Linear algebra Solved examples, Arun Ram August 30, 2026

2 Inverses, normal form and rank

2.1 Inverses

IF1HS26. Let ¢ € Q. Find the inverse of the matrix (; 1).

Solution. Since

G o) )= D)-r m ()00
e (g) = (0 L)

IF2HS27. Let ¢ € Q. FInd the inverses of the matrices

1 ¢ 0 1 0 ¢ 1
1‘12(0) =10 1 0 y 1‘13(0) =10 1 0 N $23(C) =10
0 0 1 0 0 1 0
Solution.
1 —c 0 1 0 —c
z2(c)t=10 1 0, zp@@t=[(01 0 and  wo3(c)”
0 0 1 00 1
since
1 ¢ 0 1 —c 0 1-14¢-0 1-(=¢)+c-1
ria(c)za(c) ™t =0 1 0 0 1 0)]=(0-141-0 0-(—¢c)+0-1
0 1 0 1 0 0
and
1 —¢ 0 1 ¢ 0 114 (=¢)-0 1l-c+(—c)-1
zia(c) tap(c) =0 1 o]0 1 0o]=| 0-1+1-0 0-c+0-1
0 0 1 0 0 1 0 0

and similarly for z13(c) and x23(c).

IF3HS28. Let d € Q and assume d # 0. Find the inverses of the matrices

d 00 100 10
hi(d)={0 1 0], ha(d)={0 d 0], ha(d)={0 1
00 1 00 1 00
Solution.
100 1 00
hi(d'=[0 1 0|,  he(d'=(0 % 0] and hs(d)' =
0 1 0 0 1
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since

d 00\ /300 -3 0 0 1
hi(dh(d)t=10 1 0]l0 1 0= 0 1.1 0 |=]0
0 1/ \0 1 0 0 1-1 0
and
100\ /d oo i.da 0 0 1
hi(d)'hidy=10 1 0)|o 1 0= 0 1.1 0 |=]0
0 1/ \o 1 0 0 1-1 0

and similarly for ho(d) and hs(d).
IF4HS29. Let ¢ € Q. Find the inverses of the matrices

c 10 1 00
sifle)=[1 0 0 and s2(c)=[0 ¢ 1
0 0 1 010
Solution.
0 1 0 1 0 0
sie)t=|1 —¢c 0 and sa(c)'=10 0 1 |,
0 0 1 01 —c
since
c 10 0 1 0 c:0+1-1 ¢-1+1-(—¢) O
si(c)si(c) =10 01 —c O =]1-040-1 ¢c-140-(=¢c) O
0 01 0 0 1 0 0 1
and
0 1 0 10 O-c+1-1 0-1+1-0 0
s1(c)tsi(c) =1 —c 0 1 00)]=(1lc+(—¢)-1 1-14(-¢)-0 0
0 0 1 0 01 0 0 1
and similarly for sa(c).
1 2 1
IF5HS30. Find the inverse of A= | -1 —1 1
0o 1 3
Solution. Start with AA~! = 1 which is
1 2 1 1 00
-1 -1 1|A"'=]01 0
0o 1 3 0 01

Left multiply both sides by s1(—1)~!, which is the matrix

01 0 -1 1 01 0
1 1 0], toget 1 2)4at=111 0
00 1 1 3 00 1
Left multiply both sides by so(1)~!, which is the matrix
10 0 01 0
00 1], toget At=100 1
01 —1 11 -1
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Left multiply both sides by hg(—1)"!h1(—1)"1, which is the matrix

-1 0 0 11 -1 0 -1 0
0 1 0], toget [0 1 3]At=l0 0 1
0 0 -1 00 1 -1 -1 1

Left multiply both sides by x23(3)~!, which is the matrix

10 0 11 -1 0 -1 0
01 3|, toget [0 1 0 ]At=]|3 3 =2
00 1 00 1 -1 -1 1

Left multiply both sides by x13(—1)"!, which is the matrix
1 01 1 10
01 0], toget |0 1 0JA =3 3 =2
0 0 1 0 0 1

