Linear algebra Solved examples, Arun Ram August 30, 2026

3 Kernels, images and solving linear equations
3.1 Solving systems of linear equations

KE1HS162. Find the values of a,b € Q for which the system

x—2y+z=4, (a) no solution,
2r —3y+2z=17, has (b) a unique solution,
3z — 6y +az =0, (c¢) LOTS of solutions.

Solution. In matrix form this system is

3 —6 a x b
2 =3 1| |y|=|7
1 -2 1 z 4
Left multiply both sides by
1 0 0 3 =6 a T b
00 1 to get 1 -2 1 yl =14
01 —2 0o 1 -1/ \z ~1
Left multiply both sides by
0 1 0 1 -2 1 x 4
1 -3 0 to get 0 0 a-—3 yl=1b-—12
0 0 1 0 1 -1 z -1
Left multiply both sides by
100 1 -2 1 x 4
0 01 to get 0 1 -1 y| = -1
010 0 0 a-3 z b—12
Left multiply both sides by
1 2 0 1 0 -1 x 2
010 to get 01 -1 y | = —1
0 0 1 0 0 a—3 z b—12
Case 1: a — 3 # 0. Multiply both sides by
1 0 0 1 0 —1 T 2
01 0 to get 01 -1 y|l =1 -1
1 b—12
O 0 a—3 0 0 1 z a—3
Left multiply both sides by
1 00 1 0 -1 T 2
01 1| toget [0 1 0 y| =[-1+5212
00 1 00 1 P b1y
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Left multiply both sides by

10 1 1 0 0\ (= 2+ L2
b—12
0 1 0 to get 0 1 0 yl=1-14+"=
001 00 1/ \z b=12
a—3
S0 b—12
i 531
y= -1 + __ )
b2 7P
a3
or, equivalently,
2442
Sol(Ax = b) = -1+ 211?)2 (exactly one solution).
b—12
a—3
Case 2: a —3 =0. Then
1 0 -1 T 2
01 -1 y | = —1
00 O z b—12
Case 2a: b— 12 £ 0. If b — 12 # 0 then this system has no solution.
Case 2b: b— 12 =0. If b — 12 = 0 then this system is
r—z=2 T=2+2z
—z:—71 whichis y= -1+ 2,
Y - 2=0+z,
where z can be any number. So
2 1
Sol(Az =b) = | 1| +span{| 1],
0 1

and there are LOTS of solutions.
KE2HS39. (The number of solutions of a linear system)

(a) Let A= (é (1)) and b = (;) Compute Sol(Az = b).

(b) Let A= <1 8) and b = (;) Compute Sol(Az = b).

(c) Let A= <(1) 8) and b = (g) Compute Sol(Az = b).

. 10 7 7
Solution. (a) If A = (0 1> and b = <2> then Sol(Ax =b) = {(2)}

1 +0z2 =7, has exactly one solution

and 1=
Ox1 4+ 22 = 2. To = 2.
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(b) If A = <1 8) and b = (;) then Sol(Axz = b) = () and

x1+ 0xg =17, .
has no solutions.
x1 + 0x9 = 2.
10 7 7
(c)If A= <O 0) and b = <0> then Sol(Azx =b) = {<C> ‘ ce Q},
1+ 0xo =7, has infinitely many 1 =7,
0x1 + 0xo = 0. solutions x9 =¢, foranyceQ.

KE3HS40. Let A = <? _11> x = <§> and b = <3> Compute Sol(Azx =b).

Solution. If A = <2 1), T = (x) and b = <3> then Az = b is
1 1 Y 0
2 -1\ (z\ (3 g 2x —y =3,
(1 1 > (y> - <0> whichis == =0,
2 =1\ (z\ (3
1 1 y) \0J°
0 1 1 1 x 0
() e (0 5)6)-6)

Start with

Left multiply both sides by
Left multiply both sides by

Left multiply both sides by

1 -1 1 0\ [« 1 D =1,
<0 1) to get <0 1) <y><—1> which is y=—1.

So Sol(Az = b)
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KE4HS41. Solve the following system of linear equations.

