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Abstract

These are notes towards The Little Book around Linear Algebra. 1 am very grateful to Ruirui Yao,
Avi Tendler and Eric Wang for their very helpful careful proofreading and insightful remarks.
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1 Matrices and operations
1.1 Matrices

Let IF be a field. Let s,t € Z~y.

e An ¢ x s matrix with entries in [F is a table of elements of F with ¢ rows and s columns. More
precisely, an ¢ x s matrix with entries in F is a function

A A{L,. ..t} x{1,...,s} — F.

e A column vector of length t is an t x 1 matrix.
o A row vector of length s is an 1 X s matrix.

e The (i,7) entry of a matriz A is the element A(i,7) in row ¢ and column j of A.

A1,1) A(1,2) A1, s)
A(2,1) A(2,2) A(2, s)
A=
A1) A(t,2) A(t, s)

Let
M, s(F) denote the set of ¢t x s matrices with entries in F.

1.2 Addition and scalar multiplication
Let t, s € Z~y.

e The sum of t X s matrices A and B is the ¢t X s matrix A + B given by
(A+ B)(i,5) = A(4,j) + B(i,j), forie {1,...,t} and j € {1,...,s}.

e The scalar multiplication of an element ¢ € F with an ¢ X s matrix A is the ¢ X s matrix ¢- A
given by
(c-A)(i,j) =c- A(i,j), forie{l,...,t} and j € {1,...,s}.

The zero matriz is the t x s matrix 0 € M;s(IF) given by
0(i,7) =0, forie{l,...,t} and j € {1,...,s}.
The negative of a matrix A € My s(F) is the matrix —A € My (F) given by
(—A)(,j) = —A(i,7), forie{1,...,t} and j € {1,...,s}.
Proposition 1.1. Let t,s € Z~q and let My s(F) be the set of t x s matrices with entries in F.
(a) If A,B,C € M;xs(F) then A+ (B+C)=(A+B)+C.
(b) If A, B € M;xs(F) then A+ B= B+ A.
(c) If A€ Myys(F) then0+ A=A and A+0=A.
(d) If A € Myys(F) then (—A)+ A=0 and A+ (—A) =0.
(e) If A € Myys(F) and ci,co € F then ¢y - (ca- A) = (cic) - A.
(f) If A € Myxs(F) and 1 € F is the identity in F then 1- A = A.
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1.3 Multiplication

e The product of an t X s matrix A and an s X p matrix B is the ¢ X p matrix AB given by
(AB)(i, k) = > A(i,§)B(j, k)
j=1
= A, 1)B(LK) + A(,2) B2, k) + -+ Ai,n) B(n, k),
forie{l,...,t} and k € {1,...,p}.

5y = {1, if i = j,

0, otherwise.

The Kronecker delta is given by

Let n € Z~o. The identity matriz is the n X n matrix 1 € M, «,(F) given by
1(i, ) = 0ij, forie {1,...,n}and j € {1,...,n}.

Proposition 1.2. Let n € Z~q and let M, (F) be the set of n x n matrices in F.
(a) If A,B,C € My,(F) then A+ (B+C)=(A+B)+C.

(b) If A, B € My(F) then A+ B = B + A.

(c) If Ae M,(F) then 0+ A=A and A+ 0= A.

(d) If A € My (F) then (—A)+ A =0 and A+ (—A) =0.

(e) If A, B,C € M,(F) then A(BC) = (AB)C.

(f) If A,B,C € M,(F) then (A+ B)C = AC + BC and C(A+ B) =CA+ CB.
(9) If A € M,(F) then 1A = A and Al = A.

1.4 The favorite basis of M;,(F)
Let t,s € Z~p. For k€ {1,...,t} and £ € {1,...,s} let Exy € Myxs(F) be the matrix given by

1, ifi=Fkandj="¢

0, otherwise,

Eye(i,j) = {

so that Eyy has a 1 in the (k, ¢) entry and all other entries 0.
The following Proposition says that every matrix can be written as a unique combination (using
scalar multiplication and addittion) of the Ej;.

Proposition 1.3. Let t,s,p € Zsg and let A € M;xs(F). Then there exist unique c¢;j € F, for
ie{l,....t} and j € {1,...,s} such that

t s
A= Z Z Cz’jEz'j-

i=1 j=1
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1.5 Matrix transpose
The transpose of an t x s matrix A is the s x ¢t matrix AT given by
AT (i,5) = A(4,19), forie{l,...,s}and j€{1,...,t}.
Proposition 1.4. Let t,s,n € Zq, let Myys(F) be the set of t x s matrices with entries in F, and let
M, (F) be the set of n x n matrices in F.
(a) If A, B € Myx(F) then (A+ B)T = AT + BT,
(b) If A € Myxs(F) and c € F then (c- A)T =c- AT,
(c) If A, B € M,(F) then (AB)T = BT AT
(d) If A € M,(F) then (AT)T = A.

1.6 Symmetric, skew-symmetric, Hermitian, orthogonal and unitary matrices
For z + yi € C define x + yi = x — yi. For A € M;s(C) define ar € Msx¢(C) by

A'(i,j) = AG,q9), forie{l,....s}andje{l,... t}.

Let n € Z~g.

A symmetric matriz is A € My x,(F) such that A = AT,
A skew-symmetric matriz is A € Myx,(F) such that A = — AT,

A Hermitian matriz is A € My x,(C) such that A = Al
An orthogonal matriz is A € My, (F) such that AAT = 1.

A unitary matriz is A € My, (C) such that AAT = 1.

1.7 Traces
Let A € My, xn(Q). The trace of A is
Ayg o A,

tr(A) = Ay + -+ Apy, where A= :
Anl to Ann

Proposition 1.5 (Properties of trace). Let A, B € My« (Q) and let ¢ € Q. Then

tr(A+ B) = tr(A) + tr(B), tr(cA) = ctr(A) and  tr(AB) = tr(BA).

1.8 Determinants

Let n € Zs¢. Let E;; be the nxn matrix with 1 in the (4, j) entry and 0 elsewhere. Fori € {1,...,n—1}
and ¢ € Q define
si(c) =1—=Ey — Eit1i11 + Eiiyn + B + cBy.

Forie{l,...,n} and d € Q with d # 0 define
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For 7,5 € {1,...,n} with ¢ # j and ¢ € Q define
l'ij(c) = l—i-CEij,

For r € {1,...,n} define
Iy =FEn+-+ Ep.

The deteminant is the function det: M, x,(Q) — Q determined by
if A,B € M,xn(Q) then det(AB) = det(A) det(B),

and if i,j € {1,...,n} withi # jand k € {1,...,n— 1} and ¢,d € Q with d # 0 then
det(z;j(c)) =1, det(hi(d)) =d, det(sg(c)) =—1.

Theorem 1.6 (Determinant and trace are conjugacy invariants). Let n € Zsg. Let A € Myxn(Q)
and let P € GL,(Q) so that P is an invertible n x n matriz. Then

det(PAP™) =det(A)  and  tr(PAP™') =tr(A).

1.8.1 The permutation formula for the determinant

Let n € Z~g. A permutation is an n X n matrix such that each row and each column contain exactly
one 1 and all other entries are 0. If n = 2 then the permtutations are the matrices in the set

=1l 1) (o))

If n = 3 then the permutations are the matrices in the set

,

100 010 00 1
o010, loo1], |t oo],
D B 100 010
010 100 00 1
1 00|, (o0 1], (010
00 1 010 100

Let w be a permutation and let w(i) denote the row number of the 1 in column j of w. Let
Inv(w) ={(¢,7) | i, €{1,...,n} and i < j and w(i) > w(j)} andlet {¢(w)= #Inv(w).
The permutation for the determinant of a matrix A is

det(4) = Y (=) ™AL, w(1)A(2,w(2)) - - A(n, w(n)).

’wESn

If n = 2 the permutation formula says

all ail2 1
det( ) = (=1)%1a12 + (=1)lai2a21 = a11a20 — aj2a9:.

a1  G22
aip a2 aip a2
a21  A22 a1 a2
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If n = 3 the permutation formula says

ail a2 a3
det [ @21 age ass | = (=1)aiiaxass + (—1)%azassazr +  (—1)%ai3a21a32

a3z1 az2 asg
+(—1D)targaziazs + (=1)'aragzaze  +  (—1)3a13a02a3:.

corersponding to

aip aiz2 as aip ai2 as ailp ai2 as
Q21 G22 423 a1 Q22 @23 a1 Q22 a23
azy az2 ass azy az2 ass asy az2 ass
ailr a2 aig air aiz2 as ailp ai2 as
a1 Q22 423 a1 Q22 a23 a1 G22 az23
azyr azz2 ass azyr az2 ass azyr az2 ass

So

ail a2 ai3
det | a21 a2 a3 | = ar1a22a33 + a12a23a31 + a13a21a32 — A12021aA33 — A11A23032 — 113022031 .
a3l asz2 as3

1.8.2 Cofactor formulas for the determinant

Let A € Myxn(Q) and let 7,5 € {1,...,n}.

the 7th row removed

(4,9) i '
Let A be the matrix A with and the jth column removed.

The (i, j )-cofactor of A is . N
Cij = (—1)77 det(A9).

Theorem 1.7. (cofactor expansion) Let A € Myxn(Q) and leti,j € {1,...,n}. Then

cofactor expansion

det(A) = AinCin + AinCig + - + AinC across the ith row

and
cofactor expansion

det(A) = A1;C1j + AgjCoj + -+ + AnjCyj. down the jth column
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2 Invertible matrices and factoring

2.1 Invertible matrices

A matrix P € M, (F) is invertible if there exists a matrix P~1 € M, (F) such that
PP'=1 and P'P=1
The general linear group is
GL,(F) ={P € M,(F) | P is invertible}.
Proposition 2.1. If P,Q € GL,(F) then

(P =@ 'P

2.2 Factoring matrices

Let t,s € Zsq and let E;; € Mxs(F) denote the matrix with 1 in entry (i,j) and O elsewhere, For
r e {l,...,min(s,t)} let

1, € Myxs(F) be given by 1, =FE;+-+ B, (1rdefn)

For example,

1, = in Mrx15(Q).

