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7 Inner products

7.1 Standard inner products and lengths, distances and angles between vectors
IP1HS114. Let u = |1 +4,1 —4) and v = |i, 1) in C? with the standard inner product.

Compute (u|v), (v|u), (u|u), (ulu), d(u,v), cos(f(u,v)) and 6(u,v).

Solution. Let u = |1 44,1 —4) and v = |i, 1) in C? with the standard inner product. Then

(ul) = (1 +4,1 —ili, 1) = (1 +i)i+ (1 —4)1
=1-i)(-i)+1—i=—i+1+1—-7i=2—24

(wlu)y = (i, 11 +i,1 —d) =i(1+4) +1- (1 —1)
=i(l—i)+1+i=i+1+1+4i=2+ 24

(ulu) = (1 44,1 —i1 44,1 —i) =1+ (1 +1)+ (1 —i)(1—19)
=(14+)1-i)+1—-)1+i)=1+1+1+1=4,

(uluy = (i, 1 |, 1) =i-i+1-1T=i(—i)+1=1+1=2,

= \/(1,—i[1, —) \/1 T+ (=i)(=)=vVI+1=V2,

Re((u|v)) Re(2—2z) B 2 _L
osOw ) = Lol = e e Ve

So O(u,v) = 7.

IP2HS115. Let w =1 and v = x in R[x]<2 with the standard inner product.
Compute (ulu), (v|v), (u|v), d(u,v), cos(d(u,v)), and 6(u,v).

Solution. Let w = 1 and v = z in R[z]<2 with the standard inner product. Then
! 1
(wl) = (1) = [ do =]y =1,
0
! 1
(vjv) = (z]z) :/0 22 dr = %:1:3]0 =1-0=4%,

1
(U’U>:<1’$>=/xdx_12 '_1 o1,

d(u,v) = /{x =1z —1) = \/ x—lex

—\/ x—1)3 %(13_f \/ga

Re<<u|v>> % V3
2

cos(60n0)) = Tl el = 13

%\

3
So O(u,v) = §.
IP3AQ12. Let (,): R?2 x R? — R be given by

((u1,u2), (01, 02)) = w1 + 2usvs = (w1 un) (é g) (Z;) .

Let u=|3,1) and v = |—2,3). Find ||ul|, d(u,v) and 0(u,v).
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Solution. If z1, 29, € R then
(21,2221, 22) = z% + 2z§ > 0.

So (,) is positive definite since Let v = |3,1) and v = | — 2,3). The length of u is
lull = V{wu) =v3-3+2-1 1=+v9+2= V1L

The distance between v and v is

d(u,v) = |lv — ul| = /{((=5,2), (=5,2)) = V25 + 2 - 4 = v/33.
The angle between u and v is 7/2 since

_ () ((3,1),(=2,3)  —6+2-3 = cos (5
cos(f(u,v)) = || - o] B V1122 N 11v2 —0= (2)

7.2 Gram matrices and positive definiteness

IP4HS116. Let A € M, x,(C) satisifying A = A' and let (,): C" x C" — C be given by
U1
(w1, .. un), (Vi,..50p0)) = (U, .., up)A | 1 | = ut A,
Un
Prove that (,) satisfies all the properties of an inner product, except perhaps the positive definiteness.

Solution. If u,v € C™ then

(v, u) = (W' A7) = (@ Alv)’ = (u! A'5)!
= (u'AD)" = (u,v),

and if « € C and u,v € C™ then
(o, v) = (au)' AT = au' Av = au, v)
and, if u,v,w € C" then

(u+v,w) = (u+v)Aw = (u' +v")Aw
= u' AW + v AW = (u, w) + (v, w).

So (,) satisfies all the properties of an inner product, except perhaps the positive definiteness. O

IP5HS117. Is the map (,): R3 x R?® — R given by
((u1,ug,us), (v1,v2,v3)) = U1V — UV2 + U3V3 positive definite?

