Linear algebra Solved examples, Arun Ram August 30, 2026

1 Matrices and operations
1.1 Addition, scalar multiplication and multiplication

MO1AS1. Calculate

3 6 2 1 1 2 3 4
0O 7 -9 5]|+5 6 7 8
1 32 5 -1 -5 =2 W2 0

Solution. Addition of matrices is componentwise, entry by entry.

3 6 2 1 1 2 3 4 341 246 243 1+4
0o 7 -9 5]+|l5 6 7 8|=|0+5 7T+6 T7T—9 5+8
1 32 5 -1 -5 —2 W2 0 1-5 32—2 5+iv/2 —1+40
4 8 5 5
=5 13 ) 13

-4 12 5+4+iv2 -1

MO2AS2. Calculate

gg_zgé 5 6 7 8
1 32 5 —1 -5 =2 V2 0

Solution. Addition of matrices of different sizes is not defined.

1 2 3 4

3 6 2 1
o 7 -9 5 + _55 _62 \7/5 g is not defined.
1 32 5 —1 !

-1 -2 -3 -4

MOB3AS3. Explain the meaning of 0 in the following expression and compute the sum.

2 3
6 7
0+ 9 i3
—41 -3
Solution.
2 3 00 2 3 2 3
0+ 6 7 00 N 6 7| | 6 7
-2  iV2 00 —2 W2 | =2 W2
—41 -3 00 4.1 -3 —41 -3
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MO4AS4. Explain the meaning of the negative before the first matrix in the following expression
and compute the sum.

3 6 2 1 3 6 2 1
-0 7 -9 5 |+|10 7 -9 5
1 32 5 -1 1 32 5 -1
Solution.
3 6 2 1 3 6 2 1 -3 -6 -2 -1 3 6 2 1
-0 7 -9 5|+{0 7 -9 5|=(0 -7 9 -5]+|0 7T -9 5
1 32 5 -1 1 32 5 -1 -1 =32 -5 1 1 32 5 -1
0000
=0 0 0 0)=0
0 00O
O
MO5AS5. Calculate
1 2 3 4
2 5 6 7 8
-5 32 iv2 0
Solution. Scalar multiplication by ¢ multiplies each entry by c.
1 2 3 4 2i-1 24 -2 2¢-3  2i-4
2t-| 5 6 7T 8] = 2t-5 2i-6 20-7  2i-2
—5 32 iv2 0 2i-(=5) 2i-3.2 2i-iv/2 2i-0
2i 4 6i 8
=\ 10¢ 12¢ 14¢ 43
—10i 6.4i —2v2 0
O
MOG6ASG6. Calculate
-1
2
(4 2 6 3)- 0
—24
Solution. A 1 x 4 matrix multiplied by a 4 x 1 matrix is a 1 x 1 matrix.
-1
(4 2 6 3)- g =(@4-(=1)+2:2+6-0+3-(=2i)) = (—4+4+0—6i) = (—6i).
—2i
O

MO7TAS7. Calculate
(4 26 3)-(-1 2 0 —2i).

4
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Solution. Multiplication of matrices is not defined unless the number of columns of the first matrix is
the same as the number of rows of the second matrix.

(4 2 6 3)-(-1 2 0 —2i) isnot defined.

O
MOSASS. Using that i> = —1, compute
-1 01
42 6 3\ [ 2 01
1 2 =3 2 0 0 1
-2 0 1
Solution. Using that 2 = —1,
-1 0 1
42 6 3\ [ 2 01
1 2 -3 2 0 01
-2 0 1
_ 4-(-1)+2-2+4+6-0+3-(—29) 4-04+2-0+6-0+3-0 4-14+2-1+6-1+3-1
T\l (-1)4+2-24(-3)-0+2i-(-2i)) 1-04+2-0+(-3)-0+2i-0 1-14+2-14+(-3)-1+2i-1

_[(—6i 0 15
“\7 0 2)