OO OO o o
[=lelelolel s
[N oo oll S =)
SO o+ O OO
OO OO o oo
[esllen e B en Bl en B e @]
OO O oo oo
OO o oo oo
OO OO o oo
OO OO o oo
O O O oo oo
OO o oo oo
OO OO o oo
OO OO o oo
O O O oo oo

The factoring algorithm, or row reduction algorithm, of Section proves the following factoriza-
tion theorem. There are more detailed statements of the output of the factoring algorithm, but the
following is what is needed to compute solutions of systems of linear equations.

Theorem 2.2. Let s,t € Zsq and let E;; denote the t x s matriz with 1 in the (i,j) entry and 0
elsewhere.

Let A € Myxs(F). Then there exist
re{l,...,min(s,t)}, Pe€GL(F), Q&cGL(F)

such that A= P1,.Q, where 1, = FEy1 + -+ E,.
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2.3 Reduced row echelon form

Let t,s € Z~o. A matrix R € My«4(F) is in reduced row echelon form, or left orbit representative, if
there exist € {0,1,...,min(s,t)} and 1 < f; < --- < f, < s such that

(a) If i € {1,...,r} then

R(lafl) = Oa

R(2,f;) =0,

R(Z 1vfz) =0,

R(i,1) =0, R(i,2)=0, ... R(@i,fi—1)=0, R(i, f;) = 1,

(b) If i € {r+1,...,t} then R(i,1) =0,R(7,2) =0,...,R(i,s) = 0.
For example,

0018 3091340 28%6 05
000O0O0OT1H5 22804107
000O0O0OO0OOODOOT1T®6 305
R=]00O0O0O0OOOOOOOOOT1 4
000O0O0OOOTODOOOSOOOTO
000O0O0OOOODOOOSOSOOQO0OO
000O0O0OOOTODOOOSOOOTO

is a matrix in M7415(Q) which is in reduced row echelon form. In this example, t =7, s = 15, r =4
and fl :37 f2 :67 f3 = ]-17 f4 = 14.

Theorem 2.3. Lett,s € Z~g and let A € Myxs(F). Then there exist an invertible matriz P € G Ly(F)
and a unique matriz R € My s(IF) in reduced row echelon form such that

A= PR.

10
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2.4 Invertible generator matrices

In order to factor matrices, it is important to first specify what the “irreducible” or “prime” factors
are. Then a general matrix can be factored into these special factors. Use the terminology “generator
matrices” for the favorite “prime” factors to use. The generator matrices are the diagonal generators,
the root matrices and the row reducers defined as follows.
Let t € Z~q and let E;; be the matrix in My (F) with 1 in the (7, j) entry and all other entries 0.
Let
F*={deF|d+#0}.

The diagonal generators are h;(d) =1+ (d —1)Ey; for i € {1,...,t} and d € F*.

1 1

hi(d) = d with  hi(d)™ = d=t

1 1
The root matrices are z;;(c) = 1+ cEj; for c € F and 4,5 € {1,...,t} with i < j.

1 1
ij(c) = with — a;j(c) " =
1 1
The row reducers are s;(¢) =1 —Ey — Ei1i+1+Eiiy1+ Eiy1i+cE;fori € {1,...,t—1} and c € F.

1 1

si(c) = with  si(c)” ! =

= 0O
(el

1 1
The factoring algorithm presented in the next section explicitly factors A as

A = ((product of s;(c)) - (product of h;(c)) - (product of z;;(c))
-1, - (product of s;(0)) - (product of z;;(c))
— P1,Q = PR.

11
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2.4.1 Example: An upper triangular matrix in terms of root generators

Every upper triangular matrix with 1s on the diagonal is a product of x;;(c)s. For example,

1 10 9 7 4
0 1 8 6 3
0 0 1 5 2 = .%'45(1)1‘35(2)1’25(3).7}15(4)$34(5)%’24(6)1‘14(7)1‘23(8).%13(9).%’12(10).
0 0 011
0 0 0 01

2.4.2 Example: A northwest upper triangular matrix in terms of row reducers

s4(1)s3(2)s2(3)s1(4) - 54(5)s3(6)s2(7) - 54(8)s3(9) - 54(10) =

o= N W
S = Ut Oy
S O = 00 ©
o O O =
SO OO

2.4.3 Example: A diagonal matrix in terms of diagonal generators

15 0
-3

J
Joo

0

h1(15)ha(=3)h3(76)ha(—19)hs5(2) = | O
0 9
0

0
0
0
-1
0

o O O
o O
N OO OO

2.5 The factoring algorithm

Let t,s € Z~o and set A be a t x s matrix. The first-nonzero sequence of A is (f1,..., f;) given by

e {oo, if all entries in row 7 of A are 0,

j,  if the first nonzero entry in row i of A is in column j.

The matrix A is in echelon form if (f1,..., f), the first-nonzero sequence of A, is strictly increasing
with all co at the end.

Step 1: Row reducers. Assume A is not in echelon form. Let (fi,..., f;) be the first-nonzero
sequence of A and let fo = 0. Let

m =min{fx | fr—1 > fr} and let i =max{j | f; =m}.

Let

B = si<w>_lA so that A = 82<W>B

Repeat step 1 until the output is in echelon form.

Step 2: Diagonal generators Assume A is in echelon form. Let (f1,..., fi) be the first-nonzero
sequence of A. Let

A3, fi), if fi # oo,

n

B =h,(d;Y)---hi(d{ A,  where d; = {

12
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so that A = hy(dy) -+ hy(dy)B.

Step 3: Root matrices. Assume A is in echelon form and the first nonzero entry in each nonzero
row is equal to 1. Let (f1,...,ft) be the first-nonzero sequence of A. Assume that there exists
ie{l,...,n}and j€{1,..., fi — 1} such that A(7,j) # 0. Let

i =max{k | fi # oo and there exists j € {1,..., fr — 1} with A(j, fx) # 0}
and let

B = ml»fi(_A(la fl)) o 'xfi—l,fi(_A(fi -1, fz))A

so that A = xp_1 1, (A(fi = 1, fi)) - -1, (A(1, f;))B. Repeat step 3 until the output is a left GL-
representative.

Step 4: Root matrices on the right. Assume R is a left GL-representative and that R has
a nonzero entry that is not the first nonzero entry in its row. Let (fi,...,f;) be the first-nonzero
sequence of R. Let

i = min{k | fr # oo and there exists j € {fr + 1,..., s} such that R(i,j) # 0}.
Let
B = R$i,3(—R(i, S))ZI)Z"Sfl(—R(Z', S — 1)) e 'l'i7fi+1(_R(2.a fz + 1))

so that R = Bw; f,+1(—R(3, fi+1))--- x5 s(—R(i,s)). Repeat Step 4 until the output is such that every
nonzero row has only one nonzero entry.

Step 5: Row reducers on the right. Assume R is a left GL-representative and that every nonzero
row has only one nonzero entry and that nonzero entry is equal to 1. Let (f1,...,fs) be the first-
nonzero sequence of R. Let m = min{i | f; > i}. Let

B = Rsy,—1(0) - $m4+1(0)5,(0) so that R = Bs5,;,(0)8,41(0)---sy,,-1(0).

Repeat Step 5 until f; = i for every i such that f; # oc.

Final result. This process explicitly factors A as

A = ((product of s;(c)) - (product of h;(c)) - (product of z;;(c))
-1, - (product of s;(0)) - (product of z;;(c))
— P1,Q = PR.

13
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2.5.1 A factoring algorithm example — Step 1

This is an example of five iterations of Step 1 of the factoring algorithm on the matrix

—3 —36 -39 —42 —46 -84
-9 —108 —233 _114 2B _167

A= 2 2
3 36 39 42 45 48
0 0 1 6 L B
Let
c 1 0 0 1000 1000
100 0 0 c 10 0100
S@O=1g 010 2901 00| =900 ¢ 1
000 1 0001 0010
Then
-3 —36 -39 —42 —46 -84
A |9 —108 28 114 2B 167
“ 13 36 39 42 45 48
1 25 13
0 0 1 6 7T 3
—3 —36 —39 —42 —46 -84
o2(—3) 3 36 39 42 45 48
2 o o § 12 % -2
o o I ¢ 2z U
3 36 39 42 45 48
00 0 0 -1 —36
—32(_3)31(_1) 0 0 % 12 % —923
o0 1 6 % 1B
3 36 39 42 45 48
00 0 0 —1 —36
= 59(—3)s1(—1)s3(2) 1 25 13
o0 i 6 2 L
00 0 0 -1 —36
3 36 39 42 45 48
0o 0 + ¢ 2 B
=52(=3)s1(-Ds3(2)2000 | o 4 0 0 1 36
00 0 0 -1 —36

36 39 42 45 48
1 25 13
0 3z 6 T 3
0 0 0 —1 —36
0 0 0 0

2.5.2 A factoring algorithm example — Steps 2 and 3

This is an example of Step 2 and two iterations of Step 3 of the factoring algorithm on the matrix

36 39 42 45 48
N
0 0 0 -1 =36
0 0 0 O 0
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Let
d 00 0 1 0 00 1 000
0100 0 d 0O 0100
D=1y 01 ol 2@D=1g 01 ol D=y o 4 0
0 001 0 001 0 001
and let
10 0 0 1 0 ¢ O 1 ¢ 00
01 ¢ 0 0100 0100
w23(c) = 00 1 0 z13(c) = 0010 z12(c) = 0010
000 1 0 0 01 0 0 01
Then
1 12 13 14 15 16
0 0 1 24 25 26
_ 1 _
0 0 0 0O 0 O
1 12 0 14 0 16
0 0 1 24 0 26
= h1(3)ha(§)hs(—1) - 323(25)713(15)212(13) 0 0 0 0 1 36
0O 0 0 0 0 O