Solution. The map (,): R? x R3 — R given by

1 0 0 (75}
((u1,u2,ug), (v1,v2,0v3)) = u1v1 —ugva +ugvs = (v1 vz wv3) (0 =1 O |ug
0 0 1 u3
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has
((0,1,0),(0,1,0)) =0—1+0=—1 € R>p.

So (,) is not positive definite.

IP6HS118. Is the map (,): C? x C?> — R given by

((ug,u2), (v1,v2)) = U7 — TugTs positive definite?

Solution. The map {(,): C? x C*> — R given by
[ S € e ) 0 (31
((ur,u2), (v1,v2)) = ful07 — iugz = (U1 vg) (0 —i> <u2>

has
((1,0),(1,0)) =i-1-1—4-0-0=1 &€ Rxo.

So (,) is not positive definite.

IP7HS119. Is the map (,): R? x R? — R given by

((u1,u2), (v1,v2)) = 2uiv1 — 2uivy — 2uzVy + U2V positive definite?

Solution. The map (,): R? x R? — R given by

2 =2 U
<(u1,uz), (vl,v2)> = 2u1v1 — 2uqv9 — 2UoV| + UV = (v1 1)2) <_2 3 > (ui)

has

(w1, us), (w1, u2)) = 2u? — 2usuy — 2usuy + 3us
= 2u% — duqug + Su%
= 2(u? — 2uqug + ud) + u3
= (u1 — U2)2 + u% S RZO'
Assume ((u1,uz), (ug,u2)) = 0.
Then 2(u; — u2)? +uJ = 0 then u3 = 0 and (u; — u2)? = 0.
So ug =0 and u; = ug = 0. So (u1,u2) =0.
So (,) is positive definite.

IP8HS120. Is the map (,): R? x R> — R given by

((u1,u2), (v1,v2)) = urvy + 2ugve positive definite?

Solution. The map (,): R? x R? — R given by

((u1,uz), (v1,v2)) = ugvy + 2ugvy = (v v2) ((1) g) <“1>

u2

has ((u1,u2), (ur,u2)) = u? + 2u3 € Rxg.

Assume ((u1,u2), (u1,u2)) = 0.
Then u? + 2ud = 0 so that u? = 0 and 2u3 = 0.
So (u1,uz) = 0.
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So (,) is positive definite. O

IP9HS121. (Pythagorean theorem) Let V' be an F-vector space with an inner product. Let u,v € V
and suppose that v and v are orthogonal. Prove that |lu + v||? = ||u/|? + ||v]|?.

Solution. Since v and v are orthogonal then
lu+v]? = (u+v,u+v) = (u,u+v) + (v,u+ )
= (u,u) + (u,v) + (v, u) + (v,v)
= [lull* +0+ 0+ [|v|*
= [ull® + flo]|*.
O

IP10HS122. Let V be a F-vector space with an inner product (,): V x V — F.
Let B = {b1,...,b,} be a basis of V and let A be the Gram matrix of (,) with respect to the basis
B. Let u,v € V. Prove that

(u,v) = [upAlt] p.

Solution. Let w = u1by + -+ +unb, € V and let v = v1by + -+ - +v,b, € V so that

U U1
[ulp=| : and [v]p =
U, Un,
Then
(u,v) = (uibr + - -+ + upbp, v1b1 + - - + Vpby)
= uivjlbi,bj) = Y uidyvy
ij=1 ij=1
= [u]5A[0] 5
O
IP11HS123. Let (, ): Rz]<2 X R[z]<2 — R be the standard inner product on the R-vector space
Rz]<2.

(a) Let u =T+ 3z + 22% and v = 5 + x2. Calculate (u|v).
(b) Let A be the Gram matrix of (, ) with respect to the basis B = {1,z,22}. Calculate A.
(c) Calculate [u]p and [v]p and [u]5A[v]p.

