Linear algebra Solved examples, Arun Ram August 30, 2026

5 Vector spaces and linear transformations
5.1 Subspaces
VS1HS84.

(a) Is the line L = {|z,y) € R? | y = 22 + 1} a subspace of R??

(b) Is the line L = {|z,y) € R? | y = 2} a subspace of R??

Solution. (a) Let L = {|z,y) € R? | y = 22 + 1}.

Since 0 =10,0) and 0 #2-0+ 1 then 0 & L.
So L is not a subspace of R2.

(b) Let L = {|x,y) € R? | y = 2z}.
(ba) Since |0,0) = |0,2 - 0) then |0,0) € L.
(bb) Assume |a,2a), |b,2b) € L. Then

la,2a) + 1b,2b) = |(a +b),2(a + b)) € L.
(bc) Assume |a,2a) € L and ¢ € R. Then
¢ la,2a) =|(ca),2(ca)) € L.

So L is a subspace of R2.

VS2HS94. Let T: V — W be an R-linear transformation.
Show that ker(T) = {v € V | T'(v) = 0} is a subspace of V.

Solution. Let vy, ve € ker(T"). Then
T(vi4+v2) =T (1) +T(v2) =0+0=0. So vy + vz € ker(T).
Subtracting 7'(0) from each side of the equation 7'(0) = 7'(0 + 0) = T'(0) + 17'(0) gives
0=T7T(0), andso O € ker(T).
Let v € ker(T') and let ¢ € R. Then
T(cv)=cT'(v)=c-0=0 andso cv e ker(T).

So ker(T) is a subspace of V.

VS3HS95. Let T: V — W be an R-linear transformation.
Show that im(7") = {T'(v) | v € V'} is a subspace of W.

Solution. Subtracting 7'(0) from each side of the equation 7'(0) = T(0 4+ 0) = T'(0) + 7'(0) gives
0=T(0), andso 0 € im(T).
Let wi,wy € W. Then there exist vi,v9 € V such that

T(v1) =w; and T(vy) = we.

53



Linear algebra Solved examples, Arun Ram August 30, 2026

Then wy + we = T'(v1) + T(v2) = T(v1 + v2),
and so  wy + wy € im(T).
Let w € W and let ¢ € R. Then there exists v € V' such that
T(v) = w.

Then cw = ¢T'(v) = T(cv)
and so cw € im(7T).

So im(T) is a subspace of W. O
VS4HS140. Is W = {|z,y,2) € R3 | 2 + y + 2 = 0} a R-subspace of R3?
Solution.

A R-subspace of R? is a subset W C R? such that
(a) If w1, we € W then wy +we € W,
(b) 0 e W,
(c) If we W then —w e W,
d) If we W and ¢ € R then cw € W.
To show: W is a subspace of R3.
(a) Assume w; = |a,b,c) € W and wy = |z,y,2) € W.
Thena+b+c=0and z+y+ 2z =0.
Then wi+wy = |a+x,b+y, c+2) and (a+x)+(b+y)+(c+2) = (a+b+c)+(x+y+2z) =040 =0.
So wy +wy € W.
(b) 0=10,0,0) satisfies 0 +0+0=10. So 0 € W.
(¢) Assume w = |z,y,z) € W.
Then z+y+ 2z =0.
Then —w =|—z,—y,—2) and (—z) + (-y) + (—2) = —(z+y+ 2) = -0 =0.
So —w e W.
(d) Assume w = |z,y,z) € W and c € R.
Then z+y+ 2z =0.
Then cw = |cz,cy,cz) and cx +cy+cz=c(lz+y+2)=c-0=0.
So cw e W.
So W is a subspace of R3. O

VS5HS141. Is W = {a17 + a22? | a1, a2 € R} a subspace of R[z]<2?
Solution.

A subspace of Rlz]<2 is a subset W C R[z]<2 such that
(a) If wi,we € W then w; +we € W,
(b) 0e W,
(c) If we W then —w e W,

d) If we W and ¢ € R then cw € W.
To show: W is a subspace of R[z]<s.

(a) Assume wy = a1z + azx® € W and wg = byz + bex® € W.
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Then a1,as € R and by, b2 € R.
Then wi +wy = a12+ax? +biw+boz? = (a1 +a1)w+ (b1 +bo)x? and a1 +b; € R and ag+by € R.
So wy +wy € W.
(b) 0= 0z + 022 satisfies 0 € W. So 0 € W.
(c) Assume w = aix + azx® € W.
Then a1, as € R.
Then —w = —(a12 + a22?) = —a12 + (—az)x? and —a; € R and —az € R.
So —w e W.
(d) Assume w = ayz + azx® € W and ¢ € R.
Then a1, as € R.
Then cw = c(ayz + a2x?) = (cay)x + (caz)x? and ca; € R and cay € R.
Socwe W.
So W is a subspace of R[z]|<2. O
VS6HS142. Is the set of real 2 x 2 matrices whose trace is equal to 0 a subspace of May2(R)?