2.5.3 A factoring algorithm example — Steps 4 and 5

This is an example of Steps 4 and 5 of the factoring algorithm on the matrix

1 12 0 14 0 16
p_ |0 0 1240 %
10 0 0O O 1 36
0O 0 0 0 0 o0
Then
1 000 0 O
0O 01 0 0O
R= 000010 212(12)x14(14)216(16)224(24) 226 (26) 236 (36)
0O 0 0 0 0 o0
1 000 0O
01 0 0 0 O
o000 10 52(0)z12(12)214(14)216(16) 224 (24) 226(26) 236 (36)
0000 O0O@O
1 00 0 0 O
01 0 0 0O
= 001000 53(0)54(0)s2(0)x12(12)x14(14)216(16)224(24) 226 (26) 236 (36)
0O 0 0 0 0 0

= 13- 53(0)54(0)52(0)z12(12)214(14)716(16) 24 (24) 726 (26) 236 (36) = 130,

15
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where
1 12 0 14 0 16
0 0 1 24 0 26
0 0 0 0 1 36
Q= 0100 0 0 = 53(0)54(0)s2(0)z12(12)214(14)x16(16) 224 (24) 226 (26 ) 236(36).
0O 0 0 1 0 O
0O 0 0 O 0 1

2.5.4 A factoring algorithm example — The output of the factoring algorithm

The full output of the factoring algorithm on the matrix

-3 —36 -39 —42 —46 -84
-9 —108 —2¥ 114 22 167

A=113 36 30 42 45 48 s A=PlQ,
o o 3 6 % D

where s 205l

= 521453 in

B = B ha(Dhs(-1) - 225(25)a13(15)arn(13) 2 FLAE)
and

$36(36)$26(26)$16(16)
Q= w25(24)715(14)224(12)  in GLg(F).
+835489.

16
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3 Kernels, images and solutions of linear systems

3.1 Kernels and images

Let F be a field. For s € Z~ let

F* = Mg (F).
A subspace of Q° is a subset W C Q?° such that
(a) 0e W,
(b) If wy,wy € W then wy + wy € W,
(c) If we W and ¢ € Q then cw € W.
If r € Z~y and vy, ..., v, € F* then
F-span{vi,...,v,} ={civ1 +---+¢cvp | c1,...,¢ € F} (3.1)
is the smallest subspace of F* containing {v1,...,v,}.
Let A € M;«s(FF). Define
ker(A) ={v € F* | Av =0} and im(A) = {Av | v € F°}. (3.2)

Proposition 3.1. Let A € My (F).
(a) ker(A) is a subspace of F*.
(b) im(A) is a subspace of F.

Let V be an F-subspace of F*. A F-basis of V is a collection B of column vectors such that every
element of V' can be written as a unique combination (using scalar multiplication and addition) of the
column vectors in B. In other words, a F-basis of V' is a set {b1,...,bs} C V such that

ifveVthen v=aib + -+ agbg, for unique aq,...,aq € F.
The dimension of V' is the number of elements in a basis of V. In other words,
if {b1,...,bq} is a F-basis of V' then dim(V) =d.

The following proposition determines ker(A) and im(A) in terms of its normal form decomposition
A= P1,Q.

Proposition 3.2. Let t,s € Z~g. Let r € {1,... ,min(s,t)} and set
Ly =Ei+- -+ Eyin Mpys(F).
Let A € M;xs(F). Assume r € {1,...,min(s,t)} and
P € GL(FF) and Q € GL4(TF) are such that A= P1,Q.
Then

the last s — r columns of Q' are an F-basis of ker(A), and

the first r columns of P are an F-basis of im(A).

The following corollary is sometimes termed ‘the rank-nullity theorem’.

Corollary 3.3. Let A € M;xs(F). Then
dim(ker(A)) + dim(im(A)) = (number of columns of A).

17
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3.2 Solutions of systems of linear equations
Using matrix multiplication the system of equations

a1121 + a12x2 + - -+ + a1sTs = by,

(2121 + a2 + - - - + a2sTs = ba,

a1 1 + amaxe + - - + agsxs = by,

is written in the form

a1l a2 - Qs 1 b1

a1 a2 - Q2 T2 by
Az =, where A = . . and z =1 . and b=

ap Qg2 - Qg Tt by

The set of solutions of Ax = b is
Sol(Az = b) = {z € F* | Ax = b}.
The following proposition says that if A is square and invertible then
r=A1Az = A" is the unique solution to the system of equations Az = b,
so that Sol(Ax = b) contains only one element.
Proposition 3.4. Let A € Myys(F) and b € Ft. Ift = s and A € GL(F) then
Sol(Az = b) = {A™'b}.
The following proposition says that if Sol(Az = b) is nonempty then Sol(Ax = b) is the same size as
ker(A).

Proposition 3.5. Let A € Myys(F) and b € F! and assume Sol(Ax = b) # (. Let p € Sol(Ax = b).
Then
Sol(Az = b) = p + ker(A).

The following proposition determines Sol(Ax = b) explicitly.

Proposition 3.6. Let A € Myys(F) and b € Ft. Assume r € {1,...,min(s,t)} and P € GLi(F) and
Q € GLs(F) are such that
| |
A= P1,Q, and let Qfl =g - gs
| |

so that qi,...,qs are the columns of Q1. Then, with F-span as defined in (3.1)),

(Pilb)l
0! (P_Olb)r \ Fospan qu_l L q|8 if the laslttt for entries of P~1b
Sol(Axz =b) = . | | are equal to 0,
0
0, otherwise.

18
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4 Eigenvalues, eigenvectors, diagonalization and orthogonality

4.1 Eigenvalues and eigenvectors
Let A € M, (F).

e An eigenvalue of A is an element A € F such that ker(A — \) # 0.
Let A € M, (F) and A € F.

e An eigenvector of A of eigenvalue X is a nonzero element of ker(A — \).

4.2 Diagonalization with eigenvectors

Vectors p1,...,p, € F™* are linearly independent if the following condition holds:
if v € F™ then there exists unique ci,...,c, € F such that v = c1p1 + - - - cppn.
In other words, p1,...,pn € F™ are linearly independent if every vector v € F” can be written in a
unique way as a linear combination of pi,...,p,.
Theorem 4.1. Let n € Z~q and let A € M, (F).
The matriz A has n linearly independent eigenvectors pi,...,pn € F™ with eigenvalues A1, ..., Ay if

and only if A= PDP™! where,
| | M
P=|p - pn and D = diag(A1,..., ) = .
| | A

so that p1,...,pn are the columns of P and D is the diagonal matriz with diagonal entries Ay, ..., Ay.

4.3 Diagonalization with orthonormal eigenvectors

Let F =R or F = C. The standard symmetric inner product on F" is the function (,): F" x F" — F
given by
u=(ug,...,u,)" €F", and

t
= vty = . f 41
<’LL, U) v'u = uivy + + UpUp, or v = (Ul, o Un)T c ™. ( )
The standard Hermitian inner product on F” is the function (,): F" x F" — F given by
4 _ . u=(ug,...,u,)" €F", and
(u,v) = T'u = Wy o1 + - - - + up oy, o~ (... o) € F™. (4.2)
A set {uq,...,un} of vectors in F" is orthonormal if the set {u,...,u,} satisfies

ifi,5€{1,...,n} then (ui, uj) = 045,
Theorem 4.2. Let n € Z~q and let A € M, (F).

(a) Assume that the inner product on F"™ is given by (4.1). The matriz A has n orthonormal eigenvec-
tors qu, ..., qn € F™ with eigenvalues A1, ..., \n if and only if A = QDQ™' and QQ' =1 where,

| | A
Q=g - ¢qn and D =diag(\1,...,\p) = .
| | A,

so that uy,...,uy, are the columns of QQ and D is the diagonal matrixz with diagonal entries A1, ..., Ap.
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(b) Assume that the inner product on ™ is given by (4.2]). The matriz A has n orthonormal eigenvectors
U, ..., u, € F" with eigenvalues 1, ..., \, if and only if A=UDU™! and Ut =1 where,

| | .
U= lu - uy and D = diag(A1,..., \n) = .
| | An

so that uy,. .., u, are the columns of U and D is the diagonal matriz with diagonal entries Ay, ..., \,.
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5 [F-modules: Definitions and results
5.1 Vector spaces and linear transformations
Let F be a field. A F-vector space, or F-module, is a set V with functions

VxV — v and FxV —= V
(v1,v2) — v+ (c,v) +— cv

(addition and scalar multiplication) such that

—~
5]

If v1,v2,v3 € V then (v1 + v2) + v3 = v1 + (v2 + v3),

If ¢;,c0 € F and v € V then ¢;(cov) = (c1c2)v,
If v €V then 1lv = w.

=

)
(b) There exists 0 € V such that if v € V then 0 +v =v and v+ 0=,
(c) If v € V then there exists —v € V such that v + (—v) =0 and (—v) +v =0,
(d) If v1,v2 € V then vy + v = va + vy,
(e) If ¢ € F and v1,vy € V then c(vy 4 va) = cvy + cvg,
(f) If c1,c0 € F and v € V then (c1 + c2)v = c1v + cav,
)
)

~ —~
]

Linear transformations. Linear transformations are for comparing vector spaces.

Let F be a field and let V and W be F-vector spaces. An F-linear transformation from V to W is a
function f: V — W such that

(a) If v1,v3 € V then f(v1 +v2) = f(v1) + f(v2),
(b) If ce F and v € V then f(cv) = cf(v).

Subspaces. One vector space can be a subspace of another.

Let V' be an F-vector space. A subspace of V is a subset W C V such that

(a) If w1, ws € W then wy + we € W,
(b) 0 e W,

(c) f we W then —w e W,

(d) If we W and ¢ € F then cw € W.

The zero subspace. The tiniest vector space is the zero space.

The zero space, (0), is the set containing only 0 with the operations 0 +0 = 0 and ¢- 0, for ¢ € F.

