(T) = {T(p) | p € Rlz]<s}
={T(ap + a1z + asx® + aga:g) | ag,a1,as,a3 € R}

= {aj + 2a2x + 3asz? | a1, az2,a3 € R} = R[z]<2,

Example LT4. Let T: R? — R? be the function given by

01 -2\ (™
T(x1, 22, x3) = |22 — 223,321 + 23) = <3 0 1 ) T2
x3

With respect to the basis S = {|1,0,0),]0,1,0),]0,0,1)} of R? and the basis B = {|1,0),|0,1)} of R?
the matrix of 7' is
01 -2
[T]Bs—<3 0 1>'

Example LT11. Let T': Max2(R) — Max2(R) be the linear transformation given by
T(Q) =Q"

Find the matrix of T with respect to the basis B = {E11, E12, F21, E22}, where E;; is the matrix with
1 in the (4,7) entry and O elsewhere.
Solution. Since

&
I
&
I
—
&
+
@)
&
+
@)
5
_l’_
@)
5

(E11)

(E12) = FE91 =0-FE11+0-FE1g+1-FE9 +0- Eoo,
T(FEy)=Fi2=0-FE;1+1-Ei2+0-FEy +0- FEy,

(E2) =E12=0-FE11+0-FE12+0-FE9 + 1 E9o,

then the matrix of T with respect to the basis B = {E11, E12, Fa1, E9a} is
0 0 0

1
0
Tlse= |,
0

O = O
S O =
= o O
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Example LT12. Let T': R[z]<a — R[z]<; be the linear transformation given by
T(ap + a1z + azz?) = (ag + az) + apz.

(a) Find the matrix of T with respect to the basis B = {1, z, 22} of R[x]<s and the basis C = {1, x}
of R[J}]Sl.

(b) Find the matrix of T with respect to the basis B = {1, z, 2%} of R[z]<3 and the basis D = {2, 3z}
of R[x]gl .

Solution. Let by =1, by =, b3 =2z? and ¢; = 2, ¢ = 3z and dq = 1, do = z. Since

T =1+a =1-1+1la =124} (o)
T(2*) = =1-140-2 :%.2_;_0.(3:3)’
then
T(by)=1-di+1-dy, T(by) = Se1 + Lea,
T(by) =0-dy +0- dy, and T(by) =0-¢;+0-co,
T(b3) =1-di+0-dy, T(bs) =3 c1+0-co,
and

1 01 Lo 1
[T]DB=<1 0 0> and [T]CB=<% 0 3)
O

Example LT13. Suppose that 7: R3 — R? is a linear transformation and that the matrix of 7' with
respect to

the basis A = {|1,0,0),0,1,0),]0,0,1)} of R? and
the basis S = {|1,0),|0,1)} of R? is
5 1 0
[T]sa = (1 . _2> :
Find the matrix of T" with respect to
the basis B = {|1,1,0), |1, —1,0),|1,—1,—2)} of R? and

the basis C = {|1,1),]1,—1)} of R2.

Solution. The answer is

rano= (35 %) (1) = (@)= () o (1)
reaw=(1 5 (3) - ()0 0) - (4)
o= (1 5) (3) (0= ()= ()
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1.22 Picturing linear transformations 7: R> — R? (Lecture 22)

Example LT5. Let T: R? — R? be the transformation which is reflection across the y-axis.

y-axis y-axis

h—) x-axis L x-axis

T@ - <‘01> = (-1)- @ 0. (?) and
r(1)= ()=o)« ()

then the matrix of 7" with respect to the basis S = {|1,0), |0,1)} is

[T)ss = <_01 (1)> :

Then

O
Example LT19. Find the matrix of the linear transformation
T:R? - R? which is projection onto the z axis.
Is T injective? Is T surjective. Is T invertible?
Solution.
y-axis y-axis
m)
Since
1 1
o) = (o) = (0) o ()
and
0 1
r1) = (0) =0 o)+ ()
then the matrix of 7" with respect to the basis S = {|1,0),]0,1)} is
10
[T]ss = (O 0) :
The linear transformation 7" is not injective, not surjective, not invertible. O

Example LT9. Let ¢ € Ry and let 7: R? — R? be the linear transformation which is the shear by
a factor of ¢ along the z-axis.

. -axis
y-axis v

i 5 : \L x-axis
z-axis

c
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o) = ()= 6) o 6)
r(1)= ()= () G)

then the matrix of T with respect to the basis S = {|1,0),]0,1)} is

[T]ss = (é i) :

The linear transformation 7T is invertible and

Since

and

ker(T) = {0} and im(T) =R
O

Example LT10. Find the image of (z,y) € R? after a shear along the z-axis with ¢ = 1 followed by
a reflection across the y-axis.

() -GG )66 )6 -0

Solution.

So

y-axis y-axis

L x-axis ¢ x-axis

Example LT8. Let ¢ € Ry and let T: R?> — R? be the linear transformation which is stretching of
the z-axis by a factor of c.

O]

. y-axis
y-axis

i N ; i—> r-axis
z-axis
c

Since

N
Y
O =
N
Il
N\
S0
N
Il
o
Y
O =
N
+
o
R
]
~_

and
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then the matrix of T' with respect to the basis B = {(1,0), (0,1)} is
c 0
[Tlps = (O 1> :
O

Example LT7&18. Let T: R? — R? be the linear transformation which is rotation by 6 (about the
origin counterclockwise).

y-axis y-axis

"R .
ZTr-axil1s Tr-axis

1 cos 1 . 0
T <0> = (sin0> = cos@ - <0> +sin@ - <1> and
0 —sinf ) 1 0
T<1> = ( s 0 ) = —sinf - <O> + cosf - <1>

then the matrix of T with respect to the basis S = {(1,0),(0,1)} is

Since

_ (cost —sind 17 [ cosB sinf
Tlss = (sin 6 cosf > and [T ]ss = (— sinf cos 9)
is the matrix of the rotation by —6 with respect to the basis S. O

Example EV1. Let T: R? — R? be the reflection in the line y = 5x.

y-axis y-axis

r-axis

Identify two lines through the origin that are invariant under 7" and find the image of the direction
vectors for each of these lines.

Solution. Let

B = {(17 5)’ (57 _1)}’

r-axis

(5,-1)

One line is the line y = 5z and the other line is the line orthogonal to y = 5x. The line y = 5x has

slope 5 and the line orthogonal to y = 5a has slope —% and equation y = —L1z. The corresponding
direction vectors of these lines are (1,5) and (1, —%) and

T(1,5) = (1,5) and  T(1,—-1)=—(1,-%) =(-1,3).
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If v; = (1,5) and vy = (1,—%) then

Tvy=1-v; and Twvy = (—1)-vs.

O
Example LT6&23. Let T: R? — R? be the linear transformation which is reflection in the line
Yy = bz.

y-axis

y-axis

r-axis

Let

B ={(1,5),(5,-1)}, z-axis

(5,-1)

so that the first vector in B is a vector in the direction of the line y = 52 and the second vector in B
is a vector perpendicular to y = 5z.

Since Tps = <(1) _01> , Ulss= @ —51>

Igs = ([Lsp) ' = -4 <—1 —5)

and

%\-5 1
then the matrix of T" with respect to the basis S = {(1,0),(0,1)} is

[Tss = I[sB[T]BB]Bs = —55 G) _51> ((1) _01> (;3) _15

a1 5\ [(-1 =5\ _ (24 -10\_ (-1
oW \5 —1)\5 -1/ 2w {-10 -24)  \ =

Gl ~—

In other words,

1 —1z 12 (1 5 (0
- 13 . =
(o) = ()5 0) 5 ()
and 5
0 = 5 1 12 /0
3= 2. =
(1) =) -5 )5 6)
O
Example LT20,21&24. Let T: R? — R? be the linear transformation given by

T(x,y) = Bz —y, —x + 3y).
and let B and S be the bases of R? given by

B={11),(-1,1)} and S ={(1,0),(0,1)}.
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Let u and v be the vectors in R? determined by

[u]B:(}) and [v]s:(g).

The change of basis matrices between B and S are

Mes= (1, 1) M= eo =4 (] )

us=(5)  wa W= (}).