Left multiply both sides by x12(1)~!, which is the matrix

1 -1 0 1 00 —4 -5 3
0 1 0], toget |0 1 0]A =3 3 -2
0 0 1 00 1 -1 -1 1
Check:
-4 -5 3 1 2 1 100
3 3 —=2|-1 -1 1]=]010
-1 -1 1 0 1 3 00 1

In summary,
A_l = Ilg(l)_l:blg(—1)_15623(3)_1 . hg(—l)_lhl(—l)_l . 52(1)_181(—1)_1

and
A= 81(—1)82(1) . hl(—l)h3(—1) . 51723(3)%13(—1)3312(1).

IF6HS31. Find the inverse of <?1) i)

1 2 10
. . _1 _ . . _1 _
Solution. Start with AA~" = 1 which is (3 4> A = <0 1) )

Left multiply both sides by

Left multiply both sides by
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Left multiply both sides by
1 -4 10 -2 1
3 -1 _
(o 1) to get (o 1)A —<3 —%)'

IF7HS32. Let A, B € GL,(Q). Prove that AB € GL,(Q) by finding (AB)~!.

Solution. By associativity,
(B'A™YAB)=B 1A 'A)B=B"'.1.B=B"'B=1,

and
(AB)Y(B'A Y)Yy =A4"1 B 'B)A=4"1.1.4=4"1A=1.

So (AB)~! = B~14-1.
2.2 Normal form

IF8HS33. By multiplying out the matrices on the left hand side check that

4 79
3 6 8
54(1)s3(2)s2(3)s1(4) - 54(5)s3(6)52(7) - 54(8)s3(9) - s4(10) = |2 5 1
1 10
1 00
Solution.
4 7 9 10 1 4 7 9 10 1
368 1 0 368 1 0
251 0 0]=s41)]2 5 1 0 0
1 10 0 0 1 00 0 O
1 00 0 O 01 0 0 O
4 7 9 10 1
368 1 0
—si(1)s3(2) [1 0 0 0 0
051 0 0
01 0 0 O
4 7 9 10 1
1 00 0 O
= sai(1)s3(2)s2(3) [0 6 8 1 0
051 0 O
01 0 0 O
100 0 O
0 7 9 10 1
= s4(1)s3(2)s2(3)s1(4) [ 0 6 8 1 0
0 51 0 O
010 0 O
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and

~ ~_
oo - oo co - oo
N oo 2 —~ o co S o~
o — 0o oo — —
o oo o 0w co o~ o
o2 oco—~o
e ooe oo oo oo oo
o oo o W
e A oo — oo oo — oo oo
O~ - o O
oo WO —
o o oo
o~ o~ O
oo oo

54(1)s3(2)s2(3)s1(4)s4(5) (
84(1)83(2)82(3)81(4)84(5)83(6) (

34(1)83(2)82(3)81(4)84(5)83(6)82(7) (

$4(1)s3(2)52(3)s1(4)54(5)53(6)52(7)54(8) (

—
— o o oo I
S —~ocoo
— o o oo
- oo o
S —~ococo
I~ O~ O
oW —H OO
< M N~
N~ I~ O~ O
<f O N~ —

|

and

10 000

0

100 0 O
010 0 O
0 01 0 O
0 0 0 10 1
0 00 1 O

54(1)s3(2)s2(3)s1(4)54(5)s3(6)s2(7)s4(8)s3(9) (

and

1000]

0 01 0O
0 0010
0 00 01

) = 84(1)83(2)82(3)81(4)84(5)83(6)82(7)84(8)83(9)34(10) (

— O O O O
o

o — o oo
S o —H OO
~ © 10 - O
<t M AN~
/|\

IF9HS34. By multiplying out the matrices on the left hand side check that

-19 0

0
0
76
0
0
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Solution.