5.2 Kernels and images

The kernel, or null space, of an F-linear transformation f: V — W is the set

ker(f) = {v e V | f(v) = 0},

The image of an F-linear transformation f: V — W is the set

im(f) = {f(v) |veV}.

Proposition 5.1. Let f: V — W be an F-linear transformation. Then
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(a) ker f is a subspace of V, and
(b) im f is a subspace of W.

Let S and T be sets and let f: S — T be a function.
The function f: S — T is injective if f satisfies:

if 51,80 € S and f(s1) = f(s2) then s; = sa.
The function f: S — T is surjective if f satisfies:
if ¢ € T then there exists s € S such that f(s) =t.

Proposition 5.2. Let f: V — W be a linear transformation. Then

(a) ker f = {0} if and only if f is injective, and
(b) im f =W if and only if f is surjective.

5.3 Bases and dimension

Let F be a field and let V' be a vector space over F. Let {v1,v,...,v5} be a subset of V.

e The span of the set {vi,..., v} is

span{vy, ..., vx} = {c1v1 + cova + -+ + vk | c1,¢2,...,cp € F}.
o A linear combination of vy, va,..., vy is an element of span{vy,..., vg}.
e The set {v1,..., v} is linearly independent if it satisfies:
ifer,...,cp, €Fand civ1 +---+cvp =0 then ¢, =0, co=0, ..., ¢ =0.

o A basis of V is a subset B C V such that

(a) span(B) =V,
(b) B is linearly independent.

e The dimension of V is the cardinality (number of elements) of a basis of V.

Proposition 5.3. Let V' be a vector space and let B be a subset of V. The following are equivalent:
(a) B is a basis of V;
(b) B is a minimal element of {S CV | span(S) = V'}, ordered by inclusion;

(¢) B is a mazimal element of {L CV | L is linearly independent}, ordered by inclusion.

Theorem 5.4. Let V be a vector space over a field F. Then
(a) V has a basis, and

(b) Any two bases of V' have the same number of elements.
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5.4 Addition, scalar multiplication and composition of linear transformations

The sum of two F-linear transformations fi: V — W and fo: V — W is the F-linear transformation
(fitfo): V= W.
(fi+ f2)(v) = fi(v) + fa(v), forveV.

Let f: V — W be an F-linear transformation and let ¢ € F. The scalar multiplication of f by c is the
F-linear transformation (cf): V' — W given by

(cfH(v) =c- f(v), forveV.

The composition of an F-linear transformation fa: V' — W and an F-linear transformation f;: W — Z
is the F-linear transformation (fj o f2): V — Z given by

(fro f2)(v) = fi(f2(v)), forveV.

5.5 Matrices of linear transformations and change of basis matrices
Let V and W be F-vector spaces. Let B be a basis of V' and let C be a basis of W. A C' x B matrix
with entries in F is a function

X:CxB—F, where C x B ={(¢,b) | c€ C and b € B}.

The value X (c,b) of the function X at the pair (c,b) is the (¢, b)-entry of the matriz X. Denote the
set of C' x B matrices with entries in F by

Meyp(F) = {X: C x B — F}.

Let f: V — W be an F-linear transformation. The matriz of f: V. — W with respect to the bases
B and C' is the matrix

fos € Moxp(F) given by f(b) = Z fes(e,b)e for b e B.
ceC

Proposition 5.5. Let V and W and Z be F-vector spaces with bases B, C and D, respectively. Let
VoW g VW h:W—Z beF-linear transformations
and let c € F. Then

(cf)e =c- feB, fes+9c=(f+9)cB and (hog)p = hpcycs.

Let V be an F-vector space and let B and C be bases of V. The change of basis matriz from B to C
is the matrix Pop € Mo« p(F) given by

b= Poplc,b)e,  forbe B. (5.1)
ceC

Proposition 5.6. Let g: V — W and f: V — V be an F-linear transformations. Let
B1 and By be bases of V., and let Ci and Cy be bases of W,
and let Pp, B, and Pc,c, be the change of basis matrices defined as in (5.1). Then

—1
9c.B. = Po,c1 90,8, PB, B, and  fB,B, = Pp p,fB18, PB1B>-
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6 Inner product spaces

6.1 Inner products

Let F=Ror F=C. Let

~:C— C begiven by a+bi=a— bi,
" :R—=R begiven by a=a.

Let V be an F-vector space. An inner product on V is a function

(,): VxV —» F

(o) — (u0) such that

(1) If w,v € V then (u,v) = (v,u),

(2) If u,v € V and « € F then (au,v) = a(u,v),

(3) if u,v,w € V then (u+v,w) = (u, w) + (v,w),

(4) (Positive semi-definite) If uw € V' then (u,u) € R>g.
(5)

5) (Positive definite) If w € V and (u,u) = 0 then u = 0.

6.2 Length, distance, angles.

Let V be an F-vector space with an inner product.
Length is the function || ||: V' — Rx>¢ given by

lull® = (u, u).
Distance is the function d: V' x V — R>( given by
d(u,v) = flv—ull.

Angle is the function 6: V' x V' — Ry 11 given by

cos(B(u, v)) = Tlt:v))

I RER
Vectors u, v are orthogonal, or perpendicular, if (u,v) = 0.

Vectors u, v are parallel if (u,v) =1 or (u,v) = —1..

6.3 Standard inner products.

R* x R" —
(w,v) = (ufv)

1) b

given by
<U1,U2, o ,’U,n”1)171)27 o ,’l)n> = Uu1v1 + -+ UnUn,

(o) o (ujp) SV

(Ug, U2, ..., Up|V1, V2, ..., Vn) = WTT + -+ - + Up Ty,
(3) Flz]<p x Flz]<, — F given by
(ap+arz+ -+ apnz”™ | c1 + 1z + -+ cpa”)

1
= / (ap + a1z + - - - anz™)(éo + c1x + - - - + cpa™) dx.
0
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6.4 Gram matrices

Let V be an F-vector space with inner product (,): V x V — F. Let B = {b1,...,b,} be a basis of
V. The Gram matriz of (,) with respect to B is the matrix

(b1,01)  (b1,b2) -+ (b1,bn)
(b2,b1) (b2,b2) -+ (b2,bn)
<bna b1> <bna b2> T <bm bn)
In other words, the (7, j) entry of the Gram matrix A of (,) with respect to the basis B is
Aij = (bi, bj).

6.5 Orthogonal expansions and projections

Let V be an F-vector space with an inner product (,): V x V. — F. A basis {by,...,b,} of V is
orthonormal if {by,...,b,} satisfies

0. ifii
if ’i,j S {1,...,n} then <bz,b]> :5ij7 where 52']' = ’ 1 Z#]’
1 ifi=j.
Proposition 6.1. Assume B = (by,...,by) is an ordered orthonormal basis of V and x € V.. Then

x = (x,b1)by + -+ (x,b,)by.

Let W be a subspace of V. Let {b1,...,bx} be an orthonormal basis of W. Let x € V. The
orthogonal projection of x onto W is

projy (z) = (x,b1)b1 + - - + (x, b) bi.

6.6 The Gram-Schmidt process of orthogonalization

Let V' be an F-vector space with an inner product (,): V x V' — F. An orthogonal basis of V is a
basis {b1,...,by} of V such that
ifi,j € {1,...,n} and ¢ # j then (b;,b;) =0,
An orthonormal basis of V' is a basis {b1,...,b,} of V such that
0. ifiti
if ’i,j S {1,...,n} then <bz,b]> :5ij7 where (52']' = ’ l Z#]’
1 ifi=j.

Theorem 6.2. (Gram-Schmidt) Let V be an F-vector space with an inner product (,): V. xV — TF.
(a) Let {p1,p2,...,pn} be a basis of V. Define by = p1 and

by — _ e by, (D b)
TP by (b be)

Then (by,ba,...,by) is an orthogonal basis in V.
(b) Let (bi,...,by) be an orthogonal basis of V. Define

b, for k € Z~y.

by bn
Ul = 777 cee sy Up = .
[[04]] " ol
Then (uq,...,uy) is an orthonormal basis of V.
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7 Some Proofs

7.1 Some proofs: Matrices and operations
7.1.1 M,,xn(F) is an F-module

Proposition 7.1. Let m,n € Z~o and let M,,«n(F) be the set of m x n matrices with entries in F.
(a) If A, B,C € Mp,xn(F) then A+ (B+C)=(A+ B)+C.

(b) If A, B € My,xn(F) then A+ B = B + A.

(c) If A€ Myxn(F) then 0+ A=A and A+0=A.

(d) If A € Myxn(F) then (—A) + A =0 and A+ (—A) =0.

(e) If A € Mp,xn(F) and c1,c2 € F then ¢1 - (ca - A) = (c1e2) - A.

(f) If A € Myxn(F) and 1 € F is the identity in F then 1- A = A.

Proof.

(a) Toshow: (A+B)+C=A+ (B+(C).
To show: If i € {1,...,m} and j € {1,...,n} then (A+ B)+ C)(i,5) = (A+ (B+ C))(i, ).
Assume i € {1,...,m} and j € {1,...,n}.
To show: (A4 B)+ C)(4,j) = (A+ (B+C))(i, 7).

((A+B)+C)(i,j) = (A+ B)(i,7) + C(i, j) = (A, j) + B(i, ) + C(i, )
A(i, j) + (B(i,7) + C(i,5)), since addition is associative in F,
= A(i,j) + (B+C)(i,5) = (A+ (B + C))(i,4)-

(b) To show: A+ B =B+ A.
To show: If i € {1,...,m} and j € {1,...,n} then (A+ B)(i,5) = (B+ A)(4,5).
Assume i € {1,...,m} and j € {1,...,n}.
To show: (A+ B)(3,j) = (B + A)(3, J).

(A+ B)(i,7) = A(i, ) + B(i, j)
= B(i,7) + A(i,7), since F has commutative addition,
= (B+A)(1,])-

(c) To show: (ca) 0+ A = A.
(cb) A+0=A.

