Linear algebra Solved examples, Arun Ram August 30, 2026

8 Geometry in R”

GE1HS1. Let
1 0 0 0
10 |1 10 0
0 0 0 1
Compute 3e; + 5eg + (—2)es + Oey.
Solution.
1 0 0 0 3
0 1 0 0 5
3e1 + bea + (—2)es + 0eq. = 3 0 +5 0 +(-2) 1 +0 ol =12
0 0 0 1 0

GE2HS2. Let z,y,z € R™ and ¢ € R. Show that

<y,x> = <x,y>, <xay> = xTyv ”.ZL'H =V (a;,x>, d(x,y) = \/(Z/l - xl)Q + o+ (yn - mn)Q'

Solution. If
x=|r1,22,...,xy) and Yy =|y1,y2,---,Yn)
then
(zy) =a"y=z1y1 + T2p2 + - + Tnn

and
|z = V/(z,x) and [z||* = (z,z)  and

dx,y) =y —zll =V {y 2.y —2) = V(g1 —21)> + -+ (yn — xa)*.

GE3HS3. Let x,y,z € R™ and ¢ € R. Show that
(y,z) =(z,y), (zy+tz)=(z,y)+{z,2), (v+y,2)=(2,2)+(y,2),

(z,cy) = cxy),  Aewy) =clw,y), lex]| = [e] - [l].

Solution. Let x,y,z € R™ and let ¢ € R.

(Y, ) = 121 + yox2 + - + YnTn
=T1y1 + T2y2 + - Tpyn = (T,Y),

(ry+2)=al(y+2)=aly+alz=(z,9) + (z,2),
(+y,2)=(zz+ty) =(z2)+(zy) =(z,2) + (,2),
<.%', Cy> = xTCy = CxTy = C(.@,y>, <C£L',y> = <y7 C.%'> = C<y7 x> = C<$7y>7
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lex|| = V/(cx, cx) = /2 {w,x) = V(e ) = || - .

GE4HS4. Let z,y € R™. Prove that
[z, )| < =l - [lyll-

Solution. Let z,y € R™. If £ = 0 then both sides of the Cauchy-Schwarz inequality are 0. Assume
x # 0. The Gram-Schmidt process on the vectors (z,y) suggests the consideration of

- and ugzy—<y’x>x.
||| (z, )

U1l

To avoid denominators, let u = (x,x)y — (y,x)x. Then

0 < (u,u) = <<x,m>y —(y,x)z, (x,z)y — <y,x>a:>
= (z,2)(z, 2)|(y,9) — (&, 2)(y, ) (y, 2) = {y, ) (2, x) (2, y) + (v, 2)|* (2, z)
(@, x)((z, 2)(y,y) — [(y, 2)[*)

Since x # 0 then (z,z) € K5 and so (z,z) = (x,z) € Ksg. Thus,

0<(z,z)(y.y) — [y, z)” andso  [(y,2)]> < (z,2)(y, ).

Using the theorem that if z,w € R>g then 22 < w? if and only if z < w,

(@, )l < [l - l[y]l-

GE5HSS5. Let x,y € R™. Prove that
[+ yll < flzll + llyll
Solution. Let a € F. Using that if z € F then |z|> = 2z € R>q, then
la+a> <la+al*+|a—a|*> = (a+a)? - (a—a)? = 4aa = 4|al.
So |a + a| < 2|a|. Also
ifa+aeRcthena+a<0<|a+al and if a +a € Ko then a +a = |a + al.
Combining these with |a + a| < 2|a| gives
a+a < 2|al
Assume z,y € V. Then

|z + yl? = (@, 2) + (z,9) + (v, 2) + (v, v)
= [lzI* + I + (z, y) + (2, y)
< lz)l* + [yl + 2[(z, )|
<l )l* + [yl + 2)|z] - [y
= ([lzll + lw >
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Thus, [z +yll < || + [yl O
GE6HS6. Let u = [1,3,1,2) and v = 2,1, —1,3) in R*. Compute u — v and d(u,v).
Solution. If u =1,3,1,2) and v = |2,1,—1,3) in R* then

u—v=11,-2,0,1)
and the distance between the points (1,3,1,2) and (2,1, —1,3) is

d(u,v) = || [1,-2,0,1) [| = V12 + (=22 + 02 + 12 = V1 +4+0+ 1= V6.

