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1 Matrices and operations

1.1 Matrices

Let F be a field. Let s, t ∈ Z>0.

• An t × s matrix with entries in F is a table of elements of F with t rows and s columns. More
precisely, an t× s matrix with entries in F is a function

A : {1, . . . , t} × {1, . . . , s} −→ F.

• A column vector of length t is an t× 1 matrix.

• A row vector of length s is an 1× s matrix.

• The (i, j) entry of a matrix A is the element A(i, j) in row i and column j of A.

A =


A(1, 1) A(1, 2) · · · A(1, s)
A(2, 1) A(2, 2) · · · A(2, s)

...
...

A(t, 1) A(t, 2) · · · A(t, s)


Let

Mt×s(F) denote the set of t× s matrices with entries in F.

1.2 Addition and scalar multiplication

Let t, s ∈ Z>0.

• The sum of t× s matrices A and B is the t× s matrix A+B given by

(A+B)(i, j) = A(i, j) +B(i, j), for i ∈ {1, . . . , t} and j ∈ {1, . . . , s}.

• The scalar multiplication of an element c ∈ F with an t × s matrix A is the t × s matrix c · A
given by

(c ·A)(i, j) = c ·A(i, j), for i ∈ {1, . . . , t} and j ∈ {1, . . . , s}.

The zero matrix is the t× s matrix 0 ∈ Mt×s(F) given by

0(i, j) = 0, for i ∈ {1, . . . , t} and j ∈ {1, . . . , s}.

The negative of a matrix A ∈ Mt×s(F) is the matrix −A ∈ Mt×s(F) given by

(−A)(i, j) = −A(i, j), for i ∈ {1, . . . , t} and j ∈ {1, . . . , s}.

Proposition 1.1. Let t, s ∈ Z>0 and let Mt×s(F) be the set of t× s matrices with entries in F.
(a) If A,B,C ∈ Mt×s(F) then A+ (B + C) = (A+B) + C.

(b) If A,B ∈ Mt×s(F) then A+B = B +A.

(c) If A ∈ Mt×s(F) then 0 +A = A and A+ 0 = A.

(d) If A ∈ Mt×s(F) then (−A) +A = 0 and A+ (−A) = 0.

(e) If A ∈ Mt×s(F) and c1, c2 ∈ F then c1 · (c2 ·A) = (c1c2) ·A.

(f) If A ∈ Mt×s(F) and 1 ∈ F is the identity in F then 1 ·A = A.
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1.3 Multiplication

• The product of an t× s matrix A and an s× p matrix B is the t× p matrix AB given by

(AB)(i, k) =

n∑
j=1

A(i, j)B(j, k)

= A(i, 1)B(1, k) +A(i, 2)B(2, k) + · · ·+A(i, n)B(n, k),

for i ∈ {1, . . . , t} and k ∈ {1, . . . , p}.

The Kronecker delta is given by

δij =

{
1, if i = j,

0, otherwise.

Let n ∈ Z>0. The identity matrix is the n× n matrix 1 ∈ Mn×n(F) given by

1(i, j) = δij , for i ∈ {1, . . . , n} and j ∈ {1, . . . , n}.

Proposition 1.2. Let n ∈ Z>0 and let Mn(F) be the set of n× n matrices in F.
(a) If A,B,C ∈ Mn(F) then A+ (B + C) = (A+B) + C.

(b) If A,B ∈ Mn(F) then A+B = B +A.

(c) If A ∈ Mn(F) then 0 +A = A and A+ 0 = A.

(d) If A ∈ Mn(F) then (−A) +A = 0 and A+ (−A) = 0.

(e) If A,B,C ∈ Mn(F) then A(BC) = (AB)C.

(f) If A,B,C ∈ Mn(F) then (A+B)C = AC +BC and C(A+B) = CA+ CB.

(g) If A ∈ Mn(F) then 1A = A and A1 = A.

1.4 The favorite basis of Mt×s(F)

Let t, s ∈ Z>0. For k ∈ {1, . . . , t} and ℓ ∈ {1, . . . , s} let Ekℓ ∈ Mt×s(F) be the matrix given by

Ekℓ(i, j) =

{
1, if i = k and j = ℓ,

0, otherwise,

so that Ekℓ has a 1 in the (k, ℓ) entry and all other entries 0.
The following Proposition says that every matrix can be written as a unique combination (using

scalar multiplication and addittion) of the Eij .

Proposition 1.3. Let t, s, p ∈ Z>0 and let A ∈ Mt×s(F). Then there exist unique cij ∈ F, for
i ∈ {1, . . . , t} and j ∈ {1, . . . , s} such that

A =

t∑
i=1

s∑
j=1

cijEij .
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1.5 Matrix transpose

The transpose of an t× s matrix A is the s× t matrix AT given by

AT (i, j) = A(j, i), for i ∈ {1, . . . , s} and j ∈ {1, . . . , t}.

Proposition 1.4. Let t, s, n ∈ Z>0, let Mt×s(F) be the set of t× s matrices with entries in F, and let
Mn(F) be the set of n× n matrices in F.

(a) If A,B ∈ Mt×s(F) then (A+B)T = AT +BT ,

(b) If A ∈ Mt×s(F) and c ∈ F then (c ·A)T = c ·AT ,

(c) If A,B ∈ Mn(F) then (AB)T = BTAT .