(ca) To show: If i € {1,...,m} and j € {1,...,n} then (0+ A)(4,5) = A(7, 7).
Assume i € {1,...,m} and j € {1,...,n}.
To show: (0+ A)(i,7) = A(i, 7).

(0+A)(G5) = 00, 5) + A(i,§) = 0+ A(7, 7) = A(i, j)-

(cb) To show: If i € {1,...,m} and j € {1,...,n} then (A+0)(i,j) = A(i, 7).
Assume i € {1,...,m} and j € {1,...,n}.
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To show: (A+0)(i,5) = A(i, 7).

(d) To show: (da) A+ (—A)=0.
(db) (-A)+ A=0.
(da) To show: If i e {1,..., m}and j € {1,..., n} then (A+ (—A4))(4,5) = 0(i, 7).

Assume i € {1,...,m} and j € {1,...,n}.
To show: (A+ (—A4))(i,7) = 0(4, 7).

(A+ (=A)(,7) = A(i, ) + (=A) (0, J) = A, J) + (=A( 7))
=0=0(,j).
(db) To show: If i € {1,...,m} and j € {1,...,n} then ((—A4) + A)(i,5) = 0(4, 7).

Assume i € {1,...,m} and j € {1,...,n}.
To show: ((—A) + A)(i,7) = 0(, 7).

(=A+A)(i,J) = (=A) (@, 5) + A6, §) = (=A(0, ) + A(, j)

(e) Assume A € My, «n(F) and ¢q,co € F.
To show ¢1 - (c2- A) = (c1c2) - A.
To show: If i € {1,...,m} and j € {1,...,n} then (c1 - (c2- A))(%,)) = ((cic2) - A)(3, ).
Assume i € {1,...,m} and j € {1,...,n}.
To show: (c1 - (c2-A))(i,7) = ((c1e2) - A)(1, 7).

(c1-(c2-A))(E,J) =c1-((c2- A)(i, 7)) = c1 - (c2- A3, )
= (c1-c2) - A(4, 7)) = ((e1 - e2) - A) (i, §)

(f) Assume A € Myxn(F) and 1 € F.
To show: (fa) 1- A = A,

(fh) A-1=A.
(fa) To show: Ifi e {1,..., m} and j € {1,..., n} then (1-A)(i,5) = A(i, 7).
Assume i € {1,..., m}and j € {1,..., n}.

To show: (1-A)(4,j5) = A(i, 7).
(1-A)(i,5)=1---A(I,j) = A(i,j), since 1 is the identity in F.
(fb) To show: If i € {1,..., m}and j € {1,..., n} then (A-1)(i,7) = A(i, 7).
Assume i € {1,...,m} and j € {1,...,n}.
To show: (A-1)(i,7) = A(1, J).

(A-1)(i,7) = A(3,7) - 1 = A(4,7), since 1 is the identity in F.
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7.1.2 M,(F) is an F-algebra

Proposition 7.2. Let n € Z~q and let M, (F) be the set of n x n matrices in F.
(a) If A,B,C € M,(F) then A+ (B+C)=(A+B)+C.
(b) If A, B € M,(F) then A+ B = B + A.
(c) If A€ M,(F) then 0+ A=A and A+0 = A.
(d) If A € My (F) then (—A)+ A =0 and A+ (—A) =0.
(e) If A, B,C € M,(F) then A(BC) = (AB)C.
(f) If A,B,C € M,(F) then (A+ B)C = AC + BC and C(A+ B) =CA+ CB.
(9) If A € M,(F) then 1A = A and Al = A.
Proof. Parts (a), (b) (¢) and (d) are the cases m = n of Proposition
(e) To show: (AB)C = A(BC).
To show: If i € {1,...,m} and j € {1,...,n} then ((AB)C)(4,7) = (A(BC))(i, ).
Assume i € {1,...,m} and j € {1,...,n}.
To show: ((AB)C)(i,7) = (A(BC))(i, j).

n

(AB)C)(i,4) = ) (AB)(i. k)C(k. )

k=1

=> "> (A(i,1)B(1,k)C(k, j)

k=11=1

=> ) AG DB k)C (K, 5))

k=1 1=1

= A(i,1)(BO)(1,5)
=1

= (A(BC))(i, 7).

(f) To show: (fa) (A+ B)C = AC + BC.
(fb) C(A+ B) =CA+ CB.
(fa) To show: If i € {1,...,m} and j € {1,...,n} then ((A+ B)C)(i,j) = (AC + BC)(i,j).

Assume i € {1,...,m} and j € {1,...,n}.
To show: ((A+ B)C)(i,j) = (AC + BC)(3, j).

n n

(A+B)C)(i.j) = Y (A+ B)(i,k)C(k, ) = Y (A(i,k) + B(i, k))C(k, )
k=1 k=1

= A(i,k)C(k, j) + B(i, k)C(k, ),
k=1

=" AGk)C(k,§) + > B(i, k)C(k, j),
k=1

k=1
= (AC)(i,7) + (BO)(i,5) = ((AC) + (BC))(i, 7)
= (AC + BC)(i, j).

where the third equality follows from the distributive property in F.
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(fb) To show: If i € {1,...,m} and j € {1,...,n} then (C(A+ B))(i,j) = (CA+ CB)(i,7).
Assume i € {1,...,m} and j € {1,...,n}.
To show: (C(A+ B))(i,j) = (CA+ CB)(i,j).

n

(C(A+B))(i,§) = > Ci,k)(A+ B)(k,j) = >_ C(i, k)(A(k, j) + B(k, j))
k=1 k=1

= C(i,k)A(k, §) + C(i, k) B(k, j),
k=1

n

= C(i,k)Alk, )+ > _ C(i,k)A(k, j),
k=1

k=1
= (CA)(i,5) + (CB)(1,7) = (CA) + (CB))(i,4)
= (CA+CB)(i,7).
where the third equality follows from the distributive property in F.
(g) To show: (ga) 1-A = A,
(gb) A-1=A.

(ga) To show: If i € {1,...,m} and j € {1,...,n} then (1-A)(7,5) = A(i, 7).
Assume i € {1,...,m} and j € {1,...,n}.
To show: (1-A)(i,7) = A(1, J).

n

k=1 ke{l,...,n}

(gb) To show: If i € {1,...,m} and j € {1,...,n} then (A-1)(4,j) = A(4,J).
Assume i € {1,...,m} and j € {1,...,n}.
To show: (A-1)(i,j) = A(i, 7).

(A-1)(i,7) =

M=

=
Il

A(i, )Lk, ) = A6, )10, 5) + Y AL k)1(K, §)
n}

1 ke{1,...,

=0+ A(@i,5)-1=A(,5).

7.1.3 Properties of transpose

Proposition 7.3. Let m,n € Zsq, let My, xn(F) be the set of m X n matrices with entries in F, and
let M, (F) be the set of n x n matrices in F.

(a) If A, B € My,xn(F) then (A+ B)T = AT + BT,
(b) If A € Myxn(F) and c € F then (c- A)T =c- AT,
(c) If A, B € M,(F) then (AB)T = BT AT

(d) If A € M,(F) then (AT)T = A.
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Proof.

(a)

Assume A € My, xn(F).

To show (A + B)T = AT + BT.

To show: If i € {1,...,m} and j € {1,...,n} then (A+ B)T(i,5) = (AT + BT)(4, j).
Assume i € {1,...,m} and j € {1,...,n}.

To show: (A+ B)T(i,j) = (AT + BT)(i, j).

(A+ B)"(i,5) = (A+ B)(j, i) = A(j, i) + B(j, )
= A"(i,5) + B"(i,j) = (A+ B)"(i, ).

Assume A € My, xn(F) and c € F.

To show (c- A)T =c- AT.

To show: If i € {1,...,m} and j € {1,...,n} then ((c- A)T)(i, ) = (c- AT)(4, 7).
Assume i € {1,...,m} and j € {1,...,n}.

To show: ((c- A)T)(i,7) = (c- AT)(i, j).

(- A)(0,5) = (e A)(jd) = ¢- A(i) = ¢- AT (i) = (c- AT)(i,j)

Assume A, B € M, (F).

To show: (AB)T = BT AT.

To show: If i,j € {1,...,n} then (AB)T (i, ;) = (BT AT)(i, j).
Assume 7,5 € {1,...,n}.

To show: (AB)T(i,5) = (BT AT)(i, j).

(AB)(i,j) = (AB)(j.i) = Y _ A(j, k)B(k, )
k=1
= AT(k,§)B"(i,k) = > _ BT (i,k)AT (k, j) = (BTAT)(i, ).
k=1 k=1

Assume A € M, (F).

To show: (AT)T = A.

To show: If i,j € {1,...,n} then ((AT)T)(i,5) = A(i, j).
Assume 7,5 € {1,...,n}.

To show: ((AT)T)(i,7) = A(i, 7).

(AT, 5) = (AT)(4,7) = A(, )
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7.1.4 Properties of trace
Proposition 7.4 (Properties of trace). Let A, B € My, x»n(Q) and let ¢ € Q. Then

tr(A+ B) = tr(A) + tr(B), tr(cA) = ctr(A) and  tr(AB) = tr(BA).

Proof.
tr(A+ B) = i(A + B)(i,i) = i(A(i, i) + B(i, i)
- (g;A(i,i)) + (: B(, i)) — tr(A) + tr(B)
and _ _
tr(cA) = zn;(cA)(i,i) - Zn;(c LA, i))e- (zn;A(i,i)) — ctr(A)
and ) ) )
tr(AB) = i(AB)(i, i) = z: Z: A(i, J)B(5,4) = Zj; iB(j, i)A(i, 7)
= iiB(ja i)A(i,J) = zn;(BA)(j,j) = tr(BA).

7.1.5 Determinant and trace are conjugacy invariants

Theorem 7.5 (Determinant and trace are conjugacy invariants). Let n € Zsg. Let A € Mpxn(Q)
and let P € GL,(Q) so that P is an invertible n X n matriz. Then

det(PAP™Y) = det(4)  and  tr(PAP™!) =tr(A).