15

—
DCocoocoa
S o
000020004.0
o
0004‘000100
o—- o oo
coPoo
= — O o o o
(\
o—-H o oo —
2
— O O O O ~
(\ o
=
—~ —~
™ ™
L L
[\l [\l
= =
—~ —~
7 7
— —
~— N—
— —
= =
I

SJ

0 00

1 00
001 0O
00010
0 0001

10 000
01000
001 0O
00010
0 000 2
1
0

h1(15)ho(—3)hs(76)hs(—19) [

— 11 (15)ha(=3)hs(T6)ha(—19)hs(2) (

= h1(15)ho(—=3)h3(76)ha(—19)hs(2).

IF10HS35. (a) Check that

].

10 000

8 6 3 01000
5 2|=10 01 0 0
11 00010
01 000 01

1
1
0
0

186 1 10 9 7 4
—21 0
0 0
1 0 0
0 0

—-302
34
)
1
0

-8
1
0
0

-10 71
1
0
0
0

1
0
0
0
0

(b) By multiplying out the matrices on the left hand side check that

<t M AN -
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(c¢) By multiplying out the matrices on the left hand side check that

Solution. FILL THIS OUT

IF11HS36. (a) Check that
1

-2
3
2

_13323(8)_
( ):13634(5)*

4G

. 1 —10 71 —302

. 0 1 -8 34

L, =]o 0o 1 =5
o 0 0 1
0o 0 0 0

(o 1)

(b) By multiplying out the matrices on the left hand side check that

s @G = (5 3)-

(¢) By multiplying out the matrices on the left hand side check that

212(3) " he(3) 7 Tha(3) tsi(3) 7!

Solution. (a)

(b)
1
s1(5)m(3)ha(5)ana(3) = (i
_ (:1»,
1
- (é
1
(c)

IF12HS37. (a) Check that

1 2 1
-1 -1 1
0 1 3

20

34+1-0
340-0 4-140-

3
-1

[

N

— ol Wi O

Ll L SN
\—/

[an}

Wi N —

S
+

Lol

)~

oo o NI O
— O wi

~ ——
w['—'/_\/—\
()

3 =2

-1

186

[SUICIAN
N—_



Linear algebra Solved examples, Arun Ram August 30, 2026

(b) By multiplying out the matrices on the left hand side check that

1 2 1
81(—1)82(1)h1(—1)h3(—1)$23(3)x13(—1)$12(1) = -1 -1 1
0o 1 3
(c) By multiplying out the matrices on the left hand side check that
-4 -5 3
xlg(1)’1x13(—1)’1m23(3)’1 B 3 3 _9
ha(=1) 7t (=) T2 s (=D T\ T T

Solution. FILL THIS OUT

1 -1 2 1
IF13HS38. Let A= [0 1 1 —2| € M3 (Q).
1 =30 5

By multiplying out the matrices on the left hand side check that
82(0)81(1)82(2)%’12(—3) . 12 . .CI}23(1)£L‘14(5).1‘24(—2) = A.

Determine rank(A).

1 -1 2 1
Solution. Let A= [0 1 1 —2] € M3x4(Q). Then
1 -3 0 5
-1 2 1 1 -3 0 5
A=s0)[1 =3 0 = 5(0)s1(1) [0 2 2 —4
0 1 1 -2 0 1 1 -2
1 -3 0 5
=s52(0)s1(1)s2(2) (O 1 1 -2
0 0 O
1 0 0 5
= 52(0)s1(1)s2(2)z12(—=3) [0 1 1 -2
0 00 O

Since this last right hand factor has a row of 0s then A is not invertible. Then

1 0 0 5
A282(0)81(1)82(2)1‘12(—3) 01 10 :E24(—2)

0 00O

1 0 0 5
282(0)81(1)82(2)3912(—3) 01 0 0 .%23(1)1’24(—2)

0 00O

10 00
282(0)81(1)82(2)$12(—3) 01 0 0 $14(5)J}23(1)1‘24(—2).