4o — 2y + 5z = 31,
20 — 3y — 2z =13,
r—3y+2z=11.

32



Linear algebra Solved examples, Arun Ram August 30, 2026

Solution. In matrix form, this is Az = b, where

4 -2 5 x 31
A=12 -3 -2, z=|[y]|, b=1[13
1 -3 2 z 11
Start with
4 -2 5 x 31
2 -3 -2 yl =113
1 -3 2 z 11
Left multiply both sides by
10 0 -2 5 x 31
0 0 1 to get 1 -3 2 y|l=111].
01 -2 3 -6 z -9
Left multiply both sides by
0 1 0 1 -3 2 x 11
1 -4 1 to get 0 10 -3 y| =1-13
0 O 0 3 -6 z -9
Left multiply both sides by
10 0 1 -3 2 x 11
0 0 1 to get 0 3 -6 yl=1-9]|.
01 % 0 0 17/ \z 17
Left multiply both sides by
10 0 1 -3 2 x 11
03 0 toget (0 1 —=2|(y|l=1|-3
00 & 0 0 1/ \z 1

Left multiply both sides by

Left multiply both sides by

1 0 -2 1 -3 0 x 9
01 0 to get 0 1 0 yl|l=1-1
0 0 1 0 0 1 z 1
Left multiply both sides by
1 30 1 00 x 6
010 to get 010 yl=1-11,
0 01 0 0 1 z 1
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So

y=—1, or, equivalently, Sol(Ax =b) = -1
z= 1

(exactly one solution).
KE5HS42. Let A € GL,(Q) and let z,b € Q™. Compute Sol(Ax = b).
Solution. Left multiplying both sides of Az = b by A~! gives

A7 Az = A7, which says x = A~ 'b.

So
Sol(Az = b) = {A'b}, which contains exactly one element.

1 01 T1 -2
KE6HS43. Let A=|0 2 2|, z= |2y andb=| 4
0 0 0 x3 -3
(a) Compute Sol(Az = b).
(b) Compute Sol(Az = 0).
(c) Compute ker(A).
(d) Compute im(A).
1 01 1 —2
Solution. f A= (0 2 2|, x= 22| andb= | 4 | then Az = b is the system
0 00 x3 -3

z1 4+ 0x9 + 23 = —2,
0xq1 + 229 + 223 = 4,  which has no solutions
0z 4+ O0x2 + Ox3 = —3,

(no choice of x1,xeox3 € Q will satisfy the third equation). So

Sol(Az = b) = 0.
Then Ax = 0 is the system
r1 + 0x2 + 23 =0, Tl = —I3,
0xq1 + 229 + 223 =0, which is To9 = I3,
0z1 + 0z + 03 = 0, T3 = x3,
where x3 can be any number. So
-1 -1
Sol(Az = 0) = ker(A) =< x5 | —1 23 € Qp =Q-span¢ | —1
1 1
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Then
1 01 T
1m(A) = 0 2 X9 ‘ x1,T2,T3 € Q
0 0 0 T3

1 1
= Q-span ¢ columns of [0 2
0 0

1 00 -2
KE7THS44. f A=[0 1 0] andb=| 4
0 01 15
(a) Compute Sol(Az = b).
(b) Compute Sol(Az = 0).
(c) Compute ker(A).
(d) Compute im(A).
1 00 -2
Solution. f A=10 1 0| andb=| 4 | then
0 01 15
z1 + 0x9 + Ox3 = 2, . r =2,
0x1 + lzo 4 Oz3 = —4, j)vrtlcfcs}i)liiisoixac‘dy 9 = —4,
0561 + 0562 +x3 = 15, I3 = 15.
2
Sol(Azx =b) = —4
15
Then Az = 0 is the system
z1 + 0x9 + 0x3 = 0, . 1 =0,
011 + 12y + Omg = 0, which ha.s exactly Y
one solution
0x1 + 0x2 + 23 = 0, z3 = 0.
0
ker(A) = 0
0
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Then
1 0 0 T
1m(A) = 01 0 X9 ‘ x1,T2,T3 € Q
0 0 1 T3
1 0 0
=<2 [0 +a2 |1 ] +a23]0 ‘:):1,:1:2,:1336(@
0 0 1
1
=9 |22 |2122,23€Qp = Q%
T3
1 2005 1
0 01 06
KE8HS45. Let A = 000 1 7 and b = ;
000 O00PO
(a) Compute Sol(Ax =b).
(b) Compute Sol(Az = 0).
(c) Compute ker(A).
(d) Compute im(A).
Solution. (a) If
1 2005 1
001 06
A= 000 17 and b= ; then
00000