Solution.
A subspace of Max2(R) is a subset W C May2(R) such that
(a) If w1, we € W then wy +we € W,
(b) 0 e W,
(c) If we W then —w € W,
(d) If we W and ¢ € R then cw € W.
The set of real 2 x 2 matrices whose trace is equal to 0 is

W= {<a11 a12> ‘ a1y + dg = O} '
as a2

To show: W is a subspace of May2(R)

(a) Assume w; = (a11 am) €W and wy = <b11 b12> cW.
a1 a2 ba1  bao

Then ail + agg = 0 and 511 + b22 =0.

aiy + b1 aiz + bio
Th = d
on w w2 (a21 +bo1 ag+ 522> o

(@11 + b11) + (a2 + ba2) = (a11 + a22) + (bi1 +b22) =0+ 0=0.

So wy +wy € W.

(b) 0= <8 8> (0,0,0) satisfies 0+0=0. So 0 € W.

ai; a
(c) Assume w = (7 "2} ew.
a  a

Then aq1 + aze = 0.
Then —w — — (an a12) _ (—an —a12) and (—a11) + (—as2) = —(a11 + age) = —0 = 0.

as1 a9 —a21 —a22
So —w e W.
an a
(d) Assume w = (" "2) e W and ¢ € R.
a  a
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Then a1 + a2 = 0.
ail ai2 cail Cai2
Then cw = ¢ = and
az1 a2 cas1 C€aoy
cail + cagg = C(an + a22) =c-0=0.

So cw e W.
So W is a subspace of Mx2(R).
VSTHS143. Is

S = { <CCL 2) € My(R) | ad — be = O} a subspace of M(R)?.

Solution.
A subspace of Max2(R) is a subset S C Mayyo(R) such that

(a) If wy,we € S then wy +wq € S,

(b) 0 €S,

c) If we S then —w € 5,

d) If we S and c € R then cw € S.
To show: S is a subspace of M>(R).

Letw1:<(1) 8).Sincel'O—O'O:O—OzothenwlGS.
Letw2—<8 (1)>.SinceO~1—0-0—0—0—0thenw2GS.
Then
w1+w2:<(1) 8>+(8 (1]>:<(1) ?) and 1-1—-0-0=1.
So wy +wy & S.

So S is not a subspace of Maxa(R).

5.2 Linear transformations

5 6 7 8
Let T: R* — R? be the function given by T(x) = Az so that

VSSHSS5. Let A — <1 23 4).

1 1
2| (1 2 3 4 xo | [ x1+ 2x9 + 3wz + 4y
3| <5 6 7 8) z3 | (5%5 + 6x¢ + Tx7 + 8x8>
T4 Ty

Show that T is a linear transformation.

Solution. Let u,v € R*. Then, by the distributive property of matrix multiplication,
Tu+v)=Au+v)=Au+ Av =T (u) + T (v).
Let u € R* and ¢ € R. Then, by the associative property of scalar multiplication for matrices,

T(cu) = Acu = cAu = cT'(u).
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So T is a linear transformation.

VS9HSS86. Let t,s € Z~g and A € My«s(R). Let T: R® — R be the function given by

T(x) = Ax. @Az

Show that T is a linear transformation.

Solution. Let w,v € R®. Then, by the distributive property of matrix multiplication for matrices,
Tu+v)=Au+v)=Au+ Av =T (u) + T (v).
Let u € R® and ¢ € R. Then, by the associative property of scalar multiplication for matrices,
T(cu) = Acu = cAu = cT'(u).

So T is a linear transformation.

VS10HS87. Let n € Z~o and let T': M, (Q) — Q by the function given by

T(A) = tr(A). @ ()

Show that T is a Q-linear transformation.
Solution. Let A, B € M,x,(Q). Then

T(A+B)=tr(A+B)=(A+B)i1+--+(A+ B)nn
=An + Bii+ -+ Apn + Bon
— A+ 4 Apn++Bi1 + - Ban
=tr(A) +tr(B) =T(A) + T(B).

Let A € My, xn(Q) and ¢ € Q. Then

T(cA) =tr(cA) = (cA)11 + -+ (cA)pn
=cAi + -+ chAnn
=c(An + -+ Apn) = ctr(A) = T'(A).
So T is a linear transformation.

VS11HSS88. Let T': M3x2(Q) — Q be the function given by

a b a b
T(c d)_det<c d)-ad—bc.

Show that T is a linear transformation.

Solution. Let A = <(1) (1)> and let ¢ = 2. Then

20

T(cA) = det(2A) = det <O 5

):2-2—0-0:4
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and
10

01

So this gives an example where T'(cA) # cT'(A).
So T cannot possibly be a linear transformation. ]

VS12HS130. Let t,5 € Z~g and A € My«s(R). Let T4: R® — R? be the function given by

cT(A):2det< ):2-(1.1—0-0):2.

Show that T4 is a linear transformation.
Solution. Let uw,v € R®. Then, by the distributive property of matrix multiplication for matrices,
Ta(u+v)=A(u+v) =Au+ Av = Ty(u) + Ta(v).
Let u € R® and ¢ € R. Then, by the associative property of scalar multiplication for matrices,
Ta(cu) = Acu = cAu = cTa(u).