0 00O

So
A = 82(0)81(1)82(2)1’12(—3) . 12 . $23(1)x14(5)1‘24(—2)
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and rank(A4) = 2.
IF14AQO0. Find the normal form of

-3 —36 -39 —42
233
A |79 -8 = 114
3 36 39 42
0 0 1 6

4

O
—46 -84
2167
45 48
25 13

4 2

This means, find P € GL4(Q), Q € GLs(Q) and r € {0,1,2,3,4} such that A = P1,Q and find R in
reduced row echelon form such that A = PR.

Solution. Step 1. Let

c 10 0 100 0 1000
S(C)_looo S(C)_Oclo S(C)_0100
B =4o 0o 10> 2 " lo10o o0 % oo e 1]
000 1 000 1 00 1 0
Then
-3 —36 -39 —42 —46 -84
4|9 —108 —28 114 2 167
| 3 36 39 42 45 48
0 0 ! 6 LB
—3 —36 —39 —42 —46 -84
w2(=3) 3 36 39 42 45 48
2 o o 1 12 % -2
0 0 : 6 2
3 36 39 42 45 48
00 0 0 —1 —36
B S U R SR R
1 25 13
o0 1 6 2 L
3 36 39 42 45 48
00 0 0 -1 -36
= 59(—3)s1(—1)s3(2) 00 L ¢ B L
00 0 0 -1 —36
3 36 39 42 45 48
o0 L ¢ 2 1
:52(—3)31(_1)33(2)32(0) 0 0 0 0 —1 -36
00 0 0 -1 -36
3 36 39 42 45 48
o0 L ¢ 2 1
:52(_3)31(_1)53(2)52(0)83(1) 0 0 0 0 —1 -36
00 0 0 0 0
Step 2. Let
d 00 0 1000 100 0
0100 0 d o0 0 010 0
hi(d) = 0010l ha(d) = 001 0] ha(d) = 0 0 d 0]’
000 1 000 1 000 1
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and let z;;(c) denote the square matrix with 1s on the diagonal, ¢ in the (4, j) entry and 0 elsewhere.

3 36 39 42 45 48
o 1 ¢ 2 13

_ |0 1 T3
It B= O 0 0 0 -1 -—-36
O 0 0 0 O 0
then
1 12 13 14 15 16
0O 0 1 24 25 26
_ 1 _
0O 0 0O O 0 O
1 12 0 14 0 16
_ 1 Y 0 0 1 24 0 26
—h1(3)h2(4)h3( 1) 3723(25).%‘13(15).%12(13) 0 0 0 O 1 36
0O 0 0 0 0 O
= h1(3)h2(%)h3(—1) . $23(25)$13(15){L‘12(13) - R
where
1 12 0 14 0 16
1 12 0 14 0 16 1 000 0O 0O 0 1 24 0 26
R_00124026_010000 0O 0 0 0 1 36
o o o o 1 3] (oo 100®O0O]]0O 1T 0 0 0 O
0O 0 0 0 0 O O 00 O0OO0OO0O/]O0O O O 1 0 o0
0O 0 0 0 0 1
1 12 0 14 0 16
0O 0 1 24 0 26
0O 0 0 0 1 36
=Ly 1 0 0 0 0B
0O 0 01 0 O
O 0 0 0 0 1
So
B = hl (3)h2(%)h3(—1) . .%'23(25).%13(15)%’12(13) ‘R
= hl (3)h2(%)h3(—1) . .7}23(25)3}13(15)3312(13) . 13 . Q,
where
1 12 0 14 0 16 1 0 0 12 14 16
0O 0 1 24 0 26 01 0 0 24 26 236(36) 26 (26)216(16)
Q= 0o 00 0 13| (001 0 0 3 a8y 5y — 95 (24) 215 (14)794(12)
{01 0 0 0 0T o000 1 0 o |TET R
00 0 1 0 0 000 0 1 0 3oas2
0O 0 0 0 0 1 000 0 0 1
Thus,
-3 —-36 -39 —42 —46 -—-&4
-9 —108 -2 —114 2B 167
i A=13 36 39 42 45 48 then A= Pl3Q,
1 25 13
U 1 6 T 3
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where a9 (s Dsa0)sa(1)
1 2820831 .
P = GL4(F
hi(3)ha(1)ha(=1) - 293(25)215(15)210(13) 4(F)
and
x36(36)226(26)216(16)
Q = -1‘25(24)1’15(14)3}24(12) in GL(;(F).
-535489.
O
For c € R, let
c 100 1000 100 0
S(C>_1000 S(C)_Oclo S(C)_looo
B = 1o 0o 0 o]’ 29710 1 0 o]’ 710 0 ¢ 1
000 1 000 1 00 1 0
For c € R, let
1 ¢ 00 10 ¢ 0 1000
x(c)_0100 x(c)_()lOO . 01 c 0
2 =10 01 0] BYYW =10 01 0l 23 001 0
000 1 000 1 000 1
For ¢q, o, c3, ¢4 nonzero elements of R, let
et 0 0 0
0 ¢ 0 0
d(01,02,63,64) = 0 02 c3 0
0 0 0 ¢