r1 + 229 + 0x3 + O0xg + b5 = 1,
0x1 + 0z 4 123 + 024 + 625 = 2,
0x1 + 0x2 4+ Ox3 + x4 + 725 = 3,
0x1 + Oz 4 Oz3 + 0x4 + Ox5 = O,

More specifically,
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T2 € Q,
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z5 € Q
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Equivalently,
( 1 —5$5
0 _j” 0
Sol(Ax =b)=qx=[2]|+ 02 + | —6z5 ‘ x2,x5 € Q
3 0 —71‘5
0 xIs
1 —2 -5
0 1 0
=124+ < 2 0 + x5 | —6 ‘ To, x5 € Q
3 0 -7
0 0 1
1 -2 -5
0 1 0
= 12| + Q-span 01],]—-6
3 0 -7
0 0 1
= p+ ker(A).

(b) The system of equations Ax = 0 is

x1 + 229 + 0x3 4 Oz4 + 525 = 0,
0331 + 0332 + 1333 + 0$4 + 6$5 = 0,
0x1 4+ 029 4+ 03 + x4 + Tx5 = 0,
0x1 + Oz 4 Ox3 + Ox4 + Ox5 = 0,

More specifically,

which has an infinite
number of solutions.

I il :0—21’2—51‘5,
T2 z3 € Q,
Sol(Ax =0)=< z= |3 r3 =0 — 6z,
Iy Xrq4 = 0— 7.%'5,
5 x5 €Q
Equivalently,
8 —21’2 E())xE’
Sol(Az =0)=<a= 0|+ ”Ef | —6a5 | | 20,25 €Q
0 0 —7:65
0 Is5
( -2 -5
1 0
=<a2| O | +x5]| —6 To,x5 € Q
0 -7
0 1
-2 -5
1 0
= Q-span 01],]-6 = ker(A).
0 -7
0 1
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(c) Since ker(A) = Sol(Az = 0) then ker(A) is determined in (b).

(d)

im(A)

Since

then

KE9HS46. Let S = {|1,3, —

Solution.

1200 5 ["
0010 6]
B 00017 x3 T1, 72,73, %4,25 € Q
00000/ |™
Ts
- Ol |0 +aa | b o[ +as |0 cQ
=471 22 | 731 T4 | 5 | - 71,72, T3, T4, Ts
0 0 1 0 6
_Q‘Span 0 0 ) 0 y 1 s 7
o/ \o/ \o/ \o/ \o
2 1 5 1 0 0
0 0 6 0 . 0
0 =2 0 and 7 =5 0 1 6- 0 +7. |
0 0 0 0 0 0
1\ [0\ /0
- 0 1 0
im(A) = Q-span ol ol |1
0 0 0
1), [2,6,0,4), 3,9, -2,4) }. Show that
2 3
R-span(S) = im(A), where A = 6 0
9 1 O _2
4 4

I

‘ T1,%2, 23 € R

3
0
2
4

‘ T1,%2,23,T4,T5 € R
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O]

KE10HS47. (How kernels and images change) Let A € M;+(Q) and P € GL(Q) and Q € GLs(Q).
Prove that

ker(PA) = ker(A), ker(AQ) = Q! - ker(A),
im(PA) = P -im(A), im(AQ) = im(A).