So T4 is a linear transformation. O

VS13HS131. Let T: V — W be a linear transformation. Assume that 7" has an inverse function
T-1: W — V. Show that T~ is a linear transformation.

Solution. Assume wi,ws € W. Then

Tﬁl(wl + wg) =T
=T HT(T  (wr) + T (w2))
T

g
+
3
B
5

where the first equality is because T o T~! = id), the second equality is because T is a linear transfor-
mation) and the third equality is because T~ o T = id. Assume w € W and ¢ € R. Then

T Hew) =T YHe-T(THw) =T T(c- T Hw)) =c- T Hw).
So T~ ! is a linear transformation. O

VS14HS144. Is the function 7': Ms(R) — R given by

T @ b = det a b = ad — bec a linear transformation?
c d c d

Solution. A linear transformation from Ma(R) to R is a function f: M2(R) — R such that
(a) If v1,v9 € M3(R) then f(vi +v2) = f(v1) + f(v2),
(b) If ¢ € R and v € M2(R) then f(cv) = cf(v).
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=r(o )= (G0)+ 6 )

10 00
O—O—I—O—T<O 0)+T<0 1)

then condition (a) does not hold and T is not a linear transformation. O

VS15HS145. Is the function 7: R? — R? given by

Since

is not equal to

T(x1,xz2,23) = (2 — 223,371 + 23) a linear transformation?

Solution. A linear transformation from R? to R? is a function f: R? — R? such that
(a) If u,v € R3 then f(u+v) = f(u) + f(v),
(b) If c € R and v € R? then f(cv) = cf(v).
(a) Assume u,v € R with u = |ug,ug,u3) and v = |v1, v, v3). Then
T(|ur, uz,u3) + [v1,v2,v3) = T(|ur + v1,ug + v2,u3 + v3))
= |(u2 + v2 — 2(us + v3), 3(u1 + v1) + (u3 + v3))
= |ug — 2ug + vy — 2v3, 3uy + uz + 3v; + v3)

= |ug — 2ug, 3u; + uz) + |va — 2v3,3v1 + v3)
= T(|ux, u2,u3)) + T(|v1, vz, v3))

(b) Assume ¢ € R and u € R3 with u = |u, ug, uz). Then

T(c-|u1,us,us)) = T(|cur, cug, cus)) = |cug — 2cus, 3cu + cus)

= clug — 2us, 3u; + u3) = cT'(Jur, uz,us)).

So T is a linear transformation. ]

5.3 Linear independence, span and bases

VS16HS89. Let V be a Q-vector space and let vy, v, v3,v4,v5 € V. Let S = {v1,v2,v3,v4,v5}. Show
that Q-span(S) is a subspace of V.

Solution. (a) Since 0 = 0vy + Ovg + Ovz + Ovg + Ovs then 0 € Q-span(S).
(b) Assume a = ajv1 +agvs +aszvs + aqvy + azvs € Q-span(S) and b = byvy +bovay + bzvs + byvy + bsvs €
Q-span(S). Then

a+ b= ayv1 + asvy + asvs + aqvy + asvs
+ byv1 + bavg + bavz + byvs + bsus
= (a1 + b1)v1 + (ag + ba)va + (a3 + b3)vs
+ (aq + bg)vg + (a5 + bs)vs.

So a + b € Q-span(S).
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(c) Assume a = ajv; + agva + azvs + agvg + asvs € Q-span(S) and ¢ € Q. Then

ca = c(av1 + agv + azvz + a4vs + asvs)
= cajvy + cagvy + cazvs + caqvy + casvs € Q-span(.S).
So Q-span(S) is a subspace of V. O
VS17HS90. In R[x]<g, is 1 — 22 — 22 € R-span{l + x + 22,3 + 22}?
Solution. By definition R-span{1 + = + 2%, 3 + 2%}
={c1(1 + 2+ 2%) + c2(3 + 2?) | c1c2 € R}.
So we need to show that there exist ¢1,co € R such that

a(l+z+2*) + 3+ =122 22

c1+3c =1,
So we need to show that the system c¢; + 0Ocyg = —2, has a solution.

c1+co=—1,
The second equation gives ¢; = —2 and then co = —1—¢; = 142 = 3. Since the equation ¢y +3co =1
also works when ¢; = —2 and ¢ = 3 then ¢y = —2, ¢g = 1 is a solution to this system.

Alternatively, the solution can be found by row reduction as follows. In matrix form the equations are

1

Left multiply both sides by

) e () 0- ()
s e (12)0-(3)
) e )

OO =
Oll—l
[S—
N~ —
N
QO
N
~
I

Left multiply both sides by

1 0 O 11
0 -1 0 to get 0 1
0 0 1 0

Left multiply both sides by

o
—_

0 to get

S O =
O =
—
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So ¢g = —2 and ¢y = 1 is a solution.
So 2(1+z+2})+B+2?)=1-22— 22
So 1 — 2z — 2% € R-span{1 + x + 22,3 + 2?}.