O]

GETHST. Let u =0,2,2,—1) and v = |-1,1,1,—1) in R*. Compute (u,v), |Ju| and ||v|| and check
that [ (u, v)[ < flu]l - []-
Solution. If u = [0,2,2,—1) and v = |—1,1,1,—1) in R?* then

(u,v) = (0,2,2,—1|-1,1,1, —1)
=0-(-1)+2-14+2-14(=1)-(=1)
—0+2+14+1=5

and

Ju = VO+4+4+T=v0=3 and [ol| =VIFI+I+1=Vi=2

Since |5| < 3 -2 we observe that, in this case,

[(w, 0)[ < [l - o]l-

O
GE8HSS. Let u = (2,—1,-2) and v = (2,1, 3). Find vectors v; and vy such that
V=1 + V2
where v is parallel to v and vy is perpendicular to u.
Solution: Since the projection of v onto u is parallel to u then let
V] = proj,v = <u,v>u_ _Bu
= _Tl|27 _17 _2> = |_72> %7 %>
and
V2 =U—71 = ’27 _]—a _2> - |%27 %7 %> = |§a %7 %)
Then u = v1 + vo and v; is parallel to u and vy is perpendicular to w. O

GE9HS9. Determine the vector, parametric and Cartesian equations of the line through the points
P=(-1,2,3) and Q = (4,—2,5).

Solution: Since the direction of the line is

Q—P=14,-2,5) -] —1,2,3) = |5,—4,2)
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and
P =1-1,2,3) is a point on the line

then the line is the set of points in R? given by
{|-1,2,3)+ t-]5,—4,2) | t € R}.

Parametric equations for the line are

r = —1+4 5¢,
y=2—4t, with ¢ € R.
z=342t,

Solving for ¢, the Cartesian equation of the line is

x+1 y—-2 =z-3
5  —4 2

O]

GE10HS10. Find a vector equation of the ‘friendly’ line through the point (2,0, 1) that is parallel

to the ‘enemy’ line
x—1 y+2 2-6

1 —2 2
Does the point (0,4, —3) lie on the ‘friendly’ line?

Solution: Letting

r—1 y+2 2z-6

b= -2 2
gives
r=1+4t,
y=—2-—2t, withteR,
z=06+4+2t
and

{’17 _27 6> + t|17 _27 2> ‘ te R}
is the set of points in R?® that lie on the ‘enemy’ line.

The ‘friendly’ line we want is parallel to the ‘enemy’ line and goes through the point |2,0,1).

So the ‘friendly’ line consists of the points
{12,0,1) +t|1,-2,2) | t € R}.

Since
12,0,1) + (=2) - [1,-2,2) = [0, 4, —3)
then |0,4, —3) is on the ‘friendly’ line. O

GE11HS11. Find the vector equation for the plane in R3 containing the points P = |1,0,2) and
Q=11,2,3) and R = |4,5,6).

Solution: The point |1,0,2) is in the plane and two vectors in the plane are

Q—-P=10,2,1) and R—P=3,54).
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So the points in the plane are the points |z, v, 2) in R? which satisfy

|z,y,z) = ]1,0,2) + 5]0,2,1) + ¢|3,5,4) with s,t € R.

GE12HS12. Where does the line

1 2 3
intersect the plane 3z + 2y + z = 207
Solution: The line in parametric form is
r=1+1,
y=242t, withteR,
z =3+ 3t,

and plugging into the equation of the plane gives
20=3(t+ 1)+ 2(2t +2) + (3t + 3) = 10t + 10 so that ¢t = 1.

Thus the point |z,y,2) withx =1+1=2,y=2+2 =4 and z = 3+ 3 is on both the line and the
plane.

GE13HS13. Find a vector form for the line of intersection of the two planes x + 3y + 2z = 6 and
3+ 2y + 2z =11.

Solution: The points on the intersection of the two planes are the points |z,y, z) that satisfy the
system of equations
3x 42y — 2z =11,
x+3y+22=6.
One of the main points of this course is to learn how to use matrices as an efficient and organized
mechanics for solving systems of equations of this type. For now, let’s proceed ad hoc. The second
equation gives
r=6-—3y — 2z, and plugging back into 3z + 2y —z =11
gives
11=3(6—-3y—22)+2y—2=18—-9y—62+2y —2=18 - Ty — 7z.

SoTy=7—T7zandy=1—2. Sox=6—-3y—2=6—3(1 —2) — 2z and

r=3+z,
y=1—2,  where z can be any number.
z2=0+4 2z,

So the line is the set of points |z, ¥, z) such that

T 3 1
yl=11]+2z]-1|, withzeR.
z 0 1

So the line is
p+ Rv, where p=13,1,0) and v = |1,—1,1).
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GE14HS14. Let %,3,]% € R3 be given by

1 =11,0,0), 7=10,1,0), k=10,0,1).