The matrices of T' with respect to S and B are

[T)ss = (_31 _31> and  [T]pp = ((2) 2)

so that T stretches by a factor of 2 in the direction |1,1) and T stretches by a factor of 4 in the
direction |1, —1).

Then

1.23 Inner product spaces (Lecture 23)
1.23.1 Definition of an inner product

Let F=Ror F=C. Let

~:C—C begiven by a+bi=a— bi,
" :R—= R begiven by @=a.

Let V be an F-vector space. An inner product on V is a function

(,): VxV — F

(o) — (u0) such that
(1) If u,v € V then (u,v) = (v, u),
(2) If u,v € V and a € F then (au,v) = alu,v),
(3) if u,v,w € V then (u+ v,w) = (u,w) + (v, w),
(4) (Positive semi-definite) If uw € V' then (u, u) € R>q.
(5) (Positive definite) If u € V and (u,u) = 0 then u = 0.
1.23.2 Length, distance, angles.
Let V' be an F-vector space with an inner product.
Length is the function || ||: V' — R given by
lul® = (u,u).
Distance is the function d: V x V' — R>¢ given by
d(u,v) = [lv—ul|.
Angle is the function 6: V' x V' — Ry 11 given by
Re((u,v))
cos(f(u,v)) = ————=.
[[ul| - [lv]]

Vecotrs u, v are orthogonal if (u,v) = 0.
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1.23.3 Standard inner products.

(); R"xR* —» R |
(1) (1, ) o {ufo) given by
<u17u27 cee ,un"l)]_,'UQ, ey Un> = Uu1v1 + et UnUn,
(,): C"xC* —» C .
(2) (1, ) o {ufo) given by
(U1, u2, . .., Up |V, V2, .. V) = ULTT + -+ + Up Ty,

(3) Flz]<pn x Flz]<y, — F given by
(aotarz + -+ apz™ | 1 + 1@ + -+ + cpa”)

1
= / (ap + a1z + - - anz™)(éo + c1x + - - - + cpa”™) d.
0

Example IP5. Let u = |1 +i,1 =) and v = |i,1) in C? with the standard inner product. Then

(ulv) = (1 +4,1 —idi, 1) = (1 +4)i + (1 — i)l
=1—-i)(—i)+1—i=—i+14+1—-i=2—2i

(wlu) = (@, 11 +i,1 —d) =d(1+4) +1- (1 —1)
=i(l—i)+1+i=i+1+1+4i=2+2i

(ulu)y = (1 +i,1 =il +i,1—i) = (1+4)(1+i) + (1 —4)(1 — i)
=(1+)(1-i)+1-)1+i)=1+1+1+1=4,

(uluy = (i, 1 | i, 1) =i-i+1-1=i(—i)+1=1+1=2,

d(u,v) = VL, —ilL —0) = \/1- T+ (-)(—) = VIF 1= V2,
_ Re((u|v)) _ Re(2 — 2i) 2 1
Wl ol = 2va 23 Ve

cos(0(u,v))

So O(u,v) = 7.

Example IP7. Let u =1 and v = x in R[z|<2 with the standard inner product. Then
! 1
(ulu) = (1]1) = / de =z, =1,
0
! 1
(o) = (alo) = [ a*do = ha']y = § 0=},
0

1
(u]v>:<1]x):/o xdx:%xz]é:%—O:%,
1
) = /o —1e=1) = /O(x—l)Qd,a:
— -1 = \Jo-

1

3
_Re((ulw) _ 3 VB

2

Al ol 1

cos(0(u,v))

&
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So O(u,v) = %.

Example IP2, The map (,): R? x R® — R given by

1 0 0 5
((ug,ug,us), (v1,v2,v3)) = UV — UVy + U3V3 = (v1 Vg vg) 0 -1 0 Uo
0 0 1 us

has

((0,1,0), (0, 1¢O)> =0-14+0=-1¢R>o.
So (,) is not positive definite.
Example IP6. The map (,): C? x C?> — R given by

((u1,uz), (v1,v2)) = iu 07 — iug¥z = (V1 13) ((Z) O) <u1)

—1 u9g
has
((1,0),(1,0)) =i-1-1—4-0-0=1i ¢ Rsy.
So (,) is not positive definite.

Example IP3. The map (,): R? x R? — R given by

2 =2 U
<(u1,uz), (vl,v2)> = 2u1v1 — 2u1v9 — 2UoV] + UgUy = (v1 1)2) <_2 3 > (ui)

has

((u1,u2), (u1,u2)) = 2u% — 2uaug — 2uouy + 3u%
= 2u? — dujuy + 3u3
= 2(u? — 2uqug + u3) + us
= (u1 —u2)? + ud € Rxq.
Assume ((u1,u2), (u1,u2)) = 0.
Then 2(u; — u2)? + uJ = 0 then u2 = 0 and (u; — u2)? = 0.
So ug = 0 and u; = uz = 0. So (ug,u) = 0.

So (,) is positive definite.
Example IP1. The map (,): R? x R? — R given by

((u1,u2), (v1,v2)) = wyvr + 2ugvy = (v1 v2) <(1) g) <u1>

U2

has ((u1,u2), (ur,u2)) = u? + 2u3 € Rxg.

Assume ((u1,u2), (u1,u2)) = 0.
Then u? + 2u = 0 so that u? = 0 and 2u3 = 0.
So (u1,uz) = 0.

So (,) is positive definite.
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Example IP8. Let V be an F-vector space with an inner product. Let u,v € V and suppose that u
and v are orthogonal. Then
lu+v]? = (u+v,u+0) = (u,u+v) + (v, u+ )
= (u,u) + (u,v) + (v,u) + (v, v)
= [luf* +0+ 0+ o]

= [lu® + flol|*.

This is the Pythagorean theorem. O
Example ITPA1. Let A € M, (C) satisifying A = A? and let (,): C* x C* — C be given by

v

((ury .o un)y (U1, yvn)) = (U1, ... un)A | 0 | =u'Av,

If u,v € C™ then

(o, u) = (VA7) = (@A) = (uf Atp)t
= (u"A0)" = (u,v),

and if « € C and u,v € C™ then
{au,v) = (au) A = au' Av = au,v)
and, if u,v,w € C" then

(u+v,w) = (u+v)'Aw = (u' + 0" Aw
= ' AW + v AW = (u, w) + (v, w).

So (,) satisfies all the properties of an inner product, except perhaps the positive definiteness. O

1.24 Gram matrices, orthogonality and projections (Lecture 24)

Let V be an F-vector space with inner product (,): V x V — F.
Let B ={b1,...,b,} be a basis of V.
The Gram matriz of (,) with respect to B is the matrix

(b1,01)  (b1,b2) -+ (b1,bn)
| B2k (D2yb2) e (b2, ba)
(barby) (b2} - (b, ba)

In other words, the (i, 7) entry of the Gram matrix A of (,) with respect to the basis B is
Aij = <bi,bj>.

Example IPA2. Let V be a F-vector space with an inner product (,): V x V — F.
Let B = {b1,...,b,} be a basis of V and let

A be the Gram matrix of (,) with respect to the basis B.
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Let u = u1by +--- +upb, € V and let v = v1b1 + -+ - + v,b, € V so that
Ul V1
[ulp=1: and  [v]p =
Then

<u,v) = <u1b1 + -+ upbp,viby + - + Unbn>

= > uivylbi,bj) = Y uidyvy

,j=1 ,j=1

= [u]pA[1]5.

Example IP4. The R-vector space R[z]<2 has basis B = {1, z, 2?}.
Since the standard inner product ( | ): Rlzr]<2 X R[z]<2 — R has

1
(plg) = /0 pq dx

then . ) .
(=1, (lz) =z, (l]27) =3,
<932|1> =3 <$2!3?> =3 (962!3? 2) =1
(@) = 3, (Ffr) = 3, (@7]2%) = 3,

then the Gram matrix of (| ) with respect fo B is

1 L 1
i i
11
A=13 5 7
1 I 1
3 4 5
If u="7+3z+22% and v = 5 + 22 then
7 )
[ulp=1|3 and [v]p=10
2 1
Then
1
<u|v):/ (7 + 32 + 22%)(5 + 22) da
0
1
:/(35+7$2+15x+3:c3+10x2+2x4)da:
0
=35+7+L 4241042
and
15 3\ /5
T i
[WAlls = (7 3 2) (% §o1] Y
1 1 1 1
3 4 5
5+%
5
=(7 3 2) §+§
3153
— 715 3,10 2
=35+7+8 434102
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1.25 Projections and orthogonalisation (Lecture 25)
1.25.1 Orthogonal and orthonormal sequences.