So 1 — 2z — 22 is a linear combination of 1 + z + z2 and 3 + 22 and

1 -2z — 22 € Rspan{l + z + 22,3 + 2%}

VS18HS91. Let S be the subset of R[z|<2 given by

S = {1+ 2x,1+ 5z + 322 x + 2°}. Show that R-span(S) = Rz]<.

Proof. By definition
R-span(S) = {c1(1 + 2z) + co(1 + 5z + 32%) + c3(z + 2°) | ¢1, 2, ¢c3 € R}.

To show: (a) R-span(S) C R3
(b) R? C R-span(S).

(a) Since S C R3 and R? is closed under addition and scalar multiplication then R-span(S) C R[z]<a.
(b) To show: R[z]<2 € R-span(sS).
To show: R-span{l,x,z%} C span(S).
Since R-span(S) is closed under addition and scalar multiplication,
To show: {1, x, 2%} C R-span(S).
To show: There exist c1, 2, c3,d1,d2,ds,r1,72,73 € R such that

c1(1 4 2x) 4+ co(1 + 5z + 322) + c3(z + 2%) = 1 4 0z + 22,
di(1+2z) + do(1 4 52 + 32%) + d3(x + 22) = 0 + = + 022,
r1(1+ 2z) + ro(1 4+ 5z 4 322) + r3(z + 22) = 0 + 0z + 2°.

To show: There exist ¢q, c2,c3,d1,ds,ds, r1,72,73 € R such that

1 10 C1 Cl1 T 1 00
2 5 1 C9 d2 T2 = 01 0
0 3 1 C3 d3 r3 0 0 1

Multiply both sides by

1 00 1 10 cp di m 1 -2 0
—2 1 0] toget |0 3 1 co dog rol =10 1 O
0 0 1 0 3 1 c3 d3 r3 0 1
Multiply both sides by
1 0 O 1 10 cqg di m 1 -2 0
0 1 O] toget (O 3 1 co do 9] =0 1 0
0 -1 1 0 0 O c3 d3 T3 0 -1 1
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Since the bottom row on the left hand side is all 0 and the bottom row on the right hand sides is not
all 0 then there do not exist cq,cs,c3,d1,do,ds, 1,79, 73 € R such that

1 1 0 C1 dl T1 1 0 0
2 5 1 (&) d2 T9 = 01 0
0 3 1 c3 d3 13 0 0 1

So {1,z,2?} Z R-span(9).

So span(S) # R[z]<a. O
VS19HS146. In R?, is |1,2,3) € R-span{|1,—1,2),|—1,1,2)}?
Solution. By definition,

R'Span{’L _172>7 | _17 172>} = {Cl|17 _172> =+ 62‘ _17 172> ‘ C1,C2 € R}
So we need to show that there exist ¢;,co € R such that

11,2,3) = 1|1, —1,2) + 2| —1,1,2).

cqg—c2=1,
So we need to show that the system —c; 4 c3 = 2, has a solution.
2c1 + 2c9 = 3,

. Left multiply both sides by

N = W

2 3
toget [—1 1 (Cl) — (2
0 0) \? 3
Already this gives an equation Ocy 4+ Ocy = 3, which has no solution.
So |1,2,3) & R-span{|1,—1,2) and | —1,1,2)}.
So |1,2,3) is not a linear combination of |1, —1,2) and | —1,1,2).
So |1,2,3) ¢ R-span{|1,—1,2),| —1,1,2)}. O

VS20HS147. In R[z]<z, is 1 — 2z — 22 € R-span{1 + z + 22,3 + 22}?
Solution. By definition,

[\

2 2
In matrix form the equations are | 1 —1 (Cl> =
C2
-1 1
0
1
1

10
0 0
01

R-span{l + z + 22,3 + 2%} = {c1(1 + z + 2?) + c2(3 + 2?) | c1c2 € R}.
So we need to show that there exist ¢1,co € R such that

ci(l4+2+4+2%) +c(3+2%) =1— 22 — 2%

c1+3co =1,
So we need to show that the system c¢; + 0cyg = —2, has a solution.
c1+co=—1,
In matrix form the equations are
1 3 1
10 <61> = -2
1 1) \*? ~1
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Left multiply both sides by

Left multiply both sides by

—_

1 3
) to get 1 ) <Cl> = |-
0 —1) \?
1 0 1 1 —1
-1 0 to get 2 <Cl> =1 2
0 1 0 —1) \? -1

o

0 0 11 -
0 1 toget |0 —1 <zl> = |-
1 -2 0 0 2 0

1 0 0 11
0 -1 0 to get 0 1
0 0 1 00
Left multiply both sides by
1 -1 0 1 0 —2
0 1 0| toget [0 1 (Zl) =1
0 0 1 0 0/ \? 0
So ¢g = —2 and ¢y = 1 is a solution.

So —2(1+x+2%) + (3+2?) =1- 21— 2%
So 1 —2x — 2% € R-span{l + x + 22,3 + 2?}.