Solution. (a) Since the standard inner product ( | ): R[z]<2 X R[z]<a — R has

1

(plg) = | pgdx
0

then

(ulv) = /01(7 + 3z +22%) (5 + 2% da

1
= / (35 4 72 + 152 + 323 + 1022 + 221) dx
0

=35+1+80+341042
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(b) Since
=1 =} =4
<332|1> = 2 <.’E2’£L‘> = §17 <.’E2’£L‘ 2> = 11’
(x ’1>:§7 (x ‘37):17 (x ‘$>:5,
then the Gram matrix of (| ) with respect to B is
1 3 3
a— (1 11
it
3 1 5
If u="7+3z+ 222 and v = 5 + 22 then
7 5
[ulp=1|3 and [v]p=10
2 1
(¢) By matrix multiplication,
1 i % 5
WAl =(7 3 2)(3 5 ;||0
i i 1 1
3 4 5
5+%
SEE
i
3T3
_ 7,15 .3 ,10 , 2
—35+§+7+Z+§+3

So (ulv) = [u]5Alv]5.
IP12HS66. Let u,v € R” and let Q € O, (R). Prove that (Qu|Quv) = (u|v).
Solution. Let u,v € R™ and let @ € O,(R). Then

Ty and

(ulvy =u

(Qu|Qv) = (Qu)TQu=u"QTQuv=uT - 1-v=1ulv.
So (Qu|Qv) = (ulv).

7.3 Orthogonality and orthogonalization

IP13HS124. Let V be an F-vector space with an inner product (,): V x V — F. Assume B
(b1,...,by) is an ordered orthonormal basis of V and = € V. Prove that

T = <$7b1>b1 + o+ <x7bn>bn

Solution. Let x € V and let c¢q,...,c, € F be such that x = c1b1 + - - - + ¢, by
If j €{1,...,n} then

<$,bj> = <Clb1 +"-—|-Cnbn,bj> :Cl<b1,bn> +"'+Cn<bn,bj>
=c1-0+-+c¢-1:-0+¢j-14+c¢jt1-0+--+c¢,-0=¢j-1=g¢j.
So x = (x,b1)by + -+ + (x, by)by,.
IP14HS125. Let (,): R3 x R* — R be given by

((u1,u2,u3), (v1,v2,v3)) = w1 + 2uzv2 + u3Vs3.
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(a) Prove that S = {(1,1,1),(1 —1,1),(1,0 — 1)} is an orthogonal sequence in R® with respect to
()

(b) Let

1

by = Wu, where u=(1,1,1),
u
1

by = Wv, where v =(1,-1,1),
v
1

b3 = Ww, where w = (1,0,01).
w

Show that {by,b2,b3} is an orthonormal sequence in R3 with respect to (, ).
(¢) Let x =|1,1,—1) and ¢, c2, c3 € R such that
x = c1b1 + cobo + c3bs.
Compute c1, ¢o, c3.
Solution. (a) Since
((1,—1,1),( ,0,—1)> —140-1=0,

then S is an orthogonal sequence in R? with respect to (, ).

(b) Let
1
b1 = —u, where u=(1,1,1),
[
1
by = —w, where v =(1,-1,1),
o]
1
by = —w, where w = (1,0,01).
[[w]
Then
by = 1(1,1,1) since ((1,1,1),(1,1,1)) = 4,
by = %(1,—1,1) since (1,-1,1),(1,-1,1)) = 4,
by = ﬁ(l,O,— ) since ((1,0,-1),(1,0,-1)) =2,

and {by, by, b3} is an orthonormal sequence in R? with respect to (,).
(c) Let x = |1,1,—1) and ¢2,c2, c3 € R such that
x = c1b1 + caba + c3bs.
Then
c1 = c1(b1,b1) + 04 0 = (c1b1 + cabo + c3bs, by) = (2, b1)
=((1,1,-1),3(1,1,1)) = 5(1 +2 = 1),
Cco = 02<b2, b2> = (Clbl + coby + c3bs, b2> = (ac, bg)
(11,1, 3L -1 1)) = S -2 1),
C3 = <£13,b3> = <(17 17 _1)7 ﬁ(1707_1>> = %(1 +0 + 1) = % = \/5

[\
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So z is written as a linear combination of the basis elements in the form

T = (17 17 _1) = <‘Tﬂbl>bl + <.’L’7 b2>b2 + <xab3>b3
=1-by 4 (=1) - by + V/2b3
= (1,1,1) = (1, -1,1) + v/2(1,0, —1).