(d) If A ∈ Mn(F) then (AT )T = A.

1.6 Symmetric, skew-symmetric, Hermitian, orthogonal and unitary matrices

For x+ yi ∈ C define x+ yi = x− yi. For A ∈ Mt×s(C) define A
T ∈ Ms×t(C) by

A
T
(i, j) = A(j, i), for i ∈ {1, . . . , s} and j ∈ {1, . . . , t}.

Let n ∈ Z>0.

• A symmetric matrix is A ∈ Mn×n(F) such that A = AT .

• A skew-symmetric matrix is A ∈ Mn×n(F) such that A = −AT .

• A Hermitian matrix is A ∈ Mn×n(C) such that A = A
T
.

• An orthogonal matrix is A ∈ Mn×n(F) such that AAT = 1.

• A unitary matrix is A ∈ Mn×n(C) such that AA
T
= 1.

1.7 Traces

Let A ∈ Mn×n(Q). The trace of A is

tr(A) = A11 + · · ·+Ann where A =

A11 · · · A1n

...
...

An1 · · · Ann


Proposition 1.5 (Properties of trace). Let A,B ∈ Mn×n(Q) and let c ∈ Q. Then

tr(A+B) = tr(A) + tr(B), tr(cA) = ctr(A) and tr(AB) = tr(BA).

1.8 Determinants

Let n ∈ Z>0. Let Eij be the n×nmatrix with 1 in the (i, j) entry and 0 elsewhere. For i ∈ {1, . . . , n−1}
and c ∈ Q define

si(c) = 1− Eii − Ei+1,i+1 + Ei,i+1 + Ei+1,i + cEii.

For i ∈ {1, . . . , n} and d ∈ Q with d ̸= 0 define

hi(d) = 1 + (d− 1)Eii,
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For i, j ∈ {1, . . . , n} with i ̸= j and c ∈ Q define

xij(c) = 1 + cEij ,

For r ∈ {1, . . . , n} define
1r = E11 + · · ·+ Err.

The deteminant is the function det : Mn×n(Q) → Q determined by

if A,B ∈ Mn×n(Q) then det(AB) = det(A) det(B),

and if i, j ∈ {1, . . . , n} with i ̸= j and k ∈ {1, . . . , n− 1} and c, d ∈ Q with d ̸= 0 then

det(xij(c)) = 1, det(hi(d)) = d, det(sk(c)) = −1.

Theorem 1.6 (Determinant and trace are conjugacy invariants). Let n ∈ Z>0. Let A ∈ Mn×n(Q)
and let P ∈ GLn(Q) so that P is an invertible n× n matrix. Then

det(PAP−1) = det(A) and tr(PAP−1) = tr(A).

1.8.1 The permutation formula for the determinant

Let n ∈ Z>0. A permutation is an n× n matrix such that each row and each column contain exactly
one 1 and all other entries are 0. If n = 2 then the permtutations are the matrices in the set

S2 =

{(
1 0
0 1

)
,

(
0 1
1 0

)}
.

If n = 3 then the permutations are the matrices in the set

S3 =



1 0 0
0 1 0
0 0 1

 ,

0 1 0
0 0 1
1 0 0

 ,

0 0 1
1 0 0
0 1 0

 ,0 1 0
1 0 0
0 0 1

 ,

1 0 0
0 0 1
0 1 0

 ,

0 0 1
0 1 0
1 0 0




.

Let w be a permutation and let w(i) denote the row number of the 1 in column j of w. Let

Inv(w) = {(i, j) | i, j ∈ {1, . . . , n} and i < j and w(i) > w(j)} and let ℓ(w) = #Inv(w).

The permutation for the determinant of a matrix A is

det(A) =
∑
w∈Sn

(−1)ℓ(w)A(1, w(1))A(2, w(2)) · · ·A(n,w(n)).

If n = 2 the permutation formula says

det

(
a11 a12
a21 a22

)
= (−1)0a11a12 + (−1)1a12a21 = a11a22 − a12a21.(

a11 a12
a21 a22

) (
a11 a12
a21 a22

)
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If n = 3 the permutation formula says

det

a11 a12 a13
a21 a22 a23
a31 a32 a33

 = (−1)0a11a22a33 + (−1)2a12a23a31 + (−1)2a13a21a32

+(−1)1a12a21a33 + (−1)1a11a23a32 + (−1)3a13a22a31.
corersponding to a11 a12 a13

a21 a22 a23
a31 a32 a33

 a11 a12 a13
a21 a22 a23
a31 a32 a33

 a11 a12 a13
a21 a22 a23
a31 a32 a33


a11 a12 a13
a21 a22 a23
a31 a32 a33

 a11 a12 a13
a21 a22 a23
a31 a32 a33

 a11 a12 a13
a21 a22 a23
a31 a32 a33


So

det

a11 a12 a13
a21 a22 a23
a31 a32 a33

 = a11a22a33 + a12a23a31 + a13a21a32 − a12a21a33 − a11a23a32 − a13a22a31.

1.8.2 Cofactor formulas for the determinant

Let A ∈ Mn×n(Q) and let i, j ∈ {1, . . . , n}.

Let A(i,j) be the matrix A with
the ith row removed
and the jth column removed.