Solution.
ker(PA) = {r € Q° | PAz =0} = {zr € Q° | P"'PAz = P70}
={x € Q’| Az = 0} = ker(4),
ker(AQ) = {r € Q° | AQzr =0} = {Q'Qz € Q° | AQz = 0}
=Q ' {Qr eQ’ | AQz =0}

=Q {yeQ | Ay=0}=Q " ker(4),
im(PA) = {PAx | x € Q°} = P{Az | x € Q°} = P -im(A),

im(AQ) = {AQz | 2 € Q°} = {Ay | Q 'y € Q°}
={Ay |y € Q°'} = im(A).

KE11HS48. Let A € M;s(Q). Show that ker(A) is a subspace of Q.

Solution. (a) Since A0 = 0 then 0 € ker(A).
(b) Assume wi,wy € ker(A). Then Aw; = 0 and Awy = 0. So

A(wy + we) = Awy + Awa =0+ 0=0. So w; + wa € ker(A).
(c) Assume w € ker(A) and ¢ € Q. Then Aw = 0 and
A(cw) = cAw =c0=0. So cw € ker(A).

So ker(A) is a subspace of Q°. O]
KE12HS49. Let A € M;«s(Q). Show that im(A) is a subspace of Q.

Solution. (a) Since 0 = A0 then 0 € im(A).
(b)Assume y,y2 € im(A). Then there exist x1,z2 € QF such that y; = Az; and yo = Axe. Then

y1 +y2 = Az + Axg = A(xy1 + x2). So y1 + y2 € im(A).
(c) Assume y € im(A) and ¢ € Q. Then there exists z € Q° such that y = Az. Then
cy = cAx = A(cx). So cy € im(A).

So im(A) is a subspace of Q. O
KE13HS54. Let

19
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(a) Find a basis of ker(13).
(b) Find a basis of im(12).

Solution. Let {l1,...,l5} be the standard basis of Q°. Then

0 0 0
0 0 0
ker(1z) = span 1{,{0],[O = span{ls, ls,l5} and {l3,14,l5} is a basis of ker(12).
0 1 0
0 0 1

Let {r1,...,r6} be the standard basis of Q5. Then

p

im(12) = span = span{ry,re} and {ry,r2} is a basis of im(12).

OO OO O
OO O OO

KE14HS50. Let P € GL(Q), Q € GLs(Q). Let r € {1,..., min(s,t)} and let
1, =FEn1+Fx+---+FE, in Mtxs(@)'

Let
A= P1,.Q.

Prove that
ker(A) has basis {last s—r columns of Q71},

im(A) has basis {first r columns of P}.

Solution. By the How Kernel and Image Change Proposition

ker(A) = ker(P1,Q) = ker(1,Q) = Q 'ker(1,) and
im(A) = im(P1,Q) = im(P1,) = Pim(1,)

Since {Q e, 11,...,Q e} is a basis of Q71 ker(1,) then
ker(A) has basis {last s—r columns of Q71},
Since {Pey,...,Pe,} is a basis of Pim(1,) then

im(A) has basis {first 7 columns of P}. O

KE15HS51. Let P € GL(Q), Q € GLs(Q). Let r € {1,...,min(s,t)} and let
1, =E;1+FEn+---+E, in Mth(Q)-

Let
A= P1.Q.
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Prove that
dim(im(A)) + dim(ker(A)) = (number of columns of A).

Solution. Let A € My 5(Q). By definition,
(

dim(ker(A)) is the number of elements in a basis of ker(A), and

dim(im(A)) is the number of elements in a basis of im(A).
From the Computing Kernels and Images Theorem,
dim(ker(A)) =s—r and dim(im(A))=r.
Since (s —r) + 7 = s then

dim(im(A)) + dim(ker(A)) = (number of columns of A).

KE16HS52. Let P € GL(Q), Q € GLs(Q). Let r € {1,..., min(s,t)} and let
1, =E;1+FEn+---+E, in Mtxs(@)-

Let
A= P1,.Q.

Prove that dim(im(A)) = rank(A).
Solution. Let A € My 5(Q). By definition,

dim(ker(A)) is the number of elements in a basis of ker(A), and

dim(im(A)) is the number of elements in a basis of im(A).
From the Computing Kernels and Images Theorem,

dim(ker(A4)) =s—r and dim(im(A)) =r = rank(A).