Let V be an F-vector space with an inner product (,): V x V — F.

Let u,v € V. The vectors u and v are
orthogonal  if (u,v) =0.
An orthogonal sequence is a sequence (by,...,by) of vectors in V such that
ifi,je{l,...,k}andi#j then (b;,b;)=0
An orthonormal sequence is an orthogonal sequence (by, ..., bg) such that
ifi € {1,...,k} then (b;,b;) =1

An ordered orthonormal basis of V' is an orthonormal sequence (by, . ..,bx) in V such that B is a basis
of V.

Proposition 1.32. Assume B = (by,...,by) is an ordered orthonormal basis of V and x € V.. Then

x = (x,b1)by + -+ + (x,b,)by.

1.25.2 Orthogonal projections.

Let W be a subspace of V. Let {b1,...,b;} be an orthonormal basis of W. Let z € V. The orthogonal
projection of x onto W is

projy () = (,b1)b1 + -+ - + (@, bg) by..
Example IP9,10&11 Let (,): R? x R3 — R be given by
((u1,u2,u3), (v1,v2,v3)) = uv1 + 2uzv2 + U3V3.

Let
S={(1,1,1),(1-1,1),(1,0-1)}.

Then
((1,1,1),(1, 11)>:1—2+1:O,

((1,1,1),(1,0,—1)) =1+0—1=0,
((1,—1,1),(1,0,—1)> =1+40-1=0,

So S is an orthogonal sequence in R? with respect to (,).

Let
1
by = —u, where wu=(1,1,1),
[
1
by = —w, where v =(1,-1,1),
o]l
1
by = —w, where w = (1,0,01).
[Jwll
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Then
by = 1(1,1,1) since (1,1,1),(1,1,1)) =4,
by = 5(1,—1,1) since (1,-1,1),(1,-1,1)) =4,
by = —=(1,0,—1) since ((1,0,-1), (1,0, -1)) = 2,

and {by, by, b3} is an orthonormal sequence in R? with respect to (, ).
Let = |1,1,—1) and ¢, c2, c3 € R such that

x = c1b1 + coby + c3b3.
Then
c1 = c1(b1,b1) + 0+ 0 = (c1b1 + c2ba + c3b3,b1) = (z,b1)
ca = ca(ba, ba) = (c1b1 + c2ba + c3b3, b2) = (, b)
c3 = (2,b3) = ((1,1,-1), J5(1,0,-1)) = (1 +0+1) = F = V2.

S

So z is written as a linear combination of the basis elements in the form

x=(1,1, —1) = <$,bl>bl + <9U, bg)bg + (a:,b3>b3
:1~b1+(—1)~bg+\/§b3
= (1,1,1) — (1, —-1,1) + v/2(1,0, - 1).

Example TPA3. Let V =R"™ and let u € V with u # 0. Let
W = R-span{u} = {au | a € R}.

Then W is a 1-dimensional subspace of V. Let

b1 = —U.
[l

Then {b;} is an orthonormal basis of W.
Let z € V. Then

1 1
projy () = {z,b1)by = (&, —u)—u
v Tl ™ Tl
X
) A
= T POt S
proj, (z)

Example IP12. Let V = R? and let

W ={|z,y,2) €ER® |z +y+2=0}.
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The set
{b17 b2} = {%“‘7 *]-a 0>7 %H? 17 72>}
is an orthonormal basis of W with respect to the standard inner product on R3.

Let x = |1,2,3). Then

projy (z) = (z[b1)b1 + (2|b2)b2

=(1,2,3] 5, 75,0) - 55/1,-1,0)
+uwwwﬁfmr>
( e f)f\l 0y +2(1+2-16)/1,1,-2))

The shortest distance from x to W is

H.’L’ - pI'ij(JI)” = H |17273> - ‘_1707 1> H
=112,2,2) || = VA +4+4 =2V3.

1.25.3 The Gram-Schmidt process of orthogonalization

Example IP13.
Let V = R? with the standard inner product. Let S = {v,v9,v3} with

v =11,1,1), w2 =10,1,1), v =0,0,1).

Convert S into an orthonormal basis B.

Step 1. Make v into a unit vector. Let

_ 1 _ 1 1 1 1
by = mm = SILLY) =175 75 7
and let S = {b1,v9,v3}.
Step 2. Make v orthogonal to b;. Let
U9 = vy — <’U b1>bl
=011}~ Gl o )
b \/g \/3’ \/§7 \/g
= |2, 4, 1)
and let Sy = {bl,UQ,Ug}.
Step 3. Make us into a unit vector. Let
by = yy— L =21 1y_|=2 L 1,
HUQH f/?) 37373 6’ v6’ V6
and let 53 = {bl,bQ,U3}.
Step 4. Make vsg orthogonal to b; and bs. Let
u3 = vz — <U37b1>b1 (03,bz>b2
_ 1,1 1 1N 1y=2 1 _1
_|O7011>_ |f V3’ \[> V6 6 6’\/6>

SE e EIE R
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Step 5. Make ug into a unit vector. Let

1

by = = —|0,
3= a8 = Vari)

53 =107, )

[\

Then
B = {b1,bs,b3} is an orthonormal set.

O

1.26 Learning to do proofs — Orthogonality and linear independence (Lecture 26)

Definition. (Orthogonal and orthonormal sequences.) Let V' be an F-vector space with an
inner product (,): V xV — F.

Let u,v € V. The vectors u and v are
orthogonal  if (u,v) = 0.
An orthogonal sequence is a sequence (by, ..., by) of vectors in V' such that
ifi,je{l,...,k}andi#j then (b;,b;)=0.
An orthonormal sequence is an orthogonal sequence (by, ..., bg) such that
if i € {1,...,k} then (b;,b;) = 1.

An ordered orthonormal basis of V' is an orthonormal sequence (b1, ...,bx) in V such that B is a basis
of V.

Theorem 1.33. (Pythagorean Theorem) Let V be a C-vector space with an inner product (,): V x
V = C. Letu,v € V. If (u,v) =0 then

o+ 0] = [Ju]* + [[o]|*.

Proof. Assume (u,v) = 0.
To show [|u + v||* = |Jul®* + |Jv]]*.

u+v]|* = (u+v,u+v)
= (u,u) + (u,v) + (v, u) + (v,v)
= (u,u) + (u,v) + (u,v) + (v,0)
= [luf* +0+0+ o]

= [lull* + [lv]*.
O

Proposition 1.34. (Orthogonal sets are linearly independent) Let V be a C-vector space with
inner product (,): V xV — C.

Let B = {b1,...,bx} be an orthogonal set in V.

Then B is linearly independent.
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Proof. Assume B is an orthogonal set in V.
To show: B is linearly independent.
To show: If ¢1,...,c; € Cand 161 + -+ -+ cpbp =0

then ¢y =0,c0=0,...,c; = 0.

Assume c¢q,...,¢; € C and ¢1by + - + b = 0.
To show: ¢y =0,c0 =0,...,¢c; =0.

To show: If i € {1,...,k} then ¢; = 0.

Assume i € {1,...,k}. To show: ¢; = 0.

0= <01b1 + -+ Ckbk,bi>
= ci(b1, b)) + -+ + cim1(bi—1, b;) + ¢i(bi, bi)
+ cip1(biv1, bi) + - + c(br, by)
=c1 0+ +ci1-0+4 (b, by)
+cy1-0+--+ci-0
= Ci<bi,bi>.

Since (,) is an inner product and b; # 0 then (b;, b;) # 0. So

So B is linearly independent. O

1.27 Learning to do proofs — Linear transformations and subspaces (Lecture 27)
1.27.1 Learning to do proofs — Linear transformations

Linear transformations are for comparing vector spaces.