So 1 — 2x — 22 is a linear combination of 1 + z + 22 and 3 + z2.

VS21HS148. Let S be the

subset of R3 given by

S={(1,1,1),(2,2,2),(3,3,3)}. Determine R-span(.5).

Solution. In this case

R-span(.S)

VS22HS149. Let S be the

={c1|1,1,1) +¢212,2,2) +¢313,3,3) | c1,c2,c3 € R}
= {c1|1,1,1) + 2c2|1,1,1) + 3¢5 1,1, 1) | e1, ca,c5 € R}
={(c1 +2c2+3c3)|1,1,1) | c1,¢0,c3 € R}

={t|1,1,1) | t e R}

={|t,t,t) | t € R}.

subset of R? given by

S={[1,-1),12,4)}. Show that R-span(S) = R2.
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Solution. Proof. By definition, R-span(S) = {c1]1, —1) 4+ ¢2|2,4) | ¢1,c2 € R}.
To show: (a) R-span(S) C R?
(b) R? C R-span(S).
(a) Since S C R? and R? is closed under addition and scalar mutliplication then R-span(S) C R2.
(b) To show: R? C R-span(S).
To show: R-span{|1,0),]0,1)} C R-span(5).
Since R-span(S) is closed under addition and scalar multiplication, we can show {|1,0),]0,1)} C
R-span(.9).
To show: There exist cq, co,di,ds € R such that

c1]l,—1) + ¢2]2,4) = [1,0) and d;|1,—1) 4+ d2|2,4) =|0,1).

To show: There exist ¢q, co,d1,ds € R such that

Since

then
311, -1) + §[2,4) = |1,0), and

So |1,0) € R-span(.S) and |0, 1) € R-span(5).

So R-span{]|1,0),0,1)} C R-span(S).

So R? C R-span(S).

So R-span(S) = R2. O

VS23HS150. Let S be the subset of R? given by
S ={1,2,0),]1,5,3),]0,1,1)}. Show that span(S) = R3.
Solution. Proof. By definition,
R-span(S) = {c1]1,2,0) + ¢2]1,5,3) + ¢3]0,1,1) | ¢1,c2,c3 € R}.

To show: (a) R-span(S) C R?
(b) R3 C R-span(S).

(a) Since S C R3 and R? is closed under addition and scalar multiplication then R-span(S) C R3.
(b) To show: R3 C R-span(S).

To show: R-span{|1,0,0),|0,1,0),]0,0,1)} C span(S).

Since R-span(S) is closed under addition and scalar multiplication,

To show: {|1,0,0),|0,1,0),]0,0,1)} C R-span(S).

To show: There exist ¢y, c2,c3,d1,ds,ds, r1,72,73 € R such that

Cl|1,2,0> + 02’1,5,3> + 03’0, 1, 1> = ‘1,0,0>,
d1|1,2,0> + d2’1,5,3> + d3’0, 1, 1> = ‘O, 1,0>,
7“1‘1,2,0> +T2|1,5,3> + 7’3’0, 1, 1> = ‘0,0, 1>,
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To show: There exist ¢y, c2, c3,d1,ds, ds, r1,72,73 € R such that

1 10 cp di T 1 00
2 5 1 (&) dg 9 = 01 0
0 3 1 C3 d3 rs3 0 0 1
Left multiply both sides by
1 00 1 10 cp di m 1 -2 0
—2 1 0) toget |0 3 1 co do o]l =10 1 0
0 01 0 3 1 C3 d3 T3 0 0 1
Left multiply both sides by
1 0 0 1 10 cp di 1 1 =2 0
0 1 0] toget [O 1 co dy 9l =10 1 O
0 -1 1 0 00 c3 d3 r3 0 -1 1

Since the bottom row on the left hand side is all 0 and the bottom row on the right hand sides
is not all 0 then there do not exist c1,ca,c3,d1,d2,ds, 71,72, 73 € R such that

1 1 0 C1 d1 T 1 00
2 5 1 (&) d2 9 = 01 0
0 3 1 C3 d3 rs3 0 0 1

So {‘17070>7 ‘Oa 170>7 ’07 O> 1>} g R—span(S).
So span(S) # R2. O

VS24HS151. Let S be the subset of Rlx]<2 given by
S = {142z +2% 2%} Show that span(S) = R[z]<2.
Solution. Proof. By definition,
R-span(S) = {c1(1 + 2 + 2%) + ca2® | ¢1,¢0 € R}

To show: (a) span(S) C R[z]<2
(b) R[z]<2 € R-span(5S).

(a) Since S C R[z|<2 and R[x]<2 is closed under addition and scalar multiplication then R-span(S) C
Rz]<2.

(b) To show: R[z]<2 C R-span(S).
To show: R-span{1,x,z%} C R-span(S).
Since R-span(S) is closed under addition and scalar multiplication,
To show: {1, x, 2%} C R-span(S).