O
MO9AS9. Using i? = —1, compute
-1 2 0 —2 ;1 ;
0 00 O 6 _3
1 1 1 1 3 9
Solution. Using i? = —1,
. 4 1 . D
-1 2 0 -2 5 o —1-442-240:6—-2i-3 —1-142-240-(-3)—2i-2¢
0 00 O 6 _3|= 0:-4+0-240-6+0-3 0-1+40-240-(=3)+0-2¢
1 1 1 1 3 9 1-4+1-241-641-3 1-1+1-24+1-(-3)+1-2:
—6i 7
=10 O
15 24
O

MO10AS10. Explain the meaning of 1 and compute the products

-1 2 0 =2 -1 2 0 -2
1-{ 0 0 0 O and 0 00 0 |- -1
1 11 1 1 11 1
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Solution.

and

MO11AS11. Compute the following products.

).

oSO O O
SO oOoO —+H O O
o O O +H O
o —-H O O O
— o O O O
~_
~_
o O O O
Q
001_0
o O o —H O
o —H O O O
— O O O O
N~
e
S
o]
—_ -~
OO O O
Q
001_0
o O o —H O
o H O O O
— O O O O
~_
~_ -~
S O O O
SO - O O
OO O H O
o +H O O O
— O O O O
N~

Solution. The inverse of the 5 x 5 matrix s3(c) is verified by

0

1

100 00

and

—

I
~_
SO OO
SO O +H O
OO - OO
S —H O O O
— O O O O
N~

I
~_
S OO O -
OO H O O
SO O +H O
O —H O OO
— o O O O
N~
~_
SO O O

Q
S O - | [a)
SO O —H O
S —H O O O
— o O O O
N~

MO12AS12. Compute the following products

~_ -~
oS O O O
o O O
S Ol

O O O

00 0 0 5

o O O

I

S O O O
oS O O —H O
S QO O
SO N O O O

]

IO O O
N

and

-~
S O O O —Hhn

o O O —H O
S Sw-O O
S N O O O

]

=IO O O

I

[esRen e N @)

S O O

S O~

O O O

00 0 0 5

o O O

Solution. The inverse of a diagonal matrix is verified by

)1

100 00
0100O0
00100
0 00T1O0
00001

i

S O O O —ho
S O O - O
O O wi-O O
SO N O O O

S

O O O

I

oS O O O

S O O~

S O~

O —HNO O

00 0 0 5

o O O
N~
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and

Jl.
I

10 000
01000
=10 01 0 O
0 0010
00001

-

Solution. The inverse of the 5 x 5 matrix x14(7) is verified by

(e B en B en B @)

SO O

S O~

S —HNO O

00 0 05

O O O

I

MO13AS13. Compute the following products.

SO O O
o O O —H O
S QS wo-O O
S N O O O

()

<O O O
(\

This verifies that d(1, 3, £,1,5)d(

100 70
01000
0010 0].
00010
000 01

0
0
0
1

1 0 0 =7
10 0 O
01 0
00 1
00 0

0
0
0
0

0
0
0
0
1

and

-
|
-~
oo oo -
S O O —H O
OO —H O O
o +H O O O
—\ O O O O
~_
|
~_
S OO O -
~ O o~ O
OO —H O O
o —H O O O
— O O O O
~_
~_
S OO O -
40010
OO H O O
o —H O O O
—\ O O O O
~_

.%'14(7) =1.

1 and :B14(—7) =

This verifies that x14(7)z14(—7)

MO14AS14. Calculate

].

100 00O
000010
0 01 00O
0 00100
010000

0 00 0O0T1

10 00 00
0 00 01O
001 00O
0 00100
010000
Solution. The inverse of the 6 x 6 matrix so5 is verified by

0 00 0O01

|

S o - O

o —H O O
ee=Ee

I

SO OO O
S —-H O O OO
oo o +H OO
SO —H O OO
[esien il en el =
o O O o O
SO OO O
S —-H O O OO
SO O —H OO
SO —H O O O
[eslien e el =
o O O OO
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This verifies that 335 =1.