Definition. (Linear transformation) Let F be a field and let V and W be F-vector spaces. An
F-linear transformation from V to W is a function f: V — W such that

(a) If v1,v9 € V then f(v1 + v2) = f(v1) + f(v2),
(b) If c€ F and v € V then f(cv) = cf(v).
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Show that T4 is a linear transformation.

Proof. Let u,v € R®. Then, by the distributive property of matrix multiplication for matrices,
Ta(u+v)=Au+v) = Au+ Av = Ta(u) + Ta(v).
Let uw € R® and ¢ € R. Then, by the associative property of scalar multiplication for matrices,
Ta(cu) = Acu = cAu = Ty (u).

So T4 is a linear transformation. O

Example A3. Let T: V — W be a linear transformation. Assume that T has an inverse function
T—': W — V. Show that T~ is a linear transformation.

Proof. Assume wy,ws € W. Then

T_l(wl + wg)

-
T HT(T Y wy) + T (ws))
T~ (w1) + T~ (wy),

where the first equality is because T o T~! = id), the second equality is because T is a linear transfor-
mation) and the third equality is because T~ o T = id. Assume w € W and ¢ € R. Then

T Hew) =T Y- T(T(w) =T7'T(c- T (w)) = ¢- T (w).

So T~ ! is a linear transformation. O

1.27.2 Learning to do proofs — Subspaces

Definition. (Kernel and image of a linear transformation) The kernel of an F-linear transfor-
mation f: V — W is the set

ker(f) = {v € V | f(v) = 0},

The image of an F-linear transformation f: V' — W is the set
im(f) = {f(v) [veV}.

Definition. (Kernel and image of a matrix) Let A € M;.(Q). The kernel of A is
ker(A) = {z € Q° | Az =0}

and the image of A is
im(A) = {Az | s € Q°}.

Definition. (Subspace) A subspace of Q° is a subset W C Q° such that
(a) 0 W,
(b) If wy,wy € W then wy + we € W,
(¢c) fwe W and ¢ € Q then cw € W.

Proposition 1.35. Let A € M;xs(Q). Then ker(A) is a subspace of Q°.
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Proof. (a) Since A0 = 0 then 0 € ker(A).
(b) Assume wy,ws € ker(A). Then Aw; = 0 and Aws = 0. So

A(wy + we) = Awy + Awa =0+ 0=0. So w; + ws € ker(A).
(c) Assume w € ker(A) and ¢ € Q. Then Aw = 0 and
A(cw) = cAw =c0=0. So cw € ker(A).

So ker(A) is a subspace of Q°.
Definition. (Subspace) A subspace of Q' is a subset Y C Q' such that

(a) 0€Y,
(b) fyj,y2 € Y theny1 + 2 €Y,
(c) fyeY andce Qthency €Y.

Proposition 1.36. Let A € Myxs(Q). Then im(A) is a subspace of Q.

Proof. (a) Since 0 = A0 then 0 € im(A).
(b)Assume yp,y2 € im(A). Then there exist z1,z2 € Q° such that y; = Az and yo = Axy. Then

Y1 +y2 = Axy + Axe = A(z1 + 22). So y1 + y2 € im(A).
(c) Assume y € im(A) and ¢ € Q. Then there exists z € Q° such that y = Az. Then
cy = cAx = A(cz). So cy € im(A).

So im(A) is a subspace of Q'.

Example A5. Let T: V — W be an R-linear transformation.
Show that ker(7') = {v € V | T'(v) = 0} is a subspace of V.

Proof. Let vi,ve € ker(T'). Then
T(vy +v2) =T(v1)+T(v2) =0+0=0. So v+ vg € ker(T).
Subtracting 7'(0) from each side of the equation 7'(0) = 7'(0 + 0) = T'(0) + T'(0) gives
0=17(0), andso O € ker(T).
Let v € ker(T') and let ¢ € R. Then
T(cv)=cT'(v)=c-0=0 andso cv e ker(T).

So ker(T") is a subspace of V.

Example A6. Let T: V — W be an R-linear transformation.
Show that im(7") = {T'(v) | v € V'} is a subspace of W.
Subtracting 7'(0) from each side of the equation T'(0) = 7'(0 + 0) = T'(0) + T'(0) gives

0=T7(0), andso 0¢€im(T).
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Let wi,wy € W. Then there exist vi,v9 € V such that
T(v1) =w; and T(vy) = wo.
Then wy + wo = T'(v1) + T'(v2) = T(v1 + v2),
and so w; + w2 € im(7T).
Let w € W and let ¢ € R. Then there exists v € V' such that
T(v) =w.

Then cw = ¢T'(v) = T(cv)
and so cw € im(7T).

So im(T) is a subspace of W. O

1.28 Learning to do proofs — The minimax basis theorem (Lecture 28)

Definitions. (Spanning set, linearly independent set, basis) Let V' be an F-vector space and
let B = {vi,...,v;} be a subset of V.

The subset B is a spanning set of V if B satisfies
{crv1 + -+ v | e1,.. ., €FP =T
The subset B is a linearly independent set in V if B satisfies
ifcr,...,cp € Fand cqv1 4+ -+ -+ v =0
then ¢y =0,...,¢c = 0.
The subset B is a basis of V' if B satisfies:

B is a spanning set of V' and B is a linearly independent set in V.

Theorem 1.37. (Basis Minimax Theorem) Let V be an F-vector space and let B be a subset of
V. The following are equivalent:

(a) B is a basis of V.
(b) B is a minimal spanning set of V.
(¢) B is a mazimal linearly independent set of V.

Theorem 1.38. (Exchange Theorem) Let V' be an F-vector space. Let B = {vy,...,v;} be a basis
of V and let D = {dy,...,dy} be another basis of V.. Then there exists d;; € D such that

{di;, b2,bs,...,bp} is a basis of V.

Theorem 1.39. (Dimension Theorem) Let V be an F-vector space. Any two bases of V' have the
same number of elements.
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The Dimension Theorem is the reason that

dim(V') makes sense to consider.

Definition. (Dimension) Let V' be a vector space. The dimension of V' is

dim(V) = (number of elements in a basis B of V).

The following provides an example of a spanning set that is not minimal, and another spanning set

for the same subspace that is minimal.

Example V14. Let S be the subset of R? given by
S={(1,1,1),(2,2,2),(3,3,3)}. Determine R-span(.5).
In this case

R-span(S) = {c1]1,1,1) + 22,2,2) +¢313,3,3) | c1,¢2,¢c3 € R}
={c1|1,1,1) +2¢2|1,1,1) + 3¢c3|1,1,1) | c1,c2,c3 € R}
= {(c1 +2c2+3c3) |1,1,1) | c1,c2,c3 € R}
={t|1,1,1) | t € R} = R-span{|1,1,1)}
={|t,t,t) | t € R}.

Here { |1,1,1) } is a basis of R-span(.S) and

dim(R-span(S)) =1 (even though S has 3 elements).

Proposition 1.40. (Span is a subspace) Let V be a R-vector space. Let B = {by,..

subset of V.. Then R-span(B) is a subspace of V.

Proof.

To show: (1) 0 € span(B).
(2) If v, vy € span(B) then v; + vy € span(B).
(3) If v € span(B) and ¢ € R then cv € span(B).

(1) Since 0 = 0b; + - - - Oby, then 0 € span{by,...,b;} = span(B).

(2) Assume v1,v9 € R-span(B). To show v; + vy € span(B).
Since vy, v9 € R-span(B) then there exist ai,...,ax,c1,...,cx € R such that

vy =aiby +---+apbpy and vy =c1b1 + -+ + crbg.
Then

v] + vy = (a1by + -+ - + agbg) + (c1by + - - - + crbg)
= (a1 +c1)by + - - + (ag + cx)by.

So v1 4+ vy € span{by, ..., by} = span(B).
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(3) Assume v € R-span(B) and ¢ € R.

To show cv € R-span(DB).

Since v € R-span(B) then there exist aq,...,a; € R such that
v=aiby + -+ apb.

Then
cv = c(arby + -+ + agby) = (cay)by + -+ + (cay)b.

So cv € R-span{by,...,br}. So cv € R-span(B).
Proof of the Dimension Theorem.