To show: There exist ¢y, c2,di,ds, 71,72 € R such that
ca(l+z+2?)+ex?=1, di(1+z+2?) +doz?® =z,

and
ri(l14+ x4+ z2) 4 roz? = 22
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To show: There exist ¢y, c2,di,ds, 71,72 € R such that

Lo\ ., 100
10<1d11>=010
1 1) \@2 @ 2 00 1

Left multiply both sides by

-1 1 0 0 0 o dior 1 0 0
0 1 0] toget [1 O (1 ! 1): 010
0 01 1 1 0 01

Since the top row on the left hand side is all 0 and the top row on the right hand sides is not all
0 then there do not exist c1,co,d1,do, 71,72 € R such that

10 d 1 00
10<Cld1“>=010
1 1)\ 00 1

So {1,z,2?} Z R-span(S).

So R-span{1,z, 2%} Z R-span(S).

So R[z]<2 Z R-span(S).
So R-span(S) # Rlz]<a. O
VS25HS152. Let S be the subset of C? given by

S ={|2i,—1,1),| —6,—31,37) }. Is § C-linearly independent?

Solution. To show: If ¢j, ¢y € C and ¢; |2i, —1, 1) 4 ¢2|—6, —3i,3i) = |0,0,0) then ¢; =0, co = 0.
Assume ¢, ¢ € C and ¢ |24, —1, 1) + ¢2|—6, —3i,3i) = (0,0,0).

Then
2icy — 6cg =0, 2i —6 . 0
—c1 — 3ica =0, or equivalently -1 -3 <cl> =10
1+ 3icy = 0, 1 3 2 0

Skipping the row reduction steps (DON’T skip the row reduction steps on an exam or an assignment!),

this system has solutions
) _ (O) 4y (73 ,  withteC.
Co 0 1

So ¢; =0, co = 0 is not the only solution.
So S is not linearly independent. O

VS26HS153. Let B be the subset of C? given by
B ={|2i,-1,1),]4,0,2)}. Is B linearly independent?

Solution. To show: If ¢j, ¢y € C and ¢; |2, —1,1) + ¢2|4,0,2) = |0,0,0) then ¢; =0, ¢ = 0.
Assume ¢, c9 € C and ¢ |24, —1,1) + ¢2]4,0,2) = |0,0,0)

Then
2ic1 +4cy =0, 2i 4 . 0
—c1 4+ 0cy =0, or equivalently -1 0 (cl) =10
c1+ 2 =0, 1 2 2 0
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Skipping the row reduction steps (DON’T skip the row reduction steps on an exam or an assignment!),
this system has only one solution ¢; = 0, co = 0.
So S is linearly independent. O

VS27HS154. Let S be the subset of R? given by

S =1{(2,0,0),(6,1,7),(2,-1,2)}. Is S linearly independent?

Solution. To show:

If ¢1,¢2,c3 € R and ¢1 (2,0,0) + ¢2/6,1,7) + ¢3/2,—1,2) = |0,0,0)

then ¢y =0, co =0, c3 =0.

Assume c1,cg,c3 € R and ¢ [2,0,0) + ¢2|6,1,7) + 3|2, —1,2) = [0,0,0).

Then
2¢c1 + 6¢3 + 2¢3 =0, 2 6 2 c1 0
cg —c3 =0, orequivalently [0 1 -1 co| =10
Tco + 2¢3 =0, 0o 7 2 c3 0

Skipping the row reduction steps (DON’T skip the row reduction steps on an exam or an assignment!),
this system has only one solution: ¢; =0, cg =0, c3 = 0.
So S is linearly independent. O

VS28HS155. Let S be the subset of Rlx]<2 given by

S={1+2zx+52%1+x+2%1+22+32°}. Is S abasis of R[x]<o?

Solution. To show: If c1,ca,c3 € R and ¢ (1 + 2z + 522) + c2(1 + = + 22) + c3(1 + 22 + 322) = 0
then ¢y =0, c3 =0, c3 =0.

Assume c1,¢2,c3 € R and ¢1(1 + 22 + 52%) + c2(1 + 2 + 22) + c3(1 + 22 + 322) = 0.
Then
c1+cag+c3=0, 1 1 1 c1 0
2c1 + co + 2c3 =0, or, equivalently, {2 1 2 co|l =10
9c] + co 4+ 3¢ =0, 5 1 3 c3 0

Skipping the row reduction steps (DON'T skip the row reduction steps on an exam or an assignment!),
this system has only one solution: ¢; =0, co =0, ¢35 = 0.
So S is linearly independent.

Since dim(R[z]<2) = 3 and S contains 3 linearly independent elements then B is a basis for
Rlz]<2. O

VS29HS156. Let S be the subset of Ma(R) given by

1 3 -2 1 1 10
= . . (?
5 { (1 1) ’ < 1 _1> ) <4 9 ) } . Is S linearly independent?

Solution. To show: If ¢q,c2,c3 € R and

L3Y (=2 1), (1 10)_ (00
“Al1 1) 72(1 1) 7%\ 2/ Vo o
then ¢y =0, co =0, c3 =0.