The (i, j)-cofactor of A is
Cij = (−1)i+j det(A(i,j)).

Theorem 1.7. (cofactor expansion) Let A ∈ Mn×n(Q) and let i, j ∈ {1, . . . , n}. Then

det(A) = Ai1Ci1 +Ai2Ci2 + · · ·+AinCin
cofactor expansion
across the ith row

and

det(A) = A1jC1j +A2jC2j + · · ·+AnjCnj .
cofactor expansion
down the jth column

8
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2 Invertible matrices and factoring

2.1 Invertible matrices

A matrix P ∈ Mn(F) is invertible if there exists a matrix P−1 ∈ Mn(F) such that

PP−1 = 1 and P−1P = 1.

The general linear group is

GLn(F) = {P ∈ Mn(F) | P is invertible}.

Proposition 2.1. If P,Q ∈ GLn(F) then

(PQ)−1 = Q−1P−1.

2.2 Factoring matrices

Let t, s ∈ Z>0 and let Eij ∈ Mt×s(F) denote the matrix with 1 in entry (i, j) and 0 elsewhere, For
r ∈ {1, . . . ,min(s, t)} let

1r ∈ Mt×s(F) be given by 1r = E11 + · · ·+ Err. (1rdefn)

For example,

14 =



1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0


in M7×15(Q).

The factoring algorithm, or row reduction algorithm, of Section 2.5 proves the following factoriza-
tion theorem. There are more detailed statements of the output of the factoring algorithm, but the
following is what is needed to compute solutions of systems of linear equations.

Theorem 2.2. Let s, t ∈ Z>0 and let Eij denote the t × s matrix with 1 in the (i, j) entry and 0
elsewhere.

Let A ∈ Mt×s(F). Then there exist

r ∈ {1, . . . ,min(s, t)}, P ∈ GLt(F), Q ∈ GLs(F)

such that A = P1rQ, where 1r = E11 + · · ·+ Err.
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2.3 Reduced row echelon form

Let t, s ∈ Z>0. A matrix R ∈ Mt×s(F) is in reduced row echelon form, or left orbit representative, if
there exist r ∈ {0, 1, . . . ,min(s, t)} and 1 ≤ f1 < · · · < fr ≤ s such that

(a) If i ∈ {1, . . . , r} then

R(1, fi) = 0,
R(2, fi) = 0,

...
R(i− 1, fi) = 0,

R(i, 1) = 0, R(i, 2) = 0, . . . R(i, fi − 1) = 0, R(i, fi) = 1,

(b) If i ∈ {r + 1, . . . , t} then R(i, 1) = 0, R(i, 2) = 0, . . . , R(i, s) = 0.

For example,

R =



0 0 1 8 3 0 9 1 3 4 0 2 6 0 5
0 0 0 0 0 1 5 2 2 8 0 4 1 0 7
0 0 0 0 0 0 0 0 0 0 1 6 3 0 5
0 0 0 0 0 0 0 0 0 0 0 0 0 1 4
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0


is a matrix in M7×15(Q) which is in reduced row echelon form. In this example, t = 7, s = 15, r = 4
and f1 = 3, f2 = 6, f3 = 11, f4 = 14.

Theorem 2.3. Let t, s ∈ Z>0 and let A ∈ Mt×s(F). Then there exist an invertible matrix P ∈ GLt(F)
and a unique matrix R ∈ Mt×s(F) in reduced row echelon form such that

A = PR.

10
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2.4 Invertible generator matrices

In order to factor matrices, it is important to first specify what the “irreducible” or “prime” factors
are. Then a general matrix can be factored into these special factors. Use the terminology “generator
matrices” for the favorite “prime” factors to use. The generator matrices are the diagonal generators,
the root matrices and the row reducers defined as follows.

Let t ∈ Z>0 and let Eij be the matrix in Mt×t(F) with 1 in the (i, j) entry and all other entries 0.
Let

F× = {d ∈ F | d ̸= 0}.

The diagonal generators are hi(d) = 1 + (d− 1)Eii for i ∈ {1, . . . , t} and d ∈ F×.

hi(d) =



1
. . .

1
d

1
. . .

1


with hi(d)

−1 =



1
. . .

1
d−1

1
. . .

1


The root matrices are xij(c) = 1 + cEij for c ∈ F and i, j ∈ {1, . . . , t} with i < j.

xij(c) =



1
. . . c

. . .

. . .

1


with xij(c)

−1 =



1
. . . −c

. . .

. . .

1


The row reducers are si(c) = 1−Eii−Ei+1,i+1+Ei,i+1+Ei+1,i+ cEi,i for i ∈ {1, . . . , t−1} and c ∈ F.

si(c) =



1
. . .

1
c 1
1 0

1
. . .

1


with si(c)

−1 =



1
. . .

1
0 1
1 −c

1
. . .

1


The factoring algorithm presented in the next section explicitly factors A as

A = ((product of si(c)) · (product of hi(c)) · (product of xij(c))
· 1r · (product of si(0)) · (product of xij(c))

= P1rQ = PR.

11
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2.4.1 Example: An upper triangular matrix in terms of root generators

Every upper triangular matrix with 1s on the diagonal is a product of xij(c)s. For example,
1 10 9 7 4
0 1 8 6 3
0 0 1 5 2
0 0 0 1 1
0 0 0 0 1

 = x45(1)x35(2)x25(3)x15(4)x34(5)x24(6)x14(7)x23(8)x13(9)x12(10).