Assume

B = {by,...,b;} isa basis of V and
D ={dy,...,dy} 1is another basis of V.

Using the Exchange theorem, there exists d;; € D such that d;; & span(B — b1). Then
By = {di,;,b2,b3,bs,...b;} 1is a basis of V.
Using the Exchange theorem, there exists d;, € D such that d;, & span(B; — b2). Then
By = {d;,,di,,b3,ba,...by} 1is a basis of V.
Continue this replacement process to obtain
B'={d;,,...,d;,} C D, such that B is a basis of V.

By the Minimax Theorem D is a minimal spanning set.
So B'=D and k = ¢.
So B and D have the same number of elements.

Proof of the Exchange Theorem.

Assume

B = {by,...,b} isa basisof V and
D ={dy,...,ds} is another basis of V.

If dy,...,ds € span(B — {b1}) then
V =span(dy,...,dg) Cspan(B — {b1}) CV

giving V' = span(B — {b1}).
But since B is a minimal spanning set then V # span(B — {b1}) and so

there exists d;, € D such that d;, & span(B — {b1}).

di; = c1b1 4 coby + - -+ + ¢ibg,  with ¢; # 0.
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To show: By = {d;,,ba,...,b;} is a basis of V.
To show: (1) span{d;,,ba,..., by} =V.
(2) {di,,b2,...,b} is linearly independent.
(1) Since
by = Cfl(—dil + coby + -+ + ckvk)

then by, bo, ..., b € span{d;,,ba,...,bx}. So V =span{by,...,bp} C span{d;,,ba,...,bx} C V. So
V = span(d;,, b, ..., bg}.
(2) If ayd;;, + agbs + - - - + arbr, = 0 then
ar(c1by + cabg + - + cxby) + azba + - + agby = 0.

Since B is linearly independent then ajc; = 0.
Since ¢ # 0 then a1 = 0 and asby + - - - + agbr = 0.

Since B is linearly independent then as =0,...,a; = 0.
So {d;,,ba,...,bg} is linearly independent.
So {d;,,b2,...,by} is a basis of V. O

Proof of the Minimax Basis Theorem
(a) = (b): Assume B = {b1,...,bx} is a basis of B.
To show: B is a minimal spanning set of V.
To show: (1) B Is a spanning set.
(2) If i € {1,...,k} then B — {b;} is not a spanning set.

(1) Since B is a basis then B is a spanning set.

(2) To show: If i € {1,...,k} and B — {b;} is a spanning set then B is not a basis.

Assume ¢ € {1,...,k} and B — {b;} is a spanning set.
Then there exist c1,...,¢—1,¢it1,-..,cr € R such that

bi=cibi + -+ cic1bi—1 + Cip1big1 + -+ + by

Then
0=cb1 + - +ci—1bj—1 — b; + Ci+1bi+l + -+ crby.

So {b1,...,bx} is not linearly independent.
So B is not a basis.

Soifie{1,...,k} then B — {b;} is not a spanning set.

(b) = (c): Assume B is a minimal spanning set.
To show: B is a maximal linearly independent set in V.
To show: (1) B is a linearly independent set in V.
(2) If v € V then B U {v} is not linearly independent.

(1) To show: If B is a spanning set and B is not linearly independent then B is not a minimal spanning
set.

Assume B is a spanning set and B is not linearly independent.

Then there exist ¢1,...,c; € Rand ¢ € {1,...,k} such that

cibi+ -+ by =0 and ¢ #0.
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Then b; = —ci_l(clbl + - 4 cim1bio1 + civabig1 + -+ cpb).

So span(B — {b;}) D span(by,...,by) = V.

So span(B — {b;}) =V and B is not a minimal spanning set of B.
So if B is a minimal spanning set then B is linearly independent.

(2) To show: If v € V then B U {v} is not linearly independent.
Assume v € V. To show: B U{v} is not linearly independent.
Since span(B) = V then there exist ci,...,c; € R such that

v=rc1by +---cibg.
So0=-c1by + -+ cpbp —v.
So BU{v} ={b1,...,bg,v} is not linearly independent.
(¢) = (a): Assume B is a maximal linearly independent set.
To show: B is a basis.
To show: span(B) = V.
Assume v € V. To show v € span(B).

Since B is a maximal linearly independent set then B U {v} is not linearly independent.
So there exist ¢1,...,ck,cxr1 € Rand i € {1,...,k + 1} such that

c1by + -+ epbp + v =0 and ¢ #0.

The case cx+1 = 0 cannot occur since B is linearly independent.
So cxyr1 #0 and v = —c,;il(clbl + - epb).

So v € span{by,...,by} = span(B).

So V = span(B). So B is a basis of V.

1.29 Learning to do proofs — Invertible matrices are square (Lecture 29)

Definition. (Kernel and image of a matrix) Let A € M;.s(Q). The kernel of A is
ker(A) = {z € Q° | Az =0}

and the image of A is
im(A) = {Az | s € Q°}.

Proposition 1.41. Let s,t € Z~ and let A € Myxs(R).
If ker(A) = 0 then the columns of A are linearly independent.

Proof. Let ay,...,as be the columns of A.

Assume ker(A) = 0.

To show: aq,...,as are linearly independent.

To show: If ¢1,...,cs € Rand cia1 + -+ + csas =0

then ¢; =0,c0=0,...,¢cs =0.

Assume c¢q,...,¢s € Rand cia; + - - - + csas = 0.
Then
C1 C1 C1 0
Al | =0. So | ¢ | €ker(A). So | 1| =
Cs Cs Cg 0
Socy =0,c0=0,...,¢cs =0.
So {ai,...,as} is linearly independent.
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Proposition 1.42. Let s,t € Z~o and let A € Myxs(R). Then

im(A) = R-span{ columns of A}.

Proof. Let a1,...,as be the columns of A. Then

c1
im(A)=qA| : cl,...,c2 €R
Cs
={cia1 + -+ csa; ||c1,. .., cs € R}
= span{ai,...,as}

= span{columns of A}.

O]

Proposition 1.43. Let s,t € Z~o and let A € My s(R). Let ai,...,as be the columns of A. Then

im(A) = spanf{ay,...,as}.

Proof.
| I\ ([
im(A) ={Az |z e R°} = ap -+ as x1,...,x5 ER
| 1/ \a,
| |
=<z |lar | +--+xs| ag T1,...,xs €R
| |
= R-span{columns of A}.
So im(A) is the set of linear combinations of the columns of A. O]

Theorem 1.44. (Invertible matrices are square) Let s,t € Z~o and let A € Mys(R). Suppose
there exists

P € Msx(R) be such that PA=1.

Suppose there exists
Q € Msx(R) be such that AQ = 1.

Then
(a) ker(A) = 0.
(b) im(A) = RY.
(c) The set of columns of A is a basis of Q.
(d) s =t.
() P=Q.
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Proof. (a) To show: ker(A) = {0}.

To show: (aa) {0} C ker(A).
(ab) ker(A) C {0}.

(aa) Since A -0 =0 then 0 € ker(A).
So {0} C ker(A).

(ab) To show: If x € ker(A) then x € {0}.
Assume z € ker(A). To show: z = 0.
Since = € ker(A) then
Az =0. So PAz = P0=0.

So z = 1lx = PAz = 0. So ker(A) C {0}.
So ker(A4) = {0}.
(b) To show: im(A) = RY.

To show: (ba) im(A) C R’
(bb) R C im(A).

(ba) By definition of (im(A4) = {Ax | z € R®}.
Since A is a t x s matrix then im(4) C R’

(bb) To show: If v € R then v € im(A).
Assume v € RY. To show: v € im(A).

v=1v=AQu € {Azx | v € R} = im(A).

So v € im(A). So R! C im(A).
So R = im(A).
(c) Since ker(A) = 0 then

the columns of A are linearly independent.
Since im(A) = span{columns of A} and R* = im(A) then
R’ = span{columns of A}.

So {columns of A} is a basis of R’

(d) Let ay,...,as be the columns of A. By part (c),
{ai,...,as} is a basis of R’.