TP15HS126. Let V = R" and let u € V with u # 0. Let
W = R-span{u} = {au | a € R}.
(a) Show that W is a subspace of V.
(b) Find an orthonormal basis of W.

(c) Let z € V. Prove that

projy (z) = proj, (). 0

Solution. (a) (aa) Since 0-wu =0 then 0 € W.
(ab) Assume wi,wy € W. Then there exist a;,as € R such that w; = aju and wy = agu. Then

w1 + w2 = a1u + agu = (a1 + a2)u. So wy +wy € W,

(ac) Assume w € W and ¢ € R. Then there exists a € R such that w = au. Then

cw = claw) = (ca)w. Socw e W.
So W is a subspace of R”.
(b) Let
1
bl —Uu
[l

Then {b;} is an orthonormal basis of W.
(c) Let x € V. Then

) 1 1 (x,u) .
projw () = (x,b1)b; = (x, —u)—u = ——-u = proj, ().
wlo) = 000 = @ R T = e )

IP16HS127. Let V =R3 and let W = {|z,y,2) € R® | 2 + y + 2 = 0}.

(a) Show that the set
{blubQ} = {%’17_170>7%|1717_2>}

is an orthonormal basis of W with respect to the standard inner product on R3.
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(b) Let x = |1,2,3). Compute projy, (x).

(¢) Compute the shortest distance from x to W.

Solution. (a) Since

(b1,b1) = (ﬁ( —1,0), %( —1,0)) = % %07_170 11,-1,0)
=11-14(-1)-(-1)+0-0)=3-2=1,

<b17b2>:<7(1 —1,0), \[(1’1’2»:%' 16< —-1,0[1,1,2)
27(1 1+ (- )-1+0-2):2%/§ 0=0,

(b2,b2) = (J=(1,1,2), 5=(1,1,2)) = = - 55(1,1,2 [1,1,2)
=3(1-1+1-142-2)=1%-6=1,

then {b1, ba} is orthonormal.
Since 1+ —-14+0=0and 14+ 14 (—2) = 0 then b; and by are elements of V. If ¢1,co € W and

c1b1 + cabs = 0 then

0= \/5161 + fCQ,
0=—-5c+ fC27 which gives ¢; = 0 and co = 0.
0=0- Cc1 — \QTCQ,

6

So {b1, b2} are linearly independent. So {b1,bs} is a basis of W.
(b) Let x = |1,2,3). Then

projy () = (z[b1)b1 + (z(b2)bs
= (1,2 3|f =10y L1, -1,0)

’ 2 7
+(1,2,3] 7, f,7§> 11,1, -2)

= (- 3)HIL-1,00+ 1 +2-6)1,1,-2))
=l%7%70>+!71,71, 1) = |-1,0,1).

(c) The shortest distance from x to W is

[ = projw (@)l = [ 1,2,3) = [=1,0,1) |

=112,2,2) | = VA+4+4=2V3.

IP17HS128. Let V = R? with the standard inner product. Let S = {v, v, v3} with
vy =|1,1,1), w2 =10,1,1), w3 =0,0,1).

Apply the Gram-Schmidt process to convert S into an orthonormal basis B.

Solution. Step 1. Make vy into a unit vector. Let

1
Ul:%‘17171>:|i7 17 >

by = —:
[[oa s
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and let S = {b1,v9e,v3}.
Step 2. Make v orthogonal to b;. Let

ug = vy — (v, b1)b1

V31V37 V3 V3
— ‘72 1 L>
\/g? \/g? 3
and let So = {b1, ua,v3}.
Step 3. Make ug into a unit vector. Let
_ 1 _ 1 =21 1\_ =2 1 .1
by = MUQ = \[T/?J?,g, g) = ’76’ /6’ %>

and let S3 = {bl, ba, '03}.
Step 4. Make v orthogonal to b; and bs. Let

ug = v3 — (v3,b1)b1 — (v3, ba)bo
=1, 2 -1 1 1 1\ =1 1
=l5+535 —5l-3-5=072)
Step 5. Make ug into a unit vector. Let

— 1 _ 1 -1 1\ __ —1 1

b3

Then
B = {b1,bs,b3} 1is an orthonormal set.