Aesume e enca € fand G ?> e (_12 —11> e (zli 120) - (8 8)
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Then
c1 —2co+c3 =0, 1 -2 1 c 0
31+ 2 4 10¢3 =0, or, equivalently s 110 c; =10
Cl—|—62—|—463:0, ’ ’ 1 1 4
c1—co+ 2c3 =0, 1 -1 2 €3 0

Skipping the row reduction steps (DON’T skip the row reduction steps on an exam or an assignment!),
this system has solutions

C1 0 -3
c|l =10+t 1], with ¢t € R.
C3 0 -1

So c1 =0, ca =0, c3 =0 is not the only solution.

So S is not linearly independent.

Here is a check that ¢y = —3, ¢ = 1, ¢c3 = —1 is a solution:

g (L BY (72 L) (L 10 L g (13 (3 9y _ (00
11 1 -1 4 2 ) 11 -3 =3/ \0 0)°
VS30HS157. Is S = {(1,—1),(2,4)} a basis of R??

Solution. Let
(1 2 11 (4 =2
A—<_1 4>. Then A —6<1 1)-(

1 2\ () _ (0O vos ct) _ (0
1 4)\e) ~ \0 & c) —\0)°
So S is linearly independent.

If |a,b) € R? then |a,b) = c1|1, —1) + ¢2|2,4), where

c 2 _1 2, 1p
() =G 6=
C9 6 6 b ga + gb
So R? C R-span(S). Since S C R? and R? is closed under addition and scalar multiplication then
R-span(S) C R%. So R-span(S) = R2.

So S is a basis of R2. O

1 0 01 00
= 1 = ?
VS31HS158. Is S {(O _1> , <O 0> , (1 O>} a basis of {4 € M(R) | tr(A) = 0}

Solution. If ¢q, ¢, c3 € R and

1 0 0 1 0 0 0 0
oo B)elo o) oo 0)= (0

C1 C2 0 O ‘= O’
= and co =0,
cy3 —C1 0 0 -0
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So S is linearly independent.
Then

{A € My(R) | tr(A) =

a2
< ) | a11,a12,a21, a2 € R, a11+a22—0}

a22

{
{< C;) | c1,02,c3 € R}
LG

(o &) +e(y o) el ) |aaacr]

So S is a basis of {A € M»(R) | tr(4) = 0}. O

VS32HS159. Is
1 0 0 1 0 0
= 1 ?
S {(0 _1) , <O 0> , (1 0>} a basis of Ma(R)?

Solution. Since E11, E12, Fa1, E92 is a basis of Ma(R) then dim(M2(R)) = 4.
Since S contains only 3 elements then S is not a basis of Ma(R). O]

VS33HS92. Is S = {(1,—-1),(2,4)} a basis of R??

Solution. Let
(1 2 11 (4 -2\
A_<_1 Q. Then A _GQ 1>_(

1 2\ [c) (0O - ct) _ (0
—1 4)\e) ~\0 BIves ) —\0)°
So S is linearly independent.

If |a,b) € R? then |a,b) = c1]1, —1) + c2|2,4), where

cr) _ % f% a) _ %afgb

C9 6 % b ga + gb )
So R? C R-span(S). Since S C R? and R? is closed under addition and scalar multiplication then
R-span(S) C R%. So R-span(S) = R2.
So S is a basis of R2. O
VS34HS93. Let S be the subset of Ma(R) given by

13 -2 1 1 10
S { <1 1) ’ < 1 _1> ) <4 9 ) } . Is S linearly independent?

Solution. To show: If ¢1,c2,c3 € R and

13 9 ] 1 10 0 0
Cl<1 1>+C2<1 —1>+3<4 2>_<0 0)

[N

o= |
W=

\_/
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then ¢y =0, c5 =0, c3 =0.

Suppose an oracle tells you to try (or you guess) ¢; = —3, ca = 1, ¢c3 = —1 and then you verify that

_3 1 3 n -2 1Y\ (1 10} _ 3 1 3 n -3 -9\ (0 0
11 1 -1 4 2) 11 -3 =3/ \0 0/)°
This means that you don’t have to have c1, co and c¢3 all 0 to get a zero linear combination.

So S is not linearly independent.

If you have no oracle, or are not a good guesser, then proceed as follows.

Assume ¢y, co,c3 € R and

13 9 1 1 10 0 0
aly 1)tely —1)7t%ly 2) = o o)