2.4.2 Example: A northwest upper triangular matrix in terms of row reducers

s4(1)s3(2)s2(3)s1(4) · s4(5)s3(6)s2(7) · s4(8)s3(9) · s4(10) =


4 7 9 10 1
3 6 8 1 0
2 5 1 0 0
1 1 0 0 0
1 0 0 0 0

 .

2.4.3 Example: A diagonal matrix in terms of diagonal generators

h1(15)h2(−3)h3(76)h4(−19)h5(2) =


15 0 0 0 0
0 −3 0 0 0
0 0 76 0 0
0 0 0 −19 0
0 0 0 0 2

 .

2.5 The factoring algorithm

Let t, s ∈ Z>0 and set A be a t× s matrix. The first-nonzero sequence of A is (f1, . . . , ft) given by

fi =

{
∞, if all entries in row i of A are 0,

j, if the first nonzero entry in row i of A is in column j.

The matrix A is in echelon form if (f1, . . . , ft), the first-nonzero sequence of A, is strictly increasing
with all ∞ at the end.

Step 1: Row reducers. Assume A is not in echelon form. Let (f1, . . . , ft) be the first-nonzero
sequence of A and let f0 = 0. Let

m = min{fk | fk−1 ≥ fk} and let i = max{j | fj = m}.

Let

B = si

(A(i− 1, fi)

A(i, fi)

)−1
A so that A = si

(A(i− 1, fi)

A(i, fi)

)
B.

Repeat step 1 until the output is in echelon form.

Step 2: Diagonal generators Assume A is in echelon form. Let (f1, . . . , ft) be the first-nonzero
sequence of A. Let

B = hn(d
−1
n ) · · ·h1(d−1

1 )A, where di =

{
A(i, fi), if fi ̸= ∞,

1, if fi = ∞.

12
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so that A = h1(d1) · · ·hn(dn)B.

Step 3: Root matrices. Assume A is in echelon form and the first nonzero entry in each nonzero
row is equal to 1. Let (f1, . . . , ft) be the first-nonzero sequence of A. Assume that there exists
i ∈ {1, . . . , n} and j ∈ {1, . . . , fi − 1} such that A(i, j) ̸= 0. Let

i = max{k | fk ̸= ∞ and there exists j ∈ {1, . . . , fk − 1} with A(j, fk) ̸= 0}

and let
B = x1,fi(−A(1, fi)) · · ·xfi−1,fi(−A(fi − 1, fi))A

so that A = xfi−1,fi(A(fi − 1, fi)) · · ·x1,fi(A(1, fi))B. Repeat step 3 until the output is a left GL-
representative.

Step 4: Root matrices on the right. Assume R is a left GL-representative and that R has
a nonzero entry that is not the first nonzero entry in its row. Let (f1, . . . , ft) be the first-nonzero
sequence of R. Let

i = min{k | fk ̸= ∞ and there exists j ∈ {fk + 1, . . . , s} such that R(i, j) ̸= 0}.

Let
B = Rxi,s(−R(i, s))xi,s−1(−R(i, s− 1)) · · ·xi,fi+1(−R(i, fi + 1))

so that R = Bxi,fi+1(−R(i, fi+1)) · · ·xi,s(−R(i, s)). Repeat Step 4 until the output is such that every
nonzero row has only one nonzero entry.

Step 5: Row reducers on the right. Assume R is a left GL-representative and that every nonzero
row has only one nonzero entry and that nonzero entry is equal to 1. Let (f1, . . . , fs) be the first-
nonzero sequence of R. Let m = min{i | fi > i}. Let

B = Rsfm−1(0) · · · sm+1(0)sm(0) so that R = Bsm(0)sm+1(0) · · · sfm−1(0).

Repeat Step 5 until fi = i for every i such that fi ̸= ∞.

Final result. This process explicitly factors A as

A = ((product of si(c)) · (product of hi(c)) · (product of xij(c))
· 1r · (product of si(0)) · (product of xij(c))

= P1rQ = PR.

13
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2.5.1 A factoring algorithm example – Step 1

This is an example of five iterations of Step 1 of the factoring algorithm on the matrix

A =


−3 −36 −39 −42 −46 −84
−9 −108 −233

2 −114 293
2 −167

3 36 39 42 45 48
0 0 1

4 6 25
4

13
2

 .

Let

s1(c) =


c 1 0 0
1 0 0 0
0 0 1 0
0 0 0 1

 , s2(c) =


1 0 0 0
0 c 1 0
0 1 0 0
0 0 0 1

 , s3(c) =


1 0 0 0
0 1 0 0
0 0 c 1
0 0 1 0

 .