Let e; be the t x 1 matrix with 1 is in the ith entry and 0 elsewhere. Then
{e1,...,e;} is a basis of R’

By the Dimension Theorem, any two bases of R! have the same number of elements.
So s =t.

(e) To show: P = Q.
P=P-1=P(AQ)=(PAQR=1-Q =Q. O
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1.30 Applications to data analysis (Lecture 30)
1.30.1 Application — Data Correlation
Correlation is a measure of how closely two variables are dependent.
The mean px of a data set X = {z1,...,x,} is the average of the values in the data set.
px = (zy+ -+ ).
The correlation of variables X and Y is
corr(X,Y) =cos(0(X — ux,Y — pny)), where

X —px =|r1—px, .., 2y — px) and Y — py = |y1 — py, .-, Yn — py)-

Use cos(f(u,v)) = {uv) to compute the correlation.
[l -]l

A value close to 1 indicates the values a highly correlated and a value close to —1 indicates the values
are not at all correlated.

Example. E3. Suppose the data set is assignment and exam marks for 7 students.

Student | AssignmentMark FExamMark
S1 99 100
S2 80 82.5
S3 79 79
S4 75.5 82.5
S5 87.5 91
S6 67 67.5
ST 76 68

The mean assignment mark is
Ha = %(99 + 80+ 79+ 75.5 4+ 87.5 4+ 67 + 76) = 80.5.
The mean exam mark is
UE = %(100 +82.5+ 79+ 82.5+ 91+ 67.5+ 68) = 81.5.

Then

A—pa=|185,-0.5,—1.5,-55,7,—13.5,—4.5),
E—pp =185,1,-2.5,1,9.5, 14, —13.5)

and the correlation between the assignment marks and the exam marks is

corr(A, E) = cos(6(A — pa, E — ug))

(A—pa, E—pg) 656.75
_ = ~ 0.92.
A= pall - [|1E—pel  (24.92)(28.62)
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1.30.2 Application — Data Line of best fit

Given a data set D = {(x1,v1), (2,y2),- .., (Tn, yn)} find

Let

so that

the line of best fit ¥ = apest + bpestx-

1 T
1 1 2
37 = ) A= . , U= <
Yn o
y1 — (a+ bzy)
: (z1,y1)
Yn — (a + bxy)
Y = apest T bbest®

Goal: Minimize || — Aul|.

Let

W:{Au!u:<Z>GR2}§R”and

3 e R?

Then ||y — AS]| will be minimal if ¥ — AS is perpendicular to W.

So we want

such that A§ = projy, (¥)

So we want if u € RZ then

So we want if u € RZ then
So we want Aly — A'A5 = 0.

So we want A'As = Ay

F=(ATA) A =

and the line of best fit is y = apest + Dpest -

Example. IP14. Follow the above procedure. Given the data set D = {(—1,1),(1,1),(2,3)} then
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<

8

in R™.

A5 = projw (¥)

(§ — A3, Au) = 0.
ut AL — A8) = 0.

(

Obest
bbest

)

/

(2

3)

8
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Then

So

- (5 )04 () ()

So the line of best fit is

1.31 Review — Subspace examples (Lecture 31)

Example V6. Is W = {|z,y,2) € R® | x + y + 2 = 0} a R-subspace of R3?

A R-subspace of R? is a subset W C R? such that
(a) If wy,ws € W then wy +we € W,
(b) 0 e W,
(¢) If we W then —w € W,
(d) If we W and ¢ € R then cw € W.
Proof.
(a) Assume w; = |a,b,c) € W and wy = |z,y,2) € W.
Thena+b+c=0and x+y+ 2z =0.
Then wi+wy = |a+x,b+y, c+2) and (a+2x)+(b+y)+(c+2) = (a+b+c)+(x+y+2z) =040 =0.
So wy +wy € W.
(b) 0=10,0,0) satisfies 0 +0+0=10. So 0 € W.
(¢) Assume w = |z,y,z) € W.
Then z+y+ 2z =0.
Then —w =|—x,—y,—2) and (—z) + (-y) + (—2) = —(z+y+ 2) = -0 =0.
So —w e W.
(d) Assume w = |z,y,z) € W and ¢ € R.
Then z +y + 2 = 0.
Then cw = |cz,cy,cz) and cx +cy+cz=c(lz+y+2)=c-0=0.
So cw e W.
So W is a subspace of R3. O]

Example V7. Is the line L = {|z,y) € R? | y = 22 + 1} a subspace of R??
A subspace of R? is a subset L C R? such that

(a) If wy,we € L then wy +wq € L,

(b) 0 €L,

(¢c) If we L then —w € L,
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(d) If we L and ¢ € R then cw € L.
Solution. Since 0 =1]0,0) and 0 # 2-0+ 1 then 0 & L.
So L is not a subspace of R2. O
Example V8. Is W = {a12 + asz? | a1,as € R} a subspace of R[z]<a?

A subspace of R[x]<2 is a subset W C R[z]<2 such that
(a) If wy,ws € W then wy +we € W,
(b) 0 e W,
(¢) If we W then —w € W,
(d) If we W and ¢ € R then cw € W.
Proof.
(a) Assume wy = a12 + azx® € W and wg = b1x + byx? € W.
Then a1,as € R and by, by € R.
Then wy +wy = a1z +agx® +bix+bex? = (ay+a1)x+(by +bg)z? and a1 +b; € R and ag+by € R.
So wy +we € W.
(b) 0 =0z + 022 satisfies 0 € W. So 0 € W.
(c) Assume w = a1x + azx® € W.
Then a1,as € R.
Then —w = —(a12 + a22?) = —a12 + (—az)z? and —a; € R and —ag € R.
So —w e W.
(d) Assume w = ajx + asx? € W and ¢ € R.
Then a1, a2 € R.
Then cw = c(ayz + a2x?) = (cay)x + (caz)x? and ca; € R and cay € R.
So cwe W.
So W is a subspace of R[z]|<a. O

Example V9. Is the set of real 2 x 2 matrices whose trace is equal to 0 a subspace of May2(R)?
A subspace of Max2(R) is a subset W C May2(R) such that

(a) If wy,ws € W then wy +we € W,

(b) 0 e W,

(c) If we W then —w e W,

(d) If we W and ¢ € R then cw € W.
Proof. The set of real 2 x 2 matrices whose trace is equal to 0 is

W= {<a11 a12> ‘ a1y + dg = O} '
as a2

(a) Assume w; = <a11 a12> e W and wy = (bn b12) ew.
a1 a922 b21 b22

Then a11 + ase = 0 and b1 + bag = 0.

a1 +bi1 ap+ b12>
Then wy +wy = and
! 2 <a21 +bo1 age + bao

(@11 + b11) + (a2 + baa) = (a11 + az2) + (b11 +b22) =0+0=0.

So wy +wy € W.
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(b) 0= (8 8) (0,0,0) satisfies 0+ 0 = 0. So 0 € W.

ai; a
(c) Assume w = [ "2} ew.
as  a

Then aj; + age = 0.
Then —w = — <a11 a12> = <a11 a12> and (—an) + (—a22) - —((111 + (122) =—-0=0.

a G2 —a21  —a22
So —w e W.
ai; a
(d) Assume w = (7 "?) e W and ¢ € R.
ar a2

Then aj; + a = 0.
ai; a2 cal]  €ai
Then cw = ¢ = and
ag1 a2 caz| C€Ca?
cail + cagsg = c(a11 + a22) =c-0=0.

So cw e W.
So W is a subspace of Maya(R).
Example V10. Is

S = { <i 2) € Ms(R) | ad — be = O} a subspace of M(R)?.

A subspace of Max2(R) is a subset S C Mayo(R) such that
(a) If wy,we € S then wy +wy € S,
(b) 0 €S,

(¢) If we S then —w € S,

(d) If we S and ¢ € R then cw € S.

Letwlz(é 8) Since1-0—0-0=0—-—0=0 then w; € 5.

Letwgz(g (1)>.SinceO'l—O'():O—O:OthenwgES.
Then
10 00 10
w1+w2—(0 0>+<0 1)—(0 1> and 1-1-0-0=1.
So w; +wse & S.

So S is not a subspace of May2(R).