MO15HS21. Compute

78 62 91 85 1 2 3 4
32 41 24 39| +([5 6 7 8
6 99 29 81 -1 -2 -3 —4
Solution.
78 62 91 85 1 2 3 4 79 64 94 89
32 41 24 39|+ ([5 6 7 8 |=/[37 48 31 47
6 99 29 81 -1 -2 -3 —4 5 97 26 77
MO16HS22. Compute
78 62 91 85
=132 41 24 39
6 99 29 81
Solution.
L [ 62 91 85 26%27%
=32 41 24 39| =103 4 8 13
3\6 99 20 s1 9 33 2 97

MO17HS23. Let
100 010 001
E“_<0 0 0)’ Eu_(o 0 0)’ E13_<0 0 0)

000 000 000
E21_<1 0 0>’ E22_<o 1 0)’ E23_<0 0 1)‘

Compute 78F11 + 62F19 + 91 FE13 + 32FE9 + 41 FE9 + 24 Eo3.

Solution.
T8E11 + 62E12 + 91F13 + 32E91 + 419 + 24FE93 = 78 62 91
MO18HS24. Compute

4 2
0 78 62 91 85 g
(2 5 11 13)] 4 and |32 41 24 39 [ 19°
6 99 29 81 190
-9 12
100

Solution.

4
(2 5 11 13) g =2-445-0+11-3413-(-2)=8+33-26=15
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and )
78 62 91 85\ [P 75:2+62 85421148012 65.37
32 41 24 39 @ 32-2+41-85140r%4-1+39-12 — | 40.41
6 99 29 81) | ¥ 6'2+99'851+0%9'1+81'12 94.28

—
o
(=]

MO19HS25. Find A € M,(Q) and B € M(Q) such that AB # BA.

Solution.
1 1 10
s () s (1)

11 10 2 1 1 0\ /1 1 11
AB_(O 1) (1 1>_<1 1) and BA_<1 1) (0 1>_<1 2)
and so AB is not the same as BA. O]
MO20AS15. Calculate the inner product ((4,2,6,3)", (—1,2,0,—24)) using matrix multiplication.

Solution.

-1
2
0

—29

—(4-(=1)+2-246-0+3-(—2i)) = (4 +4+0—6i) = (—6i).

((4,2,6,3)",(-1,2,0,—-2i)"y = (4 2 6 3)

0
1.2 Transpose and symmetric, Hermitian, orthogonal and unitary matrices
12 3 -
MO21HS61. Let A = 15 6) Compute A*.
. 12 3 . (F1
Solution. If A = then A* =12 5. O
4 5 6 3 6

MO22HS62. Let A = <1. i) and B = <_Oz 0.>. Prove that A is Hermitian and B is not

Hermitian.

Solution. Since

A*:AT:(_li i):A and B*:BT:(_OZ _OZ,>7éB

then A is Hermitian and B is not Hermitian. O

MO23HS63. Prove that the matrix U = % <_1Z D is unitary.

—1

1

=G () 7 () =50 2= 1)

Solution. The matrix U = & (

73 1) 1S unitary since
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cosf@ —sinf

MO24HS64. Let # € R. Prove that () = <sin9 cos 6

> is orthogonal.

cosf —sinb
sinf@ cosf

007 = <0089 —sinG) ( cos 6 sin@)

Solution. The matrix @) = < > is orthogonal since

sinf cos@ —sinf cosf

B cos? 6 + sin2 6 0 (1 0
- 0 cos?f +sin26) — \0 1)

1.3 Determinants and traces

2 6 9
MO25HS71. Let A = (O 3 8 ) . Find the determinant of A by factoring A.
0 0 -1

6 9
3 & |. Then
0 -1

Solution. Let A =

O O N

1
A = hi(2)ha(3)hs(~1) [ 0
0

S = W

9
g)
9
2

3
1
= h1(2)ha(3)h3(—1)z12(3)213(3)z23(3),

So

det(A) = det (h1(2)h2(3)h3(—1)z12(3))z13(3)w23(3)
— det(hy (2)) det(ha(3)) det(hs(—1))
- det(z12(3))) det(xlg(%)) det(xgg(%))
=2-3-(-1)-1-1-1=-6.