Then

A =


−3 −36 −39 −42 −46 −84
−9 −108 −233

2 −114 293
2 −167

3 36 39 42 45 48
0 0 1

4 6 25
4

13
2



= s2(−3)


−3 −36 −39 −42 −46 −84
3 36 39 42 45 48
0 0 1

2 12 23
2 −23

0 0 1
4 6 25

4
13
2



= s2(−3)s1(−1)


3 36 39 42 45 48
0 0 0 0 −1 −36
0 0 1

2 12 23
2 −23

0 0 1
4 6 25

4
13
2



= s2(−3)s1(−1)s3(2)


3 36 39 42 45 48
0 0 0 0 −1 −36
0 0 1

4 6 25
4

13
2

0 0 0 0 −1 −36



= s2(−3)s1(−1)s3(2)s2(0)


3 36 39 42 45 48
0 0 1

4 6 25
4

13
2

0 0 0 0 −1 −36
0 0 0 0 −1 −36



= s2(−3)s1(−1)s3(2)s2(0)s3(1)


3 36 39 42 45 48
0 0 1

4 6 25
4

13
2

0 0 0 0 −1 −36
0 0 0 0 0 0


2.5.2 A factoring algorithm example – Steps 2 and 3

This is an example of Step 2 and two iterations of Step 3 of the factoring algorithm on the matrix

B =


3 36 39 42 45 48
0 0 1

4 6 25
4

13
2

0 0 0 0 −1 −36
0 0 0 0 0 0


14
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Let

h1(d) =


d 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

 h2(d) =


1 0 0 0
0 d 0 0
0 0 1 0
0 0 0 1

 h3(d) =


1 0 0 0
0 1 0 0
0 0 d 0
0 0 0 1


and let

x23(c) =


1 0 0 0
0 1 c 0
0 0 1 0
0 0 0 1

 x13(c) =


1 0 c 0
0 1 0 0
0 0 1 0
0 0 0 1

 x12(c) =


1 c 0 0
0 1 0 0
0 0 1 0
0 0 0 1

 .

Then

B = h1(3)h2(
1
4)h3(−1)


1 12 13 14 15 16
0 0 1 24 25 26
0 0 0 0 1 36
0 0 0 0 0 0



= h1(3)h2(
1
4)h3(−1) · x23(25)x13(15)x12(13)


1 12 0 14 0 16
0 0 1 24 0 26
0 0 0 0 1 36
0 0 0 0 0 0

 .

2.5.3 A factoring algorithm example – Steps 4 and 5

This is an example of Steps 4 and 5 of the factoring algorithm on the matrix

R =


1 12 0 14 0 16
0 0 1 24 0 26
0 0 0 0 1 36
0 0 0 0 0 0

 .

Then

R =


1 0 0 0 0 0
0 0 1 0 0 0
0 0 0 0 1 0
0 0 0 0 0 0

x12(12)x14(14)x16(16)x24(24)x26(26)x36(36)

=


1 0 0 0 0 0
0 1 0 0 0 0
0 0 0 0 1 0
0 0 0 0 0 0

 s2(0)x12(12)x14(14)x16(16)x24(24)x26(26)x36(36)

=


1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 0 0 0

 s3(0)s4(0)s2(0)x12(12)x14(14)x16(16)x24(24)x26(26)x36(36)

= 13 · s3(0)s4(0)s2(0)x12(12)x14(14)x16(16)x24(24)x26(26)x36(36) = 13Q,

15
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where

Q =



1 12 0 14 0 16
0 0 1 24 0 26
0 0 0 0 1 36
0 1 0 0 0 0
0 0 0 1 0 0
0 0 0 0 0 1

 = s3(0)s4(0)s2(0)x12(12)x14(14)x16(16)x24(24)x26(26)x36(36).

2.5.4 A factoring algorithm example – The output of the factoring algorithm

The full output of the factoring algorithm on the matrix

A =


−3 −36 −39 −42 −46 −84
−9 −108 −233

2 −114 293
2 −167

3 36 39 42 45 48
0 0 1

4 6 25
4

13
2

 is A = P13Q,

where

P =
s2(−3)s1(−1)s3(2)s2(0)s3(1)

·h1(3)h2(14)h3(−1) · x23(25)x13(15)x12(13)
in GL4(F)

and

Q =
x36(36)x26(26)x16(16)

·x25(24)x15(14)x24(12)
·s3s4s2.

in GL6(F).

16
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3 Kernels, images and solutions of linear systems

3.1 Kernels and images

Let F be a field. For s ∈ Z>0 let
Fs = Ms×1(F).

A subspace of Qs is a subset W ⊆ Qs such that

(a) 0 ∈ W ,

(b) If w1, w2 ∈ W then w1 + w2 ∈ W ,

(c) If w ∈ W and c ∈ Q then cw ∈ W .

If r ∈ Z>0 and v1, . . . , vr ∈ Fs then

F-span{v1, . . . , vr} = {c1v1 + · · ·+ crvr | c1, . . . , cr ∈ F} (3.1)

is the smallest subspace of Fs containing {v1, . . . , vr}.
Let A ∈ Mt×s(F). Define

ker(A) = {v ∈ Fs | Av = 0} and im(A) = {Av | v ∈ Fs}. (3.2)

Proposition 3.1. Let A ∈ Mt×s(F).
(a) ker(A) is a subspace of Fs.

(b) im(A) is a subspace of Ft.

Let V be an F-subspace of Fs. A F-basis of V is a collection B of column vectors such that every
element of V can be written as a unique combination (using scalar multiplication and addition) of the
column vectors in B. In other words, a F-basis of V is a set {b1, . . . , bd} ⊆ V such that

if v ∈ V then v = a1b1 + · · ·+ adbd, for unique a1, . . . , ad ∈ F.