Then
c1 —2co 4+ c3 =0, 1 -2 1 B 0
3e1 + ¢z + 10¢3 =0, or, equivalentl 3110 c1 =10
1+ ep+deg =0, O N T 02 “\,
¢ — co + 23 =0, 1 -1 2 3
Left multiply both sides by
100 0 1 -2 1 .
0010 0f |3 1 10 “ay 0
000 1 0 8¢ 1 -1 2| |\®)~ 0
001 -1 0 2 2/ \S
Left multiply both sides by
10 0 1 -2 1 .
00 1 0| oo |1l -12 ay 0
01 =3 0 © 8¢ o 4 4|2~ 0
00 0 1 0 2 2/ \@
Left multiply both sides by
0 1 00 1 -1 2 0
L—1 00| oo -1 1] () _ 0
0 0 10 © 8¢ 0 4 4 |||~ 0
0 0 01 0 2 2/ \S
Left multiply both sides by
100 0 1 -1 2 0
o010 of [0 -1 -1 “ay 0
000 1 © 8¢ 0o 2 2|\~ 0
00 1 —2 00 0/) \?
Left multiply both sides by
1000 1 -1 2 0
o0 1o|l o0 22 21 |y
0110 & 0 0 0 CQ “
00 0 1 0 0 0 3
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Left multiply both sides by

1 0 00 1 -1 2 . 0
0 % 00 to get 0 11 c1 =10
00 10 & 0 0 of \Z] T\,
0001 0 0 0 \?
Left multiply both sides by
1 1 00 1 0 3 0
0o1oo| |01l “ay 0
001 o] 5 Jooo)(Z)T{]
0001 000/ \7?
This gives the system
c1 + 3c3 =0, Cq . ¢ = 3¢
which is  co = —c3,
co 4+ c3 =0,
C3 = C3,
which has solutions
-3 -3
cs | —1 c3 € R p = R-span -1
1 1

So c¢1 =0, ¢ =0, ¢c3 =0 is not the only solution.
This means that you don’t have to have ¢, co and c3 all 0 to get a zero linear combination.
So S is not linearly independent.

VS35HS83. Let vy, v, v3,v4 € R? be given by
v =|1,2,3), wv2=13,6,9), w3=|-1,0,-2), wvg=]1,4,4).

(a) Is {v1,v2,v3,v4} linearly independent?
(b) Express vo and vy as linear combinations of v; and vs.
(c¢) Is {v1,v3} linearly independent?

Solution. (a) Since ve = 3v; then 0 = 3v; — v = 3v; — v2 + Ovz + —vy.

Soci =3,c0=-1,¢c3=0, ¢4, =0 is a case that gives c1v1 + covo + c3v3 + cqvq = 0.
So {v1,v2,v3,v4} is not linearly independent.

(b) Since vy = 3v; + Ovs then vy € R-span{vi,vs}.

Since v1 +v3 = (0,2,1) and v; +0,2,1) = |1,4, 4).

So vg = 2v1 + v3. So vy € R-span{vy,v3}.

(c) To show: If ¢1,c2 € R and ¢4|1,2,3) + 2| —1,0,2) = |0,0,0)

then ¢; = 0 and ¢ = 0.

Assume c¢1,c9 € R and ¢1]1,2,3) + ¢2| —1,0,2) = {0,0,0).

Then
Cl —Cy = 0,
2¢1 +0cy =0,
3c1 + 2¢9 = 0.
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The first equation gives ¢; = ¢ and the second equation gives 2¢c; = 0 so that ¢ = ¢; = 0. This
system has
only one solution: c1=0, co=0.

So {v1,v3} is linearly independent. O

VS36AQL1. Let R[z]<2 = {ap + a1z + a22? | ag,a1,a2 € R}. Let t € R and let
g(@) =1, @@ =c+t, gs(z)=(x+1)

Prove that {g1, g2, g3} is a basis of R[z]<s.

Solution. To show: {g1, 92,93} is a basis of R[z]|<3.
To show: (a) {g1, g2, g3} is linearly independent.
(b) span{g1, g2, 93} = P%.

(a) Assume c¢q,c2,c3 € R such that ¢1g1 + cag2 + c3g3 = 0.
To show: ¢y =0, co =0 and c3 = 0.
We know

0=ci -1+ colx+1)+ c3(z? + 2tx + %) = (c1 + ot + c3t?) + (co + 2tez)x + e3>

Comparing coeflicients on each side gives

c3 =0, c3 =0,
co + 2tcs =0, so that co+0=0,
Cl+t02+t203:0, c1+0+0=0.

So {91, 92,93} is linearly independent.
(b) To show: (ba) span{gi, g2, 93} C P2,
(bb) P2 g Span{91792793}'

(ba) Since g1, g2, g3 € P» and P, is closed under addition and scalar multiplication

then span{gi, g2, 93} C Ps.

(bb) To show: If ag,a,as € R then ag + a1z + asx? € span{gi, g2, g3 }-
Assume ag, a1, a2 € R.
Then

ag + a1z + aga® = ag +ar(x +1—t) + az((x + 1) — t)?
=ag +a1((x+1t)—t)+as(x+1t)? —2t(x+1t) + 1)
= ag — tay + t?ay + (a1 — 2tas)(z +t) + ag(x +t)*
= (ag — ta1 + t%az)g1 + (a1 — 2taz)gz + azgs € span{gy, g2, gs}.
Since span{gi, g2, 93} C P> and P» C span{gi, g2, g3}
then span{gi, g2, g3} = P».

Since {g1, g2, g3} is linearly independent and span{gi, g2,93} = P>
then {g1, g2, g3} is a basis of P;. O
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