Proof. Since det(P)det(P~!) = det(PP~!) = det(1) = 1 then det(P~!) = ﬁ(lg). So

det(PAP™Y) = det(P) det(A) det(P~1) = det(P) det(A)

1
det(P) = det(A).

Since tr(AB) = tr(BA) then

tr(PAP™Y) = tr(P(AP™Y)) = tr((AP™Y)P) = tr(A).

7.1.6 Determinants: the permutation formula

For A € M, (F) define

D(A) = ) det(w)A(L, w(1))A(2,w(2)) - - A(n, w(n)),

wESy
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Proposition 7.6. Let A € M, (F) and let i,5 € {1,...,n} withi < j.
(a) If u is a permutation then D(uA) = det(u)D(A).

(b) If row i and row j of A are equal then D(A) = 0.

(¢) D(AB) = D(A)D(B).

(d) D(sij) = —1, D(z;(c)) =1 and D(hi(d)) = c.

Proof. Let u: {1,...,n} — {1,...,n} be a bijection. Then

= Y det(w)Au(1), w(1)A(u(2),w(2)) - - - Alu(n), w(n))

= wg; det(wu) A(u(1), wu(1))A(u(2), wu(2)) - - - A(u(n), wu(n))

= w%;n det(wu) A(L, w(1))A(2,w(2)) - - A(n, w(n))

= wZ;n det(w) det(u) A1, w(1))A(2, w(2)) - - - A(n, w(n))

:Z{;" Z det(w w(1))A(2, w(2)) - - A(n, w(n)) = det(u)D(A).

If row i and row j of A are equal then A = s;;A. Using part (a),

D(A) = D(si;A) = det(s;;)D(A) = —D(A), giving D(A) = 0. (Deqrows)

= Y det(w)(AB)(1,w(1)) - (AB)(n,w(n))

=) det(w) Z A1, k1) B(k1,w(1)) - - - A(n, kn) B(kn, w(n))
weSy k1,....kn=1
= > ALk n) Y det(w)B(ky, w(1)) - B(kn, w(n)).
k1yeeykn=1 wESH
By part (b), the second sum is zero if any two entries in k = (ki,...,ky) are the same. If all the

entries in k = (k1,...,ky) are distinct and, by part (a), the second sum is det(k)D(B). Hence,
D(AB) = > det(k)A(1, k1) - - - A(n, kn) det(k)D(B)
k:(k17"'7k7L)ES7L

= Y det(k)A(L, k(1)) -~ A(n, k(n))D(B) = D(A)D(B).
kesS,

For each of the expressions (d), the permutation expansion has exactly one nonzero term and this
term equals the right hand side. O

Theorem 7.7. Let A € M,,(F). Then

det(A) = Z det(w)A(1,w(1))A2,w(2) - A(n,w(n)).

Proof. By Proposition D(A) satisfies the defining properties of det(A). So det(A) = D(4). O
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7.2 Some proofs: Kernels and images

7.2.1 The inverse of PQ

Proposition 7.8. If P,Q € GL,(F) then

(PR =Q P71

Proof. Assume P,Q € GL,(F).

To show: (PQ)™' =Q P~ L

To show: (a) (PQ)(Q~'P~1) =1.

(b) (Q7'P71)(PQ) =1.

(a) Using associativity of matrix multiplication,
(PQ@Q'PH=PQQ P '=P-1.P'=PP ' =1

(b) Using associativity of matrix multiplication,
Q'PTHPQ)=QTI(PTIPR=0""1-Q=Q7'Q=1

So (PQ)"'=Q P L

7.2.2 ker(A) and im(A) are subpaces

Proposition 7.9. Let A € M;ys(Q). Then ker(A) is a subspace of Q°.

Proof. (a) Since A0 = 0 then 0 € ker(A).
(b) Assume wy,ws € ker(A). Then Aw; = 0 and Aws = 0. So

A(wy +we) = Awy; + Awe =0+ 0=0. So w; + ws € ker(A).
(c) Assume w € ker(A) and ¢ € Q. Then Aw = 0 and
A(cw) = cAw =c0 =0. So cw € ker(A).
So ker(A) is a subspace of Q°.
Proposition 7.10. Let A € Myys(Q). Then im(A) is a subspace of Q.

Proof. (a) Since 0 = A0 then 0 € im(A).
(b)Assume yp,y2 € im(A). Then there exist x1, 29 € Q° such that y; = Azy and yo = Axe. Then

y1 +y2 = Az + Azg = A(z1 + 22). So y1 +y2 € im(A).
(c) Assume y € im(A) and ¢ € Q. Then there exists € Q° such that y = Az. Then
cy = cAx = A(cz). So cy € im(A).

So im(A) is a subspace of Q.
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7.2.3 How kernel and image change

Proposition 7.11. (How kernel and image change) Let A € M;«s(Q) and P € GL/(Q) and
Q € GLs(Q). Then

ker(PA) = ker(A), ker(AQ) = Q! - ker(A),
im(PA) = P -im(A), im(AQ) = im(A).

Proof.
ker(PA) = {zr € Q° | PAz =0} = {x € Q° | P"'PAz = P'0}
={x€Q’| Az = 0} = ker(4),
ker(AQ) = {z € Q° | AQr =0} = {Q'Qz € Q° | AQz = 0}
=Q ' {QreQ’ | AQz =0}

=Q YyeQ® | Ay=0} = Q" ker(4),
im(PA) = {PAx | x € Q°} = P{Ax | x € Q°} = P -im(A),

im(AQ) = {AQz |z € Q°} = {Ay | "'y € Q°}
={Ay |y € Q} = im(A). O
7.2.4 Finding ker(A) and im(A)

Theorem 7.12. (Computing kernels and images) Let P € GLi/(Q), Q € GLs(Q). Let r €
{1,...,min(s,t)} and let

l,=FEu+FExn+---+E, in Mtxs(@)'

Let
A= Pl1.Q.

Then
ker(A) has basis {last s—r columns of Q~1},

im(A) has basis {first r columns of P}.

Proof. By the How Kernel and Image Change Proposition

ker(A) = ker(P1,Q) = ker(1,Q) = Q ' ker(1,) and
im(A) = im(P1,Q) = im(P1,) = Pim(1,)

Since {Q'e,11,...,Q e} is a basis of Q7 ker(1,) then
ker(A) has basis {last s—r columns of Q 71},
Since {Pey,...,Pe,} is abasisof Pim(1l,) then

im(A) has basis {first 7 columns of P}. O
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7.2.5 Relating kernels and determinants
Theorem 7.13. Let A € M,(F) and let A € F. Then
ker(A—X) #0 if and only if det(A — ) = 0.

Proof. Use normal form to write A — A= P -1, -Q with P,Q € GL,(F). Then use Proposition ??.

=: Assume ker(A — ) # 0.
Since ker(A — \) # 0 then r < n.
Since r < n then det(1,) = 0 and

det(A — \) =det(P -1, - Q) = det(P) det(1,) det(Q) = 0.

<: Assume that det(A — \) = 0.
Since P and @ are invertible matrices then det(P) and det(Q) are invertible elements of F.
Since

det(1,) = det(P~H(A - NQ™!) = det(P) ' det(A — \)det(Q) ™" =det(P)™'-0-det(Q)"' =0

then r < n.
So ker(1,) # 0.
So

ker(A — \) =ker(P-1,-Q) = Q 'ker(1,) # 0.
7.2.6 Solutions of a system when A is invertible
Proposition 7.14. Let A € Myys(F) and b € Ft. Ift = s and A € GL(F) then

Sol(Az = b) = {A™'b}.

Proof. Assume A is invertible and Az = b. Then x = 1z = (A1 A)z = A7} (Az) = A~ 1b. O

7.2.7 All solutions from a single solution and ker(A)

Proposition 7.15. Let A € M;ys(F) and b € F! and assume Sol(Ax = b) # (. Let p € Sol(Ax =b).
Then
Sol(Az = b) = p + ker(A).
Proof. Assume Sol(Axz = b) # () and let p € Sol(Ax = b).
To show: (a) Sol(Az =b) C p + ker(A).
(b) p +ker(A) C Sol(ax = b).
(a) Let ¢ € Sol(Ax =b).
Then g — p € ker(A).
So q € p +ker(A).
So Sol(Ax =b) C p+ker(A).
[(b) Let k € ker(A).
Then A(p+ k) =Ap+ Ak =b+0=b.
So p+k € p+ ker(A).
So p + ker(A) C Sol(Az = b).

So p + ker(A) = Sol(Az = b) O
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7.2.8 All solutions of a system Az =b

Proposition 7.16. Let A € M;yxs(F) and b € Ft. Assume r € {1,...,min(s,t)} and P € GL,(F) and
Q € GL4(F) are such that
A= P1,Q.

(a) If there exists j € {r +1,...,t} such that (P~1b); # 0 then Sol(Az = b) = 0.
(b) If (P~1b),31 = 0,(P71b),02 =0,...,(P71b); = 0 then Sol(Azx = b) # 0 and
Sol(Az =b) = Q1 (P7')y,...,(P'0),,0,...,0)" +span{q.i1,...,qs},
where qi, . ..,qs are the columns of Q1.
Proof.
Sol(Az =b) ={z € F" | Az =b} ={z € F" | P1,Qz = b}
=Q YQxz eF" | P1,Qx = b}
= Q Yy cF" | Pl,y = b}
—Q H{yeF" | L,y=P b}
= Q 'Sol(1,y = P~ 'b).
Let z = P~'b. There are two cases:
Case 1. If there exists j € {r +1,...,n} such that z; # 0 then Sol(1,y = z) = 0.
Case 2. If z,41 = --- = 2z = 0 then
Sol(1,y = 2) = (21,...,2r,0,...,0)" +span{e,;1,...es}.
Thus
Sol(Az = b) = Q7 'Sol(1,y = P~'b) = Q7 'Sol(1,y = 2)
=Q Mty 20,0,...,0) + Q tspan{e 41, ... €5}
= Q_l((P_lb)l, e (P_lb)T, 0,...,0)" +span{g-11,...,qs}.