These notations will help us to write the row reduction process for

01111
1 0 4 1 2
M= 1 4 01 2
11101
accurately and effficiently.
IF15AQ2. Find the normal form of
01111
104 1 2
M = 1 4 01 2
11101

This means find P € GL4(Q), Q € GL5(Q) and r € {0,1,2,3,4} such that A = P1,Q and find R in
reduced row echelon form such that A = PR.

Solution.
For c € R, let
c 1 00 1 000 1 0 00
s1(c) = 1 000 sa(c) = 0 ¢ 1 0 s5(c) = 1 000
00 0 OO0}’ 010 0]’ 0 0 ¢ 1
00 0 1 0 0 01 0010

24
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For c € R, let

1 ¢ 00 10
wo= (500 8] - 1]
00 01 00

For cq, ¢9, c3, ¢4 nonzero elements of R, let
C1
d(c1,c9,c3,¢4) = 8
0

These notations will help us to write the row reduction process for

I
e e )
— s O =
— O =

25

O = OO0

0
c2
0
0

O = = =

— o O O

0
0

€3
0

NN =

o o O

w23(c) =

o O O

O O = O

SO = O O

_ o O O
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accurately and effficiently.

|

01111
1 041 2
1401 2
11101

~—

— o~ o~ <

— - MmO

— o O O
N~

~—

— o N[

O N

- o O O
N~

—_ _
o o o -

R

— — FnO

S — FmOD

— | oln O

-~
o O - O

O O HlH

R

— N O
O =IO

—™
— _10

— - O O

S O Mmoo

O HNnO O

—

Ao eI O

—™
| N O

—in
<flen | — O

o —H O O

— o O O
N—

~ _
SO O

o O —H O

= 83(1)52(1)51(0)83(—

R

O HlnHINO

i
| =N O

—™
0_10
o —H O O

— O O O
N~

~_
o o o -

<lnO —H O
o —H O O

— O O O

)d(1, 3,2, 1)z12(1) (

—|

)s3(

i

= 53(1)52(1)51(0)s3(—5)s2(

—
O —HINHIN O

i
_ NN O

o o —H O
o —H O O

— o O O
(\

~ _
O O O

—|M
,10

o —H O O

- o O O

>(

<flen

, D)a1a(1)z12(

aallee}

i

’» 3

)d(1

™

)s2(5)s3(

i

= 53(1)s2(1)s1(0)s3(—
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O]

IF16HS53. Let A € M;xs(Q). Show that there exist P € GL:(Q), Q@ € GLs(Q) and r €
{1,...,min(s,?)} such that

A= P1,.Q.

where 1, = E11 + Eoo + -+ E,p  in My s(Q).
Solution. FILL THIS OUT ]
IF17AQ6. Find the normal form of

7T 6 2 4

1 8 79

A=15 6 3 3

01 1 2

This means find P € GL4(Q), Q € GL4(Q) and r € {0,1,2,3,4} such that A = P1,Q and find R in

reduced row echelon form such that A = PR.
Solution.