1.32 Review — Linear transformation and span examples (Lecture 32)

1.32.1 Linear transformation examplex

Example LT3. Is the function T': M3(R) — R given by
a b a b . .
T = det = ad — bc a linear transformation?
c d c d
A linear transformation from My(R) to R is a function f: M3(R) — R such that
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(a) If v1, vy € Ma(R) then f(v; +wv2) = f(v1) + f(v2),
(b) If c € R and v € Ma(R) then f(cv) = cf(v).

196 Y)

10 00
O—O—I—O—T<O 0)+T<0 1)

then condition (a) does not hold and T is not a linear transformation.

Solution. Since

is not equal to

Example LT4. Is the function T': R? — R? given by
T(z1,z2,23) = (2 — 223,371 + 23) a linear transformation?
A linear transformation from R? to R? is a function f: R?® — R? such that
(a) If u,v € R3 then f(u+v) = f(u) + f(v),
(b) If c € R and v € R3 then f(cv) = cf(v).
(a) Assume u,v € R? with u = |u, ug, u3) and v = |vy,va,v3). Then

T(|u1, uz, us) + |v1,v2,v3) = T(Jus + v1,u2 + vo, us + v3))
= |(u2 + v2 — 2(us + v3), 3(u1 + v1) + (uz + v3))
= |ug — 2ug + vy — 203, 3uy + uz + 3v1 + v3)
= |ug — 2u3, 3us + u3) + |va — 203, 3v1 + v3)
= T(|u1, uz,u3)) + T'(Jv1, v, v3))

(b) Assume ¢ € R and u € R3 with u = |ug, ug, uz). Then

T(c- |uy,uz,us)) = T(|cu, cug, cug)) = |cus — 2cus, 3cuy + cus)

= clug — 2uz, 3u; + uz) = cT'(Ju1, ug, us)).

So T is a linear transformation.

1.32.2 span examples

Example V12. In R3, is |1,2,3) € R-span{|1,—1,2),|—1,1,2)}?
Solution. By definition,

R'Span{’L _172>7 | _17 172>} = {Cl|17 _172> + 62‘ _1, 172> ‘ C1,C2 € R}
So we need to show that there exist ¢1,co € R such that

11,2,3) = 1|1, —1,2) + 2| —1,1,2).

Cl1 — Cy = 1,
So we need to show that the system —c; 4 co = 2, has a solution.
2c1 + 2c9 = 3,
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2 2
In matrix form the equations are | 1 —1 <cl> = | 1| . Left multiply both sides by
1 1)\ 2
1 00 2 2 3
00 1] toget [—-1 1 (cl) — |2
01 1 0 0) \? 3

Already this gives an equation Ocy 4+ Ocy = 3, which has no solution.
So |1,2,3) & R-span{|1,—1,2) and | —1,1,2)}.
So |1,2,3) is not a linear combination of |1, —1,2) and | —1,1,2).
So |1,2,3) € R-span{|1,—1,2),|—1,1,2)}.
Example V13. In R[z]<s, is 1 — 22 — 22 € R-span{l + z + 22,3 + 22}?
Solution. By definition,
R-span{l + = + 22,3+ 2%} = {c1(1 + = + 2?) + c2(3 + 2?) | c1c0 € R}

So we need to show that there exist ¢i,co € R such that

a(l+z+a*) + 3+ =122 22

c1+3co =1,
So we need to show that the system c¢; + 0cyg = —2, has a solution.
c1+co=—1,
In matrix form the equations are
1 3 1
10 (Cl> =|-2
1 1) \? ~1

Left multiply both sides by

to get

0 1 O
1 -1 0 to get
0 0 1
) to get (

Left multiply both sides by

11
0 -1 0 to get 0 1
00
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Left multiply both sides by

1 -1 0 10

0 1 0| toget [0 1 <Cl>: 1
0 0 1 0 0) \?

So ¢ = —2 and ¢y = 1 is a solution.

So —2(1+x+2%)+(B+2%) =1-2z — 2%

So 1 —2x — 2% € R-span{l + x + 22,3 + 2?}.

So 1 — 2z — 2? is a linear combination of 1 + = + 22 and 3 + 2. O

Example V14. Let S be the subset of R? given by

S={(1,1,1),(2,2,2),(3,3,3)}. Determine R-span(.S).
Solution. In this case

R-span(S) = {c1[1,1,1) + ¢22,2,2) + ¢313,3,3) | c1,¢2,¢c3 € R}
={c1]1,1,1) + 2¢c2 1,1,1) + 3¢3|1,1,1) | ¢1,¢2,¢3 € R}
={(c1 +2c2+3c3) |1,1,1) | c1,c2,c3 € R}
={t|1,1,1) | t e R}
={|t,t,t) | t € R}.

Example V15. Let S be the subset of R? given by
S={|1,-1),[2,4)}. Show that R-span(S) = R2.

Proof. By definition, R-span(S) = {c1|1, —1) + ¢2/2,4) | ¢1,c2 € R}.
To show: (a) R-span(S) C R?
(b) R? C R-span(S).
(a) Since S C R? and R? is closed under addition and scalar mutliplication then R-span(S) C R2.
(b) To show: R? C R-span(S).
To show: R-span{|1,0),|0,1)} C R-span(5).
Since R-span(S) is closed under addition and scalar multiplication, we can show {|1,0),|0,1)} C
R-span(.5).
To show: There exist ¢, co,d1,ds € R such that

c1]l,=1) + ¢2|2,4) = [1,0) and di|l,—1) 4+ d2|2,4) =0,1).

To show: There exist ¢y, co,d1,ds € R such that

Since
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then
311, —1) + §[2,4) = 1,0), and
—i11,-1) + %12,4) = 0,1)
31+ 6 1< ’ .

So |1,0) € R-span(S) and |0,1) € R-span(S).
So R-span{]|1,0),0,1)} C R-span(S).

So R? C R-span(S).

So R-span(S) = R2.

Example V16. Let S be the subset of R? given by

S ={1,2,0),|1,5,3),/0,1,1)}.  Show that span(S) = R3.

Proof. By definition,
R-span(S) = {c1]1,2,0) + ¢2]1,5,3) + ¢3]0,1,1) | ¢1,c2,c3 € R}.

To show: (a) R-span(S) C R?
(b) R? C R-span(S).

(a) Since S C R3 and R? is closed under addition and scalar multiplication then R-span(S) C R3.
(b) To show: R3 C R-span(9).

To show: R-span{|1,0,0),|0,1,0),]0,0,1)} C span(S).

Since R-span(.S) is closed under addition and scalar multiplication,

To show: {|1,0,0),|0,1,0),]0,0,1)} C R-span(S).

To show: There exist ¢y, c2,c3,d1,ds, ds, r1,72,73 € R such that

c1]1,2,0) + 3|1, 5,3) + ¢3/0,1,1) = |1,0,0),
d1]1,2,0) + da|1,5,3) + ds]0,1,1) = |0, 1,0),
r1|1,2,0) + rg[1,5,3) 4+ r3/0,1,1) = |0,0, 1),

To show: There exist c1, co, c3,d1,do,ds, r1,72,73 € R such that

1 1 0 C1 dl 1 1 00
2 5 1 (&) d2 79 = 01 0
0 3 1 C3 d3 r3 0 0 1
Left multiply both sides by
1 00 11 cp di m 1 -2 0
—2 1 0) toget |0 3 1 co dy 1r9 | = 1
0 01 0 3 1 C3 d3 T3 0 0 1
Left multiply both sides by
1 0 1 10 C1 d1 1 1 -2 0
0 0] toget |0 3 1 co do ol =10 1 0
0 1 0 0 C3 d3 T3 0 -1 1
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Since the bottom row on the left hand side is all 0 and the bottom row on the right hand sides
is not all 0 then there do not exist ¢y, co,c3,d1,do,ds, 71,79, 73 € R such that

1 1 0 C1 d1 T 1 00
2 5 1 (&) d2 9 = 01 0
0 3 1 C3 d3 r3 0 0 1

So {‘1’O)O>a ‘0’ 1)O>a ’07 07 1>} g R—Span(S).
So span(S) # R2. O
Example V17. Let S be the subset of R[z]<2 given by
S ={1+xz+ 2?27} Show that span(S) = R[z]<s.
Proof. By definition,
R-span(S) = {c1(1 + 2 + 2%) + ca2® | c1,¢0 € R}

To show: (a) span(S) C Rlz]<2
(b) Rlz]<2 € R-span(S).