O

7.2.9 Diagonalization and eigenvectors
Theorem 7.17. Let n € Z~y and let A € M, (F).
The matriz A has n linearly independent eigenvectors pi,...,pn € F™ with eigenvalues Ay, ..., Ay if
and only if A= PDP~! where,

| | A

P=|p -+ pn and D = diag(A1,..., ) = .

| \ Ay

so that p1,...,pn are the columns of P and D is the diagonal matriz with diagonal entries Ay, ..., Ay,.
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Proof. =: Assume that A € M, (F) and A has n linearly independent eigenvectors pq, ...

with eigenvalues A1, ..., A,.
Since Apy = A1p1, - - -, Apn = Appn then

| | | AWA
| | | | A,

Since p1,...,p, are linearly independent then the matrix P is invertible.
Multiplying AP = PD on the right by P~! gives A = PDP~ L.

«: Assume that A = PDP~! and that p,...,p, are the columns of P.
Then AP = DP gives that Apy = Ap1, ..., Apn = A\nDn-

So p1, ..., pn are eigenvectors of A with eigenvalues Ay, ..., Ap.

,pn € F"

Since p1, ..., pn are the columns of P and P is invertible then py, ..., p, are linearly independent. [
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7.3 Some proofs: F-modules
7.3.1 Properties of linear transformations

Proposition 7.18. Let T: V — W be an F-linear transformation. Let Oy and Oy be the zeros for V.
and W respectively. Then

(a) T(Oy) = Ow, and
(b) If v eV then T(—v) = —T(v).
Proof.

(a) Add —T(0y) to both sides of the following equation,
T(0v) =T(0v +0v) =T(0v) + T(0v).
(b) Since T'(v) + T(—v) =T (v + (—v)) = T(0y) = Oy and
T(—v) 4+ T(v) =T((—v) +v) =T(0y) = Ow

then —T'(v) = T'(—v).

7.3.2 Kernels and images are subspaces
Proposition 7.19. Let T: V — W be an F-linear transformation. Then

(a) ker T is a subspace of V.
(b) im T is a subspace of W.

Proof. Let 0y and Oy be the zeros in V' and W, respectively.

(a) By condition (a) in the definition of linear transformation, 7" is a group homomorphism.
To show: (aa) If k1,ke € ker T then ki + ko € ker T'.
(ab) Oy € ker T'.
(ac) If k € ker T then —k € ker T'.
(ad) If c € F and k € ker T' then ck € ker T

(aa) Assume ki, ko € ker T'.
Then T'(k1) = Ow and T'(k2) = Oy .
By condition (a) in the definition of a linear transformation,

T(k‘l + k‘g) = T(k‘l) + T(kQ) =04+0=0.

So k1 + ko € ker T'.
(ab) By Proposition [7.18(a), T'(0y) = Ow .
So Oy € ker T
(ac) Assume k € kerT'.
By Proposition [7.18(b), T(—k) = =T (k).
So T(—k) = =T (k) = —0w = Ow, and —Oy = Oy since Oy + Oy = Oyy.
So —k € kerT.
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(ad) Assume c € F and k € ker T'.
Then, by the definition of linear transformation,

T(ck) = cT'(k) = cOw = Ow, and cOw = Oy,

by adding —c O to each side of ¢Ow + c¢Ow = ¢(Ow + Ow) = cOyy.
So T'(ck) = Oy and ck € ker T

So ker T is a subspace of V.

(b) By condition (a) in the definition of an F-linear transformation, 7" is a group homomorphism.
To show: (ba) If wy,wy € im T then wy + wy € imT.
(bb) Oy € imT.
(be) If w € im T then —w € im T
(bd) If c € F and w € im T then ck € imT.

(ba) Assume wi,wy € imT.
Then there exist v1,ve € V such that T'(v1) = w; and T'(vy) = wa.
By condition (a) in the definition of an F-linear transformation,

T(’Ul + 1)2) = T(’Ul) + T(Ug) = w1 + wa.

So wy +wy €1imT.

(bb) By Proposition [7.18(a), T'(0v) = Ow .
So Oy € imT.

(bc) Assume w € imT.
The there exists v € V such that T'(v) =
By Proposition [7.18(b), T(—v) = —T'(v
So —w € im T.

(bd) To show: If c € F and a € im T then ca € im 7.
Assume c € F and c € im 7.
Then there exists v € V such that a = T'(v).
By the definition of an F-linear transformation,

[

—w.

ca = cT'(v) =T(cv).

SocaeimT.

So im T is a subspace of W.

7.3.3 Injectivity and surjectivity in terms of kernels and images

Proposition 7.20. Let T: V — W be an F-linear transformation. Let Oy be the zero in V. Then

(a) ker T'= (Oy) if and only if T is injective.
(b) imT = W if and only if T is surjective.

Proof. Let Oy and Oy be the zeros in V and W respectively.
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(a) =: Assume kerT' = (Oy).
To show: If T'(vy) = T'(v2) then v = vs.
Assume T'(v1) = T'(v3).
Since T is an F-linear transformation then

OW = T(Ul) — T(?)Q) = T(Ul — UQ).

Sowv; —wvg €EkerT.

Since ker T' = (0Oy) then v; — vy = Oy.
So v1 = ve.

So T' is injective.

<=: Assume T is injective
To show: (aa) (0y) C ker T
(ab) ker T' C (Oy).

(aa) Since T'(0y) = Oy then Oy € kerT'.
So (Oy) CkerT.

(ab) Let k € kerT'.
Then T'(k) = Oy .
So T'(k) = T(Oy).
Thus, since T is injective then k = Oy, .
So ker T' C (Oy).

So ker T' = (Oy).

(b) =: Assume im7T = W.
To show: If w € W then there exists v € V such that T'(v) = w.
Assume w € W.
Then w € imT'.
So there exists v € V such that T'(v) = w.
So T' is surjective.

<=: Assume T is surjective.
To show: (ba) imT C W.
(bb) W CimT.

(ba) Let x € im T
Then there exists v € V such that x = T'(v).
By the definition of T, T'(v) € W.
SoxeW.
SoimT C W.

(bb) Assume x € W.
Since T is surjective there exists v € V such that T'(v) = z.
Sox €imT.
SoW CimT.

SoimT =W.
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7.3.4 Minimal spanning sets and maximal linearly independent sets

Proposition 7.21. Let V be an F-vector space and let B be a subset of V. The following are equivalent:

(a) B is a basis of V.
(b) B is a minimal element of {S CV | spang(S) =V}.
(¢) B is a mazimal element of {L CV | L is linearly independent}.

(In (b) and (c) the ordering is by inclusion.)

Proof.
(b) = (a): Let S C V such that spany(S) = V.

To show: If S is minimal such that spanp(V') then S is a basis.

To show: If S is minimal such that spang(V') then S is linearly independent.

Proof by contrapositive.

To show: If S is not linearly independent then S is not minimal such that spang(S) = V.
Assume S is not linearly independent.

To show: There exists s € S such that spang(S — {s}) =V.

Since S is linearly independent then there exist k € Z~g and s1,...,s; € S and ¢1,...,c; € F
and ¢ € {1,...,k} such that ¢;s; + -+ cxsp, = 0 and ¢; # 0.
Let s = s;.

Using that F is a field and ¢; # 0 then

—1
§=8; =¢ (6181 + ... +¢C—18i-1+t Cit1Si41 + -+ skck)
1 1

=c¢ 81+ + Ci_lci—lsi—l + Ci_lci—i—lsi-i-l + - F ¢ RSk
So V = spany(S) = spany(S — {s}).
So S is not minimal such that spang(S) = V.

(a) = (b): Proof by contrapositive.

To show: If B € {S CV | spany(S) = V} and B is not minimal then B is not a basis of V.
Assume B € {S C V| spang(S) = V'} is not minimal.

So there exists b € B such that spang(B — {b}) = V.

To show: B is not linearly independent.

Since b € V = span(B — {b} then there exist k € Z~g, b1,...,bx € B and c1,...,¢c; € F such
that b= c1b1 + - - - + cibg.

So 0 =c1by + -+ + cxbr + (—1)b and B is not linearly independent.

(a) = (c): Assume B is a basis of V.

Since B is linearly independent then B € {L C V' | L is linearly independent}.

To show: If v € V and v ¢ B then B U {v} is not linearly independent.

Assume v € V and v € B.

Since spanp(B) = V then there exists k € Z~o and b1,...,b; € B and ¢y,...,c; € F such that
v=-ciby + ...+ cibg.

So0=-ciby + -+ cpbp + (—l)v.
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So B U {v} is not linearly independent.
(c) = (a): Assume S is a maximal element of {L C V' | L is linearly independent}.

To show: spang(S) =V.

To show: V C spang(S).

Letve V.

To show: v € spang(S).

Case 1: v € S. Then v € spang(S5).

Case 2: v & S.

Then S U {v} is not linearly independent and S is linearly independent.
So there exist k € Z~g and s1,...,8, € S and ¢, cq,...,c; € F such that

cog#0 and cov +c181 + -+ s = 0.
Since I is a field and ¢g # 0 then
v = (—calcl)sl +--+ (—cglck)sk.

So v € spang(S).

So V C spanp(S) and V' = spang(.5).

So S is linearly independent and spang(S) = V.
So S is a basis of V.

7.3.5 Any two bases have the same number of elements

Theorem 7.22. Let V' be an F-vector space. Then

(a) V has a basis, and

(b) Any two bases of V' have the same number of elements.

Proof.

(a) The idea is to use Zorn’s lemma on the set {L C V | L is linearly independent}, ordered by
inclusion. We will not prove Zorn’s lemma, we will assume it. Zorn’s lemma is equivalent to the
axiom of choice. For a proof see Isaacs book [?, §11D].

