Linear algebra Solved examples, Arun Ram August 30, 2026

16 Working with linear transformations — Assignment questions

16.1 Matrix of a linear transformation with respect to bases B and ('

LT1HS98. Let v = (1,5) € R2.
(a) Find the coordinate vector of v with respect to the basis S = {(1,0), (0,1)}.

(b) Find the coordinate vector of v with respect to the basis B = {(2,1),(—1,1)}.

LT2HS99. Find the coordinate vector of p = 2+ 7z — 922 with respect to the basis B = {2, %x, —32%}
of Q[z]<e.

LT3HS100. The derivative with respect to z is the linear transformation 7': R[z]<s — R[z]<2 given
by
T(ap + a1z + asx® + a3x3) = ay + 2a97 + 3asx>.

(a) Find the matrix of T with respect to the basis S = {1, z, 22, 23} of R[z]<3 and the basis B =
{1,z, 22} of R[z]<s.

(b) Find ker(T") and im(T).

LT4HS101. Let T: R?® — R? be the function given by T(x1,x2, 23) = |v2 — 223, 3x1 + 3).
(a) Prove that T is a linear transformation.

(b) Find the matrix of T with respect to the basis S = {|1,0,0),0,1,0),|0,0,1)} of R? and the basis
B = {[1,0),]0, 1)} of 2.

LT5HS102. Let T: Mayo(R) — Maya(R) be the linear transformation given by

T(Q) = Q"

Find the matrix of T" with respect to the basis B = {E11, E12, E21, Eo2}, where E;j is the matrix with
1 in the (4,7) entry and O elsewhere.

LT6HS103. Let T: R[z]<2 — R[z]<1 be the linear transformation given by
T(ap + a1 + azz?) = (ag + az) + apz.

(a) Find the matrix of T with respect to the basis B = {1, 2,22} of R[x]<s and the basis C = {1, z}
of R[x]gl.

(b) Find the matrix of T with respect to the basis B = {1, z, 2%} of R[z]<2 and the basis D = {2, 3z}
of R[:E]Sl .

LT7HS104. Suppose that 7: R?® — R? is a linear transformation and that the matrix of 7" with
respect to
the basis A = {|1,0,0),]0,1,0),]0,0,1)} of R3 and
the basis S = {|1,0),]0,1)} of R? is
5 1 0
[T]sa = (1 . _2> :
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Find the matrix of T" with respect to
the basis B = {|1,1,0),|1,—1,0),|1,—1,—2)} of R? and
the basis C = {|1,1),]1,—1)} of R%.

LT8HS105. Let T: R? — R? be the transformation which is reflection across the y-axis.

y-axis y-axis

L—) Tr-axis L r-axis

Find the matrix of T" with respect to the basis S = {|1,0), |0,1)}.
LT9HS106. Find the matrix of the linear transformation

T:R? - R? which is projection onto the z axis.

Is T injective? Is T surjective. Is T invertible?

LT10HS107. Let ¢ € Ry and let T: R? — R? be the linear transformation which is the shear by a
factor of ¢ along the z-axis.

. y-axis
y-axis

i 5 : \L x-axis
z-axis

c

Find the matrix of T" with respect to the basis S = {|1,0),]0,1)}.

LT11HS108. Find the image of (z,y) € R? after a shear along the z-axis with ¢ = 1 followed by a
reflection across the y-axis.

LT12HS109. Let ¢ € Ry and let 7: R? — R? be the linear transformation which is stretching of
the z-axis by a factor of c.

. y-axis
y-axis

Tr-axls

(&

Find the matrix of 7" with respect to the basis B = {(1,0),(0,1)}.

LT13HS110. Let T: R? — R? be the linear transformation which is rotation by # (about the origin
counterclockwise).

y-axis y-axis

Tr-axi1s r-axi1s

Find the matrix of T" with respect to the basis S = {(1,0), (0,1)}.
LT14HS111. Let T: R?2 — R? be the reflection in the line y = 5x.

y-axis y-axis

r-axis
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Identify two lines through the origin that are invariant under T" and find the image of the direction
vectors for each of these lines.

LT15HS112. Let T: R? — R? be the linear transformation which is reflection in the line y = 5z.

y-axis y-axis

r-axis

Let S = {(1,0),(0,1)} and let

B = {(1’ 5)7 (57 _1)}7

x-axis

(5,-1)

so that the first vector in B is a vector in the direction of the line y = 52 and the second vector in B
is a vector perpendicular to y = 5.

(a) Compute [T]BB, [I]SBa [I]BS, and [T]SS-

(b) Compute T <(1)) and T G) .

LT16HS113. Let T: R? — R? be the linear transformation given by
T(x,y) = 3z —y, —x + 3y).
and let B and S be the bases of R? given by
B={(1,1),(—-1,1)} and S ={(1,0),(0,1)}.

Let u and v be the vectors in R? determined by

(a) Compute [I|gg, and [I]sp
(b) Compute [u]g and [v]p.

(c) Compute [T]ss and [T]pB.
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16.2 Kernels and images of linear transformations
LT17HS96. Let T: R? — R? be the linear transformation given by
T(x7yv Z) - (25[) —y,y+ Z)'

Find bases for ker(7T') and im(7") and verify the rank-nullity theorem.
LT18HS97. Let T': Rlzx|<2 — R[x]<; be the linear transformation given by

T(ag + arz + agz?) = (ag — a1 + az)(1 + 2z).

(a) Find bases for ker(7) and im(7T).
(b) Is T injective?

(c¢) Is T surjective?
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