The dimension of V is the number of elements in a basis of V . In other words,

if {b1, . . . , bd} is a F-basis of V then dim(V ) = d.

The following proposition determines ker(A) and im(A) in terms of its normal form decomposition
A = P1rQ.

Proposition 3.2. Let t, s ∈ Z>0. Let r ∈ {1, . . . ,min(s, t)} and set

1r = E11 + · · ·+ Err in Mt×s(F).

Let A ∈ Mt×s(F). Assume r ∈ {1, . . . ,min(s, t)} and

P ∈ GLt(F) and Q ∈ GLs(F) are such that A = P1rQ.

Then

the last s− r columns of Q−1 are an F-basis of ker(A), and

the first r columns of P are an F-basis of im(A).

The following corollary is sometimes termed ‘the rank-nullity theorem’.

Corollary 3.3. Let A ∈ Mt×s(F). Then

dim(ker(A)) + dim(im(A)) = (number of columns of A).

17
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3.2 Solutions of systems of linear equations

Using matrix multiplication the system of equations

a11x1 + a12x2 + · · ·+ a1sxs = b1,

a21x1 + a22x2 + · · ·+ a2sxs = b2,

...

at1x1 + am2x2 + · · ·+ atsxs = bt,

is written in the form

Ax = b, where A =


a11 a12 · · · a1s
a21 a22 · · · a2s
...

...
at1 at2 · · · ats

 and x =


x1
x2
...
xt

 and b =


b1
b2
...
bt

 .

The set of solutions of Ax = b is

Sol(Ax = b) = {x ∈ Fs | Ax = b}.

The following proposition says that if A is square and invertible then

x = A−1Ax = A−1b is the unique solution to the system of equations Ax = b,

so that Sol(Ax = b) contains only one element.

Proposition 3.4. Let A ∈ Mt×s(F) and b ∈ Ft. If t = s and A ∈ GLt(F) then

Sol(Ax = b) = {A−1b}.

The following proposition says that if Sol(Ax = b) is nonempty then Sol(Ax = b) is the same size as
ker(A).

Proposition 3.5. Let A ∈ Mt×s(F) and b ∈ Ft and assume Sol(Ax = b) ̸= ∅. Let p ∈ Sol(Ax = b).
Then

Sol(Ax = b) = p+ ker(A).

The following proposition determines Sol(Ax = b) explicitly.

Proposition 3.6. Let A ∈ Mt×s(F) and b ∈ Ft. Assume r ∈ {1, . . . ,min(s, t)} and P ∈ GLt(F) and
Q ∈ GLs(F) are such that

A = P1rQ, and let Q−1 =

 | |
q1 · · · qs
| |


so that q1, . . . , qs are the columns of Q−1. Then, with F-span as defined in (3.1),

Sol(Ax = b) =



Q−1



(P−1b)1
...

(P−1b)r

0
...

0


+ F-span


 |
qr+1

|

 , . . . ,

 |
qs

|


 ,

if the last t− r entries of P−1b

are equal to 0,

∅, otherwise.
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4 Eigenvalues, eigenvectors, diagonalization and orthogonality

4.1 Eigenvalues and eigenvectors

Let A ∈ Mn(F).

• An eigenvalue of A is an element λ ∈ F such that ker(A− λ) ̸= 0.

Let A ∈ Mn(F) and λ ∈ F.

• An eigenvector of A of eigenvalue λ is a nonzero element of ker(A− λ).

4.2 Diagonalization with eigenvectors

Vectors p1, . . . , pn ∈ Fn are linearly independent if the following condition holds:

if v ∈ Fn then there exists unique c1, . . . , cn ∈ F such that v = c1p1 + · · · cnpn.

In other words, p1, . . . , pn ∈ Fn are linearly independent if every vector v ∈ Fn can be written in a
unique way as a linear combination of p1, . . . , pn.

Theorem 4.1. Let n ∈ Z>0 and let A ∈ Mn(F).
The matrix A has n linearly independent eigenvectors p1, . . . , pn ∈ Fn with eigenvalues λ1, . . . , λn if
and only if A = PDP−1 where,

P =

 | |
p1 · · · pn
| |

 and D = diag(λ1, . . . , λn) =

λ1

. . .

λn


so that p1, . . . , pn are the columns of P and D is the diagonal matrix with diagonal entries λ1, . . . , λn.

4.3 Diagonalization with orthonormal eigenvectors

Let F = R or F = C. The standard symmetric inner product on Fn is the function ⟨, ⟩ : Fn × Fn → F
given by

⟨u, v⟩ = vtu = u1v1 + · · ·+ unvn, for
u = (u1, . . . , un)

T ∈ Fn, and
v = (v1, . . . , vn)

T ∈ Fn.
(4.1)

The standard Hermitian inner product on Fn is the function ⟨, ⟩ : Fn × Fn → F given by

⟨u, v⟩ = vtu = u1v1 + · · ·+ unvn, for
u = (u1, . . . , un)

T ∈ Fn, and
v = (v1, . . . , vn)

T ∈ Fn.
(4.2)

A set {u1, . . . , un} of vectors in Fn is orthonormal if the set {u1, . . . , un} satisfies

if i, j ∈ {1, . . . , n} then ⟨ui, uj⟩ = δij .