Zorn’s Lemma. If S is a nonempty poset such that every chain in S has an upper bound
then S has a maximal element.

Let v € V such that v # 0.

Then L = {v} is linearly independent.

So {L C V| L is linearly independent} is not empty.

To show: If --- C Sp_1 C S C Sgr1 C --- chain of linearly independent subsets of V' then there
exists a linearly independent set S that contains all the Sy.

Assume --- C Sg_1 € S; C Sksq1 € --- is a chain of linearly independent subsets of V.
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Let L = J, Sk.

To show L is linearly independent.

Assume ¢ € Z~¢ and s1,...,80 € L.

Then there exists k£ such that sq1,...,sp € Si.

Since Sy is linearly independent then if ¢1,...,¢, € F and ¢181 + -+ + ¢¢sp = 0 then ¢ = 0,
co=0,...,¢c,=0.

So L is linearly independent.

So, if --- C Sk_1 C Si C Sk41 C -+ - chain of linearly independent subsets of V' then there exists
a linearly independent set B that contains all the Sy.

Thus, by Zorn’s lemma, {L C V | L is linearly independent} has a maximal element B.
By Proposition B is a basis of V.
(b) Let B and C be bases of V.

Case 1: V has a basis B with Card(B) < occ.
Let b € B.
Then there exists ¢ € C such that ¢ & spang(B — {b}).
Then By = (B — {b}) U {c} is a basis with the same cardinality as B.
Since B is finite then, by repeating this process, we can, after a finite number of steps,
create a basis B’ of V such that B’ C C and Card(B’) = Card(B).
Thus Card(B) = Card(B’) < Card(C).
A similar argument with C in place of B gives that Card(B) > Card(C).
So Card(B) = Card(C).
Case 2: V has an infinite basis B.
Let C be a basis of V.
Define P, € F for c € C and b € B by

b= Pyc, andlet Sy={ceC|Py#0} forbeB.
ceC

If b € B then Sy is a finite subset of C' and

C= U Sh, since C' is a minimal spanning set.
beB

So Card(C) < max{Card(Sp) | b € B} < XoCard(B).

A similar argument with B and C' switched shows that Card(B) < XyCard(C).
So Card(C) < RyCard(B) = Card(B) < XgCard(C) = Card(C).

Since Card(C') < Card(B) < Card(C') then Card(C) = Card(B).

7.3.6 Matrix of a linear transformation with respect to a basis

Proposition 7.23. Let V and W and Z be F-vector spaces with bases B, C and D, respectively. Let
V=W g VoW h:W—=Z belinear transformations

and let c € F. Then

(cf)e =c- feB, fes+9c=(f+9)cB and (hog)p = hpcycs.
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Proof. Let b € B and ¢ € C. Taking the coefficient of ¢’ on each side of

> (@f)enleb)e=(@f)b) = a- ) =a- (Y fenleb)e) =3 afonle,be

ceC ceC ceC

gives (af)op(d,b) = a- fop(d,b).
So (af)ep = a- fos.
Let b € B and ¢ € C. Taking the coefficient of ¢’ on each side of

D (f+9)osle,b)e=(f+9)(b) = f(b) +9(b) = > _(fen(e,b)e+ > genlc,b)e

ceC ceC ceC
= Z(fCB(ca b)C + gCB(Cv b)C = Z(fCB(Q b) + gC’B(C7 b))C
ceC ceC

gives (fop + goB)(c',b) = fep(c',b) + gop(c,b).
So fep + 9o = (f + 9)cs-
Let b € B and d' € D. Taking the coefficient of d’ on each side of

> (hog)ps(d,b)d = (hog)(®) = h(gb) = h( 3 genle,b)e)

deD ceC
—ZQCBcb ZZgoBcthCdc)d
ceC ceCdeD
gives (hog)pp(d,b) =Y hpe(d c)ges(e,b) = (hpeges)(d,b).
ceCdeD

So (hog)pp = (hpcygcs)-
7.3.7 Change of basis matrices
Proposition 7.24. Let g: V — W and f: V — V be F-linear transformations. Let
By and By be bases of V., and let Cy and Cs be bases of W,
and let Pp, B, and Pc,c, be the change of basis matrices defined as in (5.1)). Then
9csB, = Poyci 90,8, PB B, and BBy = P§1132f3131 Pg,B,.

Proof. Let 3, € By. Comparing coefficients of 8’ on each side of

B=> Ppp,(b,8b= Y Psp(b8) Y. Ppp (8,0

be By be By B’'€ By
- Z Z PB2BI B b PBle ﬂ = Z Z PBQBlPBlBQ)(B ﬁ)ﬁ
beB f'eB2 beB B'€B>

gives
(PBQBlpBlB2)(B/7B) = 5,3’,5'
So PBzBl = PgllBg'
Let 8 € By and ¢ € Bsy. Taking the coefficient of ¥' on each side of
= Z [B2B, (Clv C)Cl = Z [B2B, (Clv ¢)Pp, B, (b,a Cl)b,

c'€By b'eB;
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and
f(C) = f( Z PBlB2 (ba C)b> = Z PB1Bz(ba C)f(b) = Z PB1B2 (bv C) Z fB1B1 (blab)b,
beB1 beB, beB, b eB,
gives
(PB,B,fB2B,)(8,0) = (fB,B, PByB,)(B, D).
So

-1
Pp, B, [B,B, = fB1B, PB1B, and thus fByB, = PBlBQfBlBIPBlBQ'

Let v/ € Cy and 8 € Bsy. Taking the coefficient of v on each side of

Z 90232(77B)7 = g(ﬁ) = g(z PBlBQ(b’ ﬁ)b) = Z PB1Bz(b7 ﬁ)g(b)

yeCa beB1 beB;

= Z PB1BZ(b7/8) Z gclBl(c’ b)C

be By ceCq

= Z PBlBQ(b7 B) Z 9C1B, (Cv b) Z PC?Cl (776)7

be By ceCq yeCo

= Z Peyey (’77 0)90131 (07 b)PBlB2 (b, B)’Y
beB1,ceC,yeCy

= Z (Peser9c1 8, P ) (7, B)y
veCs

giVGS 9CsBs (’yla ﬁ) = (PCQC;[gCHBlPBlBQ)(/y/? ﬁ) SO 9gCeBy = PCQngC131PBlBQ~ O

7.3.8 Invertiblity and column linear independence

Proposition 7.25. Let P € M, (F). The matriz P is invertible if and only if the columns of P are
linearly independent in F™.

Proof.

=-: Assume P is invertible. Let p1,...,p, be the columns of P.

To show: {p1,...,pn} is linearly independent.

Assume c¢q,...,¢, € Fand c1p1 + -+ eppn = 0.

Let ¢ = (c1,...,c,)t € F™.

Since ¢1p1 + -+ - + ¢ppy, = 0 then Pc = 0.

Soc=P 'Pc=P10=0.

Soc;=0,...,¢, =0.

<: Assume the columns of P are linearly independent.

To show: There exists Q € M, (F) such that QP = 1.

Let p1, ..., pn be the columns of P.

Since B = {p1,...,pn} is linearly independent and dim(F") = n then B is a maximal linearly inde-
pendent set.

Thus, by Theorem B is a basis.

Let S ={ej,...,e,} where e; has 1 in the ith spot and 0 elsewhere.

Then P = Ppgg, the change of basis matrix from S to B.

Let Q = Psp, the change of basis matrix from B to S.

Then QP = PsgPps = Psg = 1.

So P is invertible. O
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7.4 Some proofs: Inner product spaces

7.4.1 Expansion in an orthonormal basis

Proposition 7.26. Assume B = (by,...,by) is an ordered orthonormal basis of V and x € V.. Then

x = (x,b1)by + - + (x,b,)by.

Proof. Let x € V and let ¢y, ...,c, € F be such that x = ¢1b1 + - - - + ¢ by
If j € {1,...,n} then

(a:,bj> = <01b1+---+cnbn,bj> :Cl<b1,bn>+-~-+cn<bn,bj>
:Cl'0+"'+Cj—1'0+Cj'1+Cj+1'0+"'+Cn'0:Cj'1:Cj-

So x = (x,b1)b1 + -+ - + (x, by) by,.

7.4.2 Gram-Schmidt

Theorem 7.27. (Gram-Schmidt) Let V be an F-vector space with an inner product (,): V xV — F.

(a) Let {p1,p2,...,pn} be a basis of V. Define by = p1 and

ka:pkH_mbl_m_W s for k € Z~y.
Then (by,ba,...,by) is an orthogonal basis in V.
(b) Let (b, ...,by) be an orthogonal basis of V. Define
b by
up = W Up = Tonll
Then (u1,...,uy) is an orthonormal basis of V.

Proof. (Sketch) The proof is by induction on n.

For the base case, there is only one vector b; and so there is nothing to show.
Induction step: Assume (b1, ...,b,) are orthogonal.

Let j € {1,...,n}. Then

(Pnt1,b1) (Pn+1,bn)
it b)) = (ppyy — Prtlo 20y PntlhOnly
<b i J> <p i <b17b1> ! (bnabn> b]>
<pn+17 bl) <pn+17 bn>
= (P, by) — LDy L And L Il g
Prnsby) = = Ty (i) by 030
DPn 7b'
= e by) — P ) — b)) () =0 and
(bj, b))
(Pnt1,b1) (Pr+1,bn)
bisbpit) = (b, ppaq — LoD 2 Wndb Tnly,
<J7 +1> < 5 Pn+1 (bl,b1> 1 (bn,bn> >
(Pr+1,b1) (Pr+1,bn)
= (b, pagr) — DAL gy WPl Ond g g
< .77p +1> <b1,b1> < J 1> <bnybn> < J >
<pn+17bj>

= <bj7pn+1> - W@jvbﬁ = <bj,pn+1) - <Pn+1abj> =0,
VR

where the identity (bg,br) = (bg,br) and the last equality follow from the assumption that (,) is

Hermitian. So (b1, ...,by+1) are orthogonal.
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