IP18HS129. Let V' be a C-vector space with inner product (,): V x V — C.

Let B = {by,...,b;} be an orthogonal set in V. Prove that B is linearly independent.
Solution. Assume B is an orthogonal set in V.

To show: B is linearly independent.

To show: If ¢1,...,c; € Cand c1b1 + -+ -+ cpb =0

then ¢ =0,c0 =0,...,c; =0.

Assume c¢q,...,c; € C and ¢1b1 + - -+ + b, = 0.
To show: ¢ =0,c0 =0,...,¢c =0.

To show: If i € {1,...,k} then ¢; = 0.

Assume i € {1,...,k}. To show: ¢; = 0.

0= (c1b1 + - -+ cxb, b;)
= c1(b1, bi) + - + cim1(bi—1,bi) + ci(bi, bi)
+ cit1(bit1,b;) + - -+ + ci (b, bi)
=c1 0+ +ci1-04ci(b;, by)
+c¢y1-0+--+¢-0
= ¢; (b, b;).
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Since (,) is an inner product and b; # 0 then (b;, b;) # 0. So

So B is linearly independent. O
IP19AQ11. (Gram-Schmidt with polynomials) Assume that R[x]<2 has the inner product

1
(p,q) :/0 p(x)q(x)dx.

Starting with the basis {1, z, 22} of R[x]<3 find an orthonormal basis of R[x]<2

Solution. Let v1 = 1. Since

1
1
111°=(1,1)= [ dz=1  then w3 =-1=1
0 1

Then 1
wzzx—<x,1>u1:x_§.1:x_§
and .
1 1 1 1 1,1 1,1 1 1
2 2 3
= — — —_ =) = — — d = — — — = —(— —) = —
el = @ =50 = 3) = [ @ 5P = 5@- = 3G +5) = 5
So )
FINISH THIS. [

IP20AQ14. (Gram-Schmidt) Use the standard inner product on R? and apply Gram-Schmidt process
to the set
S ={|1,1,1),]0,1,1),]0,0,1)}.

Analyze the process to show that
100
PtAP = 010 s where P = ]’Ll (T)xw(7)h2(%)x23(7)$13(7)h3(7)
0 01

Solution. Since (1,1,1]1,1,1) = 3 then

= IL1L1).
Letting va = |0, 1,1) then (va|ui) = % and
wy =10,1,1) — %ﬁ 1,1,1) = 1 |-2,1,1),
and
uz = = |-2,1,1).
Then (vs,u;) = 7 and (vs|ug) = % and

w3 = 0,0,1) — %%’LLD N %%|_2’1’1> 0,-33)
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Then
uz = % 0, —1,1).
The inital Gram matrix is
3 21
A=12 2 1
1 11

The first change of basis matrix is

V3 1 2 Vi3 t
Hsas={0 1 0] =mh(g) ad A=z 2 1 |=][sA[ss.
0 01 5 11
3
The second change of basis matrix is
2 1
[I]Sls2 =10 1 0] = wl?(ﬁ) and Az = (1) ? 3 = [I]SlsgAQ[I]&Sz
0o 0 1 5 3 1
The third change of basis matrix is
1 1
03 0) (2 o1 )
[1]5152 = ﬁ = hg(ﬁ) and A4 = . ) % [1]5283"43[]]3253
0 0 1 - —= 1

The fourth change of basis matrix is

= O O
-~
0
w
2
aN
'S
S~
n
w
&

Lo 10
[]sys, = |0 1 —% 25623(:7%)5613(\%) and As= |0 1
00 1 0 0

The last change of basis matrix is

10 0 100
Iss5=10 1 0 :hg(—\}i) and  Ag= (0 1 0] =[I5,s,A5]s,s,-
1
00 = 001
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