Theorem 4.2. Let n ∈ Z>0 and let A ∈ Mn(F).
(a) Assume that the inner product on Fn is given by (4.1). The matrix A has n orthonormal eigenvec-
tors q1, . . . , qn ∈ Fn with eigenvalues λ1, . . . , λn if and only if A = QDQ−1 and QQt = 1 where,

Q =

 | |
q1 · · · qn
| |

 and D = diag(λ1, . . . , λn) =

λ1

. . .

λn


so that u1, . . . , un are the columns of Q and D is the diagonal matrix with diagonal entries λ1, . . . , λn.
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(b) Assume that the inner product on Fn is given by (4.2). The matrix A has n orthonormal eigenvectors

u1, . . . , un ∈ Fn with eigenvalues λ1, . . . , λn if and only if A = UDU−1 and UU
t
= 1 where,

U =

 | |
u1 · · · un
| |

 and D = diag(λ1, . . . , λn) =

λ1

. . .

λn


so that u1, . . . , un are the columns of U and D is the diagonal matrix with diagonal entries λ1, . . . , λn.
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5 F-modules: Definitions and results

5.1 Vector spaces and linear transformations

Let F be a field. A F-vector space, or F-module, is a set V with functions

V × V → V
(v1, v2) 7→ v1 + v2

and
F× V → V
(c, v) 7→ cv

(addition and scalar multiplication) such that

(a) If v1, v2, v3 ∈ V then (v1 + v2) + v3 = v1 + (v2 + v3),

(b) There exists 0 ∈ V such that if v ∈ V then 0 + v = v and v + 0 = v,

(c) If v ∈ V then there exists −v ∈ V such that v + (−v) = 0 and (−v) + v = 0,

(d) If v1, v2 ∈ V then v1 + v2 = v2 + v1,

(e) If c ∈ F and v1, v2 ∈ V then c(v1 + v2) = cv1 + cv2,

(f) If c1, c2 ∈ F and v ∈ V then (c1 + c2)v = c1v + c2v,

(g) If c1, c2 ∈ F and v ∈ V then c1(c2v) = (c1c2)v,

(h) If v ∈ V then 1v = v.

Linear transformations. Linear transformations are for comparing vector spaces.

Let F be a field and let V and W be F-vector spaces. An F-linear transformation from V to W is a
function f : V → W such that

(a) If v1, v2 ∈ V then f(v1 + v2) = f(v1) + f(v2),

(b) If c ∈ F and v ∈ V then f(cv) = cf(v).

Subspaces. One vector space can be a subspace of another.

Let V be an F-vector space. A subspace of V is a subset W ⊆ V such that

(a) If w1, w2 ∈ W then w1 + w2 ∈ W ,

(b) 0 ∈ W ,

(c) If w ∈ W then −w ∈ W ,

(d) If w ∈ W and c ∈ F then cw ∈ W .

The zero subspace. The tiniest vector space is the zero space.

The zero space, (0), is the set containing only 0 with the operations 0 + 0 = 0 and c · 0, for c ∈ F.

5.2 Kernels and images

The kernel, or null space, of an F-linear transformation f : V → W is the set

ker(f) = {v ∈ V | f(v) = 0}.

The image of an F-linear transformation f : V → W is the set

im(f) = {f(v) | v ∈ V }.

Proposition 5.1. Let f : V → W be an F-linear transformation. Then
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(a) ker f is a subspace of V , and

(b) im f is a subspace of W .

Let S and T be sets and let f : S → T be a function.
The function f : S → T is injective if f satisfies:

if s1, s2 ∈ S and f(s1) = f(s2) then s1 = s2.

The function f : S → T is surjective if f satisfies:

if t ∈ T then there exists s ∈ S such that f(s) = t.

Proposition 5.2. Let f : V → W be a linear transformation. Then

(a) ker f = {0} if and only if f is injective, and

(b) im f = W if and only if f is surjective.

5.3 Bases and dimension

Let F be a field and let V be a vector space over F. Let {v1, v2, . . . , vk} be a subset of V .

• The span of the set {v1, . . . , vk} is

span{v1, . . . , vk} = {c1v1 + c2v2 + · · ·+ ckvk | c1, c2, . . . , ck ∈ F}.

• A linear combination of v1, v2, . . . , vk is an element of span{v1, . . . , vk}.

• The set {v1, . . . , vk} is linearly independent if it satisfies:

if c1, . . . , ck ∈ F and c1v1 + · · ·+ ckvk = 0 then c1 = 0, c2 = 0, . . . , ck = 0.

• A basis of V is a subset B ⊆ V such that

(a) span(B) = V ,

(b) B is linearly independent.

• The dimension of V is the cardinality (number of elements) of a basis of V .

Proposition 5.3. Let V be a vector space and let B be a subset of V . The following are equivalent:

(a) B is a basis of V ;

(b) B is a minimal element of {S ⊆ V | span(S) = V }, ordered by inclusion;

(c) B is a maximal element of {L ⊆ V | L is linearly independent}, ordered by inclusion.

Theorem 5.4. Let V be a vector space over a field F. Then

(a) V has a basis, and

(b) Any two bases of V have the same number of elements.
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5.4 Addition, scalar multiplication and composition of linear transformations

The sum of two F-linear transformations f1 : V → W and f2 : V → W is the F-linear transformation
(f1 + f2) : V → W .