1
MO26HS72. Let A = (1
0

)

1
1) . Find the determinant of A by factoring A.
3

10
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1 21
Solution. Let A= -1 1 1. Then
0 1 3

-1 10 -1 1 1
A=[1 0 0 0 3 2
0 01 0 1 3
-1 10 1 00 -1 1 1
=11 00 0 3 1 0 1 3
0 01 010 0 0 -7
-1 1 1
== Sl(—1)82(3) 0 1 3 .
0 0 -7
So det(A) = (-1)-(—-1)-(-1)-1-(=7) =7
1 2 3
MO27HS73. Let A= (4 5 6 |. Compute tr(A).
78 9

Solution.

MO28HS74. Let A, B € M,x»(Q) and let ¢ € Q. Prove that

tr(A+ B) = tr(A) + tr(B), tr(cA) = ctr(A) and tr(AB) = tr(BA).

Solution.
tr(A+ B) = ZH;(A +B)(i,i) = Zn;(A(z', i) + B(i, 1))
- (Z;A@,ﬂ) + (iB(i,z)) tr(A) + tr(B)
and _
tr(cA) = il(cA)(z, i) = i;(c CA(i,0))e (ilA(i,i)) = ctr(A)
and _ _ _
tr(AB) = il(AB)(i, i) = Z:L; il A(i, j)B(j,1) = il il B(j,i)A(i, j)

=> ") B(j,)A(i,§) = > (BA)(j,j) = tr(BA).

j=1i=1 j=1

11
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O]

MO29HS75. Let n € Z~g. Let A € My, (Q) and let P € GL,(Q) so that P is an invertible n x n
matrix. Prove that

det(PAP™Y) = det(4) and  tr(PAP™') = tr(A).
Solution. Let A € My, (Q). Since 1 = AA~! then det(1) = det(A) det(A~1). So

1 = det(A)det(A™!) and = det(A™).

1
det(A)
Let P € GL,(Q). Then

det(PAP™Y) = det(P) det(A) det(P~!) = det(P) det(A)

det(P)
= det(P)

1
det(P) det(A) = det(A)

and
tr(PAP™Y) = tr((PA)P™Y) = tr(P~Y(PA)) = tr((P71P)A) = tr(A).

O
MO30HS76. Let A € M;,x,(Q). Prove that
det(4) = det(A™1).
Solution. Let A € M, x,(Q). Since 1 = AA™! then det(1) = det(A) det(A~1). So
| = det(A) det(A~1) and detl( = der(a).
O

MO31HS65. Assume Q € O, (R). Using that det(AB) = det(A) det(B) and that det(A”) = det(A),

prove that det(Q) € {1,-1}.

Solution. Assume Q € O,(R). Then 1 = QQT and
1 =det(1) = det(QQT) = det(Q) det(QT) = det(Q) det(Q) = det(Q)%.
So det(Q) € {1,—1}. O

1 21
MO32HS163. Let A=|—-1 1 1].
0 1 3

(a) Compute the (2,3) cofactor of A.

(b) Use cofactor expansion along the third row to compute det(A).

12
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1
Solution. Since A = | —1
0

— = o

1
1 | then the (2,3)-cofactor is
3

Chy = (—1)23 det (é f) — (—1)’(1-1-0-2) = —1.

Using cofactor expansion along the third row,

11 -1 1 -1 1
=0—(1-1—(=1)-1)+3(1-1-(-1)-2)
=0-249="T.

det(A) = (—1)>*1. 0 - det <2 1> +(=1)**2 .1 - det < 1 1) + (_1)3+3.3.det< 1 2)

MO33HS164. Using cofactor expansion down the fourth column, compute the determinant of

1 -2 01
3 2 20
A= 1 0 10
0 -4 2 4

Solution. Using cofactor expansion down the fourth column,

3 2 2
det(A) = (=D .1.det |1 0 1] +0+0
0 2

—4
1 -2 0
+ (=) 4. det (3 2 2
1 0 1

— _((_1)1+1 -3 det (_04 ;) +(=1)*1 1 det (_24 ;) +o)

+4((—1)1+1-1-det (g f) (=12 (—2) - det G’ f) +0)

= —3(04+4) + (4+8) +4((2—0) +2(2—3))
= 124124 8+8=16.

13