Step 1:Using s;(c) to increasing the number of lower left 0 entries

7 6 2 4 7T 6 2 4
1879_8<l)8635
8§ 6 3 5| %8| B 8 6
01 1 2 01 1 2
8 6 3 5
L . o 3 L1 _3
—Sz(g)sl(g) 0 i ﬁ @8
8 8 8
01 1 2
8 6 3 5
1 7 29 03 i -3
= 82(§)81(§)83(T) 0 % % 28
5 49
00 -5 —%
3 5
1

S O = O wlow—
= W
(@)}

O O O @

Step 2: Using h;(d) to make the first entry of each row equal to 1.

—_ W
o OO =
S O oo
O = —oolw
= B b oolen

5
2489 = hy(8)ha(1)hg(—3)ha(~ L)
71

oo o w
co = o
|
colon
|
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Combining Step 1 and Step 2 gives

76 2 4 1 8 3 2
1879 01 1 2
s 6 3 5| =2E)5@)s(F)n(D)ss()hE)hhs(-Dh(-%) [, o ; i
01 1 2 0 0 0 1

Step 3: Using x;j(c) to make the first nonzero in each row equal to 0.

1 6 3 5 1 6 3 5 1 6 3 5
8 8 8 8 8 8 8 8 8
01 1 2 w0 11 2 10 0110
19 | = x3a(F) = x34(F )w24(2)
00 1 % 5 00 1 0 5 00 1 0
0 0 0 1 00 0 1 0 0 0 1
6 3
1 3 3 0
01 1 0
= zau(FP)ra@ru@) [, o 1 o
00 01
18 30
01 0 O
_ 49 5
= w3a(F)ra)za(g)zsM) | o o 1 o
00 0 1
1 500
01 0O
= 234(F)m24(2)214(2)w23(1)713(3) 00 1 0
0 0 0 1
1 0 00
01 00
= 234(2)w24(2)w14(3) w23 (1)213(2) 712() 00 1 0
0 0 0 1

Combining Step 1, Step 2 and Step 3 gives

7T 6 2 4
L8 7 9 s2(5)s1(5)s3(E)s2(3)s3(3)
= h1 (8)ha(Dha(—§)ha(—Tp)
8 6 3 5 ! 8 40
)x24(2)z14(3)w23(1)a13()12(g)-
01 1 2 234(% )124(2)714(3)w23(1)213(5) 212( 3
O
IF18AQ7. (Row reducing a generic 2 x 1 matrix) Show that if a,b € Q and b # 0 then <Z> =
ar (D
s () (o)
Solution.
a ¢ 1\ (b ay (O
(3) = 0) (6) == ()
]
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IF19AQ8.

M3543(Q) and assume that as; # 0 and ags —

(Row reducing a generic 3 x 3 matrix) Let A =

a __a32a11
A= (CL21) (all) 12 as1
=52 51 52 a32a21
as1 as1 a22 — ~ 4.
Solution.
ai; a2 ai3 a1 ail
az1 a2 Qa3 | = 32(* asi
asi 0 _
asy as2 ass a22
a1 11 asi as2
= i - _ 32011
= 52"y () [ 0 ar - 22
a31 a31 0 qoy — 232021
22 7 Taa
a3z2ail

a3l

a31 a31 az —

a3l

o
52 (52 )1 (S ) sa ()

29

ail a2 ais
as1 a92 as3 | be an element of
az1 az2 ass
‘23’(127;2’1 # 0. Show that
a31 a32 az3
_ as2asy __aszagl
0 a9 a31 a23 as1
(a23_ a33a21 ) (a12— a3gayy )
0 0 Qe — 333011 a3] a3)
13 asi a22— a333ﬂ121
ai2 ais
as2 ass
a32a21 __ asszazi
az; 423 as
ass
as3s3a
ayz — S
as3s3a
agy — S
a3 a32 as3
_a32a21 a33a21
O a2 as1 az3 asi
( 93 a33a21)(a12_a32a11)
0 0 a a33011 a3] a3]
13 as1 an2 03230121