1 2 3
3 6 0
KE17HS55. Let A= | °
1 4 4

(a) Show that A = P15Q, where

1 200 100

10 2

|3 600 o 10 B 1

P_—1010’12_000’Q_8(1)i
1 401 0 0 0

(b) Compute QL.
(c) Find a basis of ker(A).
(d) Find a basis of im(A).
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Solution. By multiplying out

200 1 00 2 0
plLo—| 3 600010 (1)13_ 3 60 (1)(1)3
ot ot oflooof{s 3Tt 0 ), 3
1 4 01 0 00 1 40
1 2 3
3 6 0
-1 0 -2 =4
1 4 4
(b) Since
1 0 -2 1 0 2 1 -2 1 00
Qo1 —f|={01 i)fo1 —-3]=[010
0 0 1 0 0 1 0 1 0 01
then
1 0 -2
Q'=101 -1
0 1
(c) Since
ker(A) = ker(P15Q) = ker(12Q) = Q! ker(15)
1 0 -2 -2
and Q'=10 1 —% then ker(A) = Q-span —%
0 0 1 1
Thus ker(A4) has basis {|-2,—1,1)}.
(d) Since
1 0
. . . 0 1
im(A) = im(P12Q) = Pim(lg) = span{ P 0 , P 0
0 0
then
1 2
im(A) has basis _31 , g
1 4
O
KE18AQ3. Let
01111
1 0 4 1 2
M= 1 401 2
11101

and let rowspace(M) be the set of linear combinations of the rows of M. Find a basis of rowspace(M).
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Solution. The matrix multiplication

01111 01 10\/100 -1 0

1 1

Mo |t 0412 _(Lo40]]010 3 3

14012 1400001 5 3

11101 1 111/\000 0 0

checks that

0110 100 -1 0
1 040 010 L1 1
M = PR, where P 140 0 and R 00 1 % %
1111 000 0 O

Since M = PR and R = P~ M then

(a) The rows of R are linear combinations of the rows of M and

(b) The rows of M are linear combinations of the rows of R.

Thus
rowspace(M ) = rowspace(R).

} is a basis of rowspace(R) then

)
0014 )} is a basis of rowspace(M).

Kel9AQ4. Let

=== O
— s O =
— O =

— =
— N N

and let colspace(M) be the set of linear combinations of the columns of M. Find a basis of colspace(M ).

Solution. The matrix multiplication

011 11 0110\ /100 —-10

1 1

vo |t 042l _[Lto4o0]]o10 5 3

1 401 2 1 400f{oo0o1 I 1

1110 1 11 11/\000 0 0

checks that

0110 100 -1 0
10 4 0 010 % 1
= ey — 2
M = PR, where P 140 0 and R 00 1 % %
111 1 000 0 O

Since M = PR then colspace(M) = {P¢ | ¢ € colspace(R)}. Since colspace(R
the first three columns of R and PR = M then

~—

has basis consisting of

0 1 1
. 1 0 4

colspace(M) has basis sl o (the first three columns of M).
1 1 1
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KE20AQ5. Let

01 1 11
1 0 41 2
M= 1 4 01 2
11101
Find a basis of ker(M).
Solution. The matrix multiplication
01 1 11 01 10 1 00 -1 O
1041 2 1 040f|{010 L 1
M = = i i
1 401 2 1 4 00 001 5 3
1 1101 1111 000 0 O
checks that
0110 1 00 -1 0
1 040 010 I 1
M = PR, where P= 1400 and R = 00 1 g g
1 111 000 0 O
The kernel of M is the set
c1
C2
ker(M)=<c¢=|c3 Mc=0
Cq
Cs
Since
c1 —cyq =0,

ker(M) = ker(PR) = ker(R) is the set of solutions to the system ¢+ sea+ sc5 =0,
c3 + %04 + %65 =0,

then

1 1
ker(M) = < ¢4 —% +cs5 —% cq,c5 €R which has basis —
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