Compute 57 + (=1)] + (—4)k.

Solution: 52 4+ (—1)j + (—4)k = |5, —1, —4).
GE15HS15. Let u = |uy,ug, u3),v = |v1,v2,v3), w = |wy, wa, w3) in R3. Prove that

Uy U3\ 4 up U\ A uy U\ ¢
uxv:det<2 3>z—det<1 3>]+det<1 2)1{:, and
V2 U3 U1 U3 v V2
up U2 ug
(u,v x w)y =det [ v1 w2 w3
wp w2 ws

Solution: Using the definition of u X v and the definition of the determinant,
u X v = (ugv3z — U3’U2)% + (ugvy — ulvg)j' + (ugvg — ugvl)l%
— det (“2 “3> i — det <“1 “3) j+ det (“1 u2) i
V2 U3 V1 U3 V1 Vg

and
<’LL, v X w> = <U1, ug, ’LL3|(’UQH)3 — w3vy, —(Ulwg — Ug’wl), Vw2 — v2w1>

= u(vows — v3wa) — uz(viws — v3wy) + uz(viwg — Vowy)

upr U2 ug

=det | v1 v w3
wp w2 W3

GE16HS16. Let u = |uy,u2,u3),v = |v1,v2,v3), w = |wy, we, ws3) In R3. Prove that

(v, xw) =0 and (w,v x w)y = 0.

Conclude that v x w is perpendicular to both v and w.

Solution: Since
w; w2 w3

U1 V2 V3
(vyuxw)y=det | v1 vy w3 ]| =0 and (w,vxw)=det| vy vy wu3
wp w2 w3 w; w2 w3

then
v X w is perpendicular to both v and w.

GE17H17. Find a vector perpendicular to both |1,1,1) and |1, —1, —2)

Solution. By definition of the cross product

11,1,1) x [1, -1, —2)
=1 (=) =1 (1), (1 (=) = T 1)1 (-1 = 1)

= |-1,3,-2).
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The vector |—1,3,—2) is perpendicular to both |1,1,1) and |1, —1, —2) since
(-1,3,-2]1,1,1) =—1+3-2=0

and
(-1,3,-2|1,-1,-2) =-1-3+4+4=0.

GE18HS18. Find the volume of the parallelipiped with adjacent edges ]@, P—R>, ﬁ, where

P=02,0-1), Q=14,10, R=3,-1,1) and S=]2,-2,2).

Solution. Since the edges of the parallelipiped are
PO=P-Q=|21,1, Pk=P-R=|1,-1,2), PS=P-S5=10,-2,3),
then

(Volume of parallelipiped) = |<1@, PR x PS )|
2 1 1

=|det |1 —1 2 :‘2~det<:; §>—det<_12 ;)‘
0 -2 3

=[2(=3+4) - (B+2)|=]-3|=3.

GE19HS19. Find the area of the triangle in R? with vertices |2, —5,4), |3, —4,5) and |3, —6, 2).
Solution. Letting

u=13,—4,5) —[2,—5,4) = |1,1,1) and v=3,-6,2) —|2,-5,4) = |1, -1, -2),
then

uwxv=|1,1,1) x |1,~1,-2)
=1 (=2)-1-(=1),=(1-(=2)-1-1),1- (=) =1-1)
=|-1,3,-2).

Then

(Area of triangle) = 3 (area of rectangle with edges u and v)

1 volume of parallelipiped
2 lu x v]| \ with edges u, v and u X v)

= gllux vl =3ll1-1,3,-2)|

=5V (-1)?+32 + (-2 =

%
S

100



Linear algebra Solved examples, Arun Ram August 30, 2026

GE20HS20. Find the Cartesian equation of the plane with vector form

|z,y,2) = s|1,—-1,0) +¢|2,0,1) + | — 1,1,1), with s,¢ € R.

Solution. A normal vector to this plane is
n=uxu, where v = |1,—1,0) and v = |2,0, 1).

Then n =u x v =|-1-0,—(1-0),0—(-2)) = |—1,—1,2).
Then |—1,1,1) is a point in the plane, and

(—1,1,1|uxv)=(-1,1,1|-1,-1,2) =1 — 142 =2.

Since the plane is
|_17 1> 1> + {|$’ya Z> € R3 | <CL’,y,Z | _1a _1’2> = 0}

then the Cartesian equation of the plane is

- —y+2z=2.
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