(a) Since S C R[x]<2 and R[z]<2 is closed under addition and scalar multiplication then R-span(S) C
R[ZL’]SQ.
(b) To show: R[z]<2 C R-span(.S).
To show: R-span{1,z, 22} C R-span(S).
Since R-span(.S) is closed under addition and scalar multiplication,
To show: {1, x,2%} C R-span(S).
To show: There exist c¢1, co,dy,d2, 71,72 € R such that

ca(l+z+2?)+ea?=1, di(1+4z+2?) +doz? =z,

and
ri(1 4z 4 %) + rox? = 22,

To show: There exist ¢y, ca,d1,ds, 1,72 € R such that

Loy, oo 100
10 (1 dl 1): 010
1 1) \@? @ " 00 1
Left multiply both sides by
-1 10 00\ /. 4 . 100
0 1 0 toget [1 0 <1d1 1):010
0 0 1 1 1) \@ @ " 00 1

Since the top row on the left hand side is all 0 and the top row on the right hand sides is not all
0 then there do not exist c1,co,dy,do, 71,72 € R such that

10 100
10 (Cl @ ’”1>_ 010
1 op) \e2 2 00 1

So {1,z,2?} Z R-span(9).

So R-span{1,x,z%} ¢ R-span(S).

So Rlz]<2 Z R-span(S).
So R-span(S) # Rlz]<s. O
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1.33 Review — Linear independence examples (Lecture 33)
Example V18a. Let S be the subset of C3 given by
S ={|2i,—1,1),| —6,—3i,37) }. Is S C-linearly independent?

Solution. To show: If ¢j, ¢y € C and ¢; |2, —1, 1) 4 ¢2|—6, —3i,3i) = |0,0,0) then ¢; =0, co = 0.
Assume ¢, ¢ € C and ¢ |24, —1, 1) + ¢2|—6, —3i,3i) = (0,0,0).

Then
2icy — 6cg =0, 2i —6 . 0
—c1 — 3ica =0, or equivalently -1 -3 <cl> =10
1+ 3icy = 0, 1 3 2 0

Skipping the row reduction steps (DON’T skip the row reduction steps on an exam or an assignment!),

this system has solutions
c1\ _ (0 —3i .
<02>—<0>+t<1), with ¢t € C.

So ¢1 = 0, co = 0 is not the only solution.
So S is not linearly independent. O

Example V18b. Let B be the subset of C3 given by
B ={]2i,—1,1),/4,0,2)}. Is B linearly independent?

To show: If ¢1,¢co € C and ¢ |2i, —1,1) + ¢2[4,0,2) = [0,0,0) then ¢; =0, co = 0.
Assume ¢y, ¢ € C and ¢ |24, —1,1) + ¢2|4,0,2) = [0,0,0)

Then
2ic1 +4cy =0, 2 4 . 0
—c1 4+ 0cy =0, or equivalently -1 0 (cl) =10
c1+2cp =0, 1 2) \7? 0

Skipping the row reduction steps (DON’T skip the row reduction steps on an exam or an assignment!),
this system has only one solution ¢; = 0, ¢ = 0.
So S is linearly independent. O

Example V19. Let S be the subset of R? given by

S =1{(2,0,0),(6,1,7),(2,-1,2)}. Is S linearly independent?

Solution. To show:

If ¢1,¢2,c3 € R and ¢1 (2,0,0) + ¢2/6,1,7) + ¢3/2,—1,2) = |0,0,0)

then ¢y =0, co =0, c3 =0.

Assume ¢j, c2,¢3 € R and ¢;12,0,0) + ¢206,1,7) + ¢3]2,—1,2) = 0,0,0).

Then
2c1 + 6c3 + 2¢3 =0, 2 6 2 c1 0
cg —c3 =0, orequivalently [0 1 -1 co| =10
Tco + 2¢3 =0, 0o 7 2 C3 0

Skipping the row reduction steps (DON’T skip the row reduction steps on an exam or an assignment!),
this system has only one solution: ¢; =0, cg =0, c3 = 0.
So S is linearly independent. O
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Example V20&26. Let S be the subset of R[z]<2 given by
S={1+2r+52%1+z+2*1+2x+32%}. Is S a basis of R[x]<2?

To show: If ¢1,co,c3 € R and ¢1(1 + 22 + 522) + ca(1 + z + 22) + c3(1 + 22 + 322) = 0
then ¢y =0, co =0, c3 =0.

Assume cy, ¢z, c3 € R and ¢1(1 + 22 + 52%) + co(1 + = + 22) + c3(1 + 22 + 322) = 0.
Then
c1+co+c3 =0, 1 1 1 Cc1 0

2c1 + c2 4+ 2c3 =0, or, equivalently, {2 1 2 ca| =10

9c1 + c2 4 3co =0, 5 1 3 C3 0
Skipping the row reduction steps (DON’T skip the row reduction steps on an exam or an assignment!),
this system has only one solution: ¢; =0, cg =0, cg = 0.
So S is linearly independent.

Since dim(R[z]<2) = 3 and S contains 3 linearly independent elements then B is a basis for
R[w]gg. O

Example V21. Let S be the subset of My(R) given by

1 3 -2 1 1 10
_ . : o
S { <1 1) , ( 1 _1> ) <4 9 > } . Is S linearly independent?

To show: If ¢1,co,c3 € R and

1 3 -2 1 1 10 0 O
Cl<1 1>+02<1 —1>+C3<4 2>_<0 0)
then ¢y =0, co =0, c3 =0.

Assume c¢q,c9,c3 € R and ¢; <1 ?) + ¢o (‘12 _11> + c3 (i 120> — (8 8)

Then

c1 —2co 4+ c3 =0, 1 -2 1

3¢1 + cp + 10c3 = 0, . 3 1 10| (< 0
e1+ ¢y + des — 0, or, equivalently, 1 1 4 ]l =10
1 — o + 2e5 =0, 1 -1 2) \% 0

Skipping the row reduction steps (DON’T skip the row reduction steps on an exam or an assignment!),
this system has solutions

c1 0 -3
ca|l =10+t 1], with ¢t € R.
C3 0 -1

So c; =0, co =0, c3 =0 is not the only solution.

So S is not linearly independent.

Here is a check that ¢y = —3, ¢ = 1, ¢c3 = —1 is a solution:

() )G ) ==0 0@ )=o)

106



Linear algebra lecture notes, Arun Ram August 29, 2026

1.34 Review — Basis examples (Lecture 34)

Example V23. Is S = {(1,-1),(2,4)} a basis of R??

Solution. Let
B 1 2 -1
A= <_ 1 4> . Then A7 =

=

(-
(G0 - (-0

So S is linearly independent.
If |a,b) € R? then |a,b) = c1|1, —1) + ¢2|2,4), where

()= D6 (En)

So R? C R-span(S). Since S C R? and R? is closed under addition and scalar multiplication then
R-span(S) C R2. So R-span(S) = R2.

So S is a basis of R2. O

1 0 0 1 0 0 :
Example V24. IsS{(O _1>,<0 0),(1 0>}aba81sof

{A € My(R) | tr(A) = 0}?

Solution. If ¢1, ¢, c3 € R and

C1o+co1+coo_00
o -1 2o o 3\1 o/ " \o o
c ez _ (00 nd glig,
63—61_00 & 2T

then

C3 = 0
So S is linearly independent.
Then
{A € My(R) | tr(A) =
= {( a12> | a11,a12, a1, a22 € R,a11 + ag = 0}
a22
:{( c2> ‘Cl,CQ,CgeR}
c1
- 1 0 ny 00 ‘ cR
=430 0 —1 1 0 C1,C2,C3
= span(S).
So S is a basis of {A € M3(R) | tr(A) = 0}. O

Example V25. Is

T A N W | S

Solution. Since Ella Elg, Egl, E22 is a basis of MQ(R) then dlm(MQ(R)) =4,
Since S contains only 3 elements then S is not a basis of Ma(R). O]
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