(f1 + f2)(v) = f1(v) + f2(v), for v ∈ V .

Let f : V → W be an F-linear transformation and let c ∈ F. The scalar multiplication of f by c is the
F-linear transformation (cf) : V → W given by

(cf)(v) = c · f(v), for v ∈ V .

The composition of an F-linear transformation f2 : V → W and an F-linear transformation f1 : W → Z
is the F-linear transformation (f1 ◦ f2) : V → Z given by

(f1 ◦ f2)(v) = f1(f2(v)), for v ∈ V .

5.5 Matrices of linear transformations and change of basis matrices

Let V and W be F-vector spaces. Let B be a basis of V and let C be a basis of W . A C ×B matrix
with entries in F is a function

X : C ×B → F, where C ×B = {(c, b) | c ∈ C and b ∈ B}.

The value X(c, b) of the function X at the pair (c, b) is the (c, b)-entry of the matrix X. Denote the
set of C ×B matrices with entries in F by

MC×B(F) = {X : C ×B → F}.

Let f : V → W be an F-linear transformation. The matrix of f : V → W with respect to the bases
B and C is the matrix

fCB ∈ MC×B(F) given by f(b) =
∑
c∈C

fCB(c, b)c for b ∈ B.

Proposition 5.5. Let V and W and Z be F-vector spaces with bases B, C and D, respectively. Let

f : V → W, g : V → W, h : W → Z be F-linear transformations

and let c ∈ F. Then

(cf)CB = c · fCB, fCB + gCB = (f + g)CB and (h ◦ g)DB = hDCgCB.

Let V be an F-vector space and let B and C be bases of V . The change of basis matrix from B to C
is the matrix PCB ∈ MC×B(F) given by

b =
∑
c∈C

PCB(c, b)c, for b ∈ B. (5.1)

Proposition 5.6. Let g : V → W and f : V → V be an F-linear transformations. Let

B1 and B2 be bases of V , and let C1 and C2 be bases of W ,

and let PB1B2 and PC2C1 be the change of basis matrices defined as in (5.1). Then

gC2B2 = PC2C1gC1B1PB1B2 and fB2B2 = P−1
B1B2

fB1B1PB1B2 .
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6 Inner product spaces

6.1 Inner products

Let F = R or F = C. Let
: C → C be given by a+ bi = a− bi,

: R → R be given by a = a.

Let V be an F-vector space. An inner product on V is a function

⟨, ⟩ : V × V → F
(u, v) 7→ ⟨u, v⟩ such that

(1) If u, v ∈ V then ⟨u, v⟩ = ⟨v, u⟩,
(2) If u, v ∈ V and α ∈ F then ⟨αu, v⟩ = α⟨u, v⟩,
(3) if u, v, w ∈ V then ⟨u+ v, w⟩ = ⟨u,w⟩+ ⟨v, w⟩,
(4) (Positive semi-definite) If u ∈ V then ⟨u, u⟩ ∈ R≥0.

(5) (Positive definite) If u ∈ V and ⟨u, u⟩ = 0 then u = 0.

6.2 Length, distance, angles.

Let V be an F-vector space with an inner product.
Length is the function ∥ ∥ : V → R≥0 given by

∥u∥2 = ⟨u, u⟩.

Distance is the function d : V × V → R≥0 given by

d(u, v) = ∥v − u∥.

Angle is the function θ : V × V → R[0,π] given by

cos(θ(u, v)) =
Re(⟨u, v⟩)
∥u∥ · ∥v∥

.

Vectors u, v are orthogonal, or perpendicular, if ⟨u, v⟩ = 0.
Vectors u, v are parallel if ⟨u, v⟩ = 1 or ⟨u, v⟩ = −1..

6.3 Standard inner products.

(1)
⟨, ⟩ : Rn × Rn → R

(u, v) 7→ ⟨u|v⟩ given by

⟨u1, u2, . . . , un|v1, v2, . . . , vn⟩ = u1v1 + · · ·+ unvn,

(2)
⟨, ⟩ : Cn × Cn → C

(u, v) 7→ ⟨u|v⟩ given by

⟨u1, u2, . . . , un|v1, v2, . . . , vn⟩ = u1v1 + · · ·+ unvn,

(3) F[x]≤n × F[x]≤n → F given by

⟨a0+a1x+ · · ·+ anx
n | c1 + c1x+ · · ·+ cnx

n⟩

=

∫ 1

0
(a0 + a1x+ · · · anxn)(c̄0 + c̄1x+ · · ·+ c̄nx

n) dx.
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6.4 Gram matrices

Let V be an F-vector space with inner product ⟨, ⟩ : V × V → F. Let B = {b1, . . . , bn} be a basis of
V . The Gram matrix of ⟨, ⟩ with respect to B is the matrix

A =


⟨b1, b1⟩ ⟨b1, b2⟩ · · · ⟨b1, bn⟩
⟨b2, b1⟩ ⟨b2, b2⟩ · · · ⟨b2, bn⟩

...
...

⟨bn, b1⟩ ⟨bn, b2⟩ · · · ⟨bn, bn⟩


In other words, the (i, j) entry of the Gram matrix A of ⟨, ⟩ with respect to the basis B is

Aij = ⟨bi, bj⟩.

6.5 Orthogonal expansions and projections

Let V be an F-vector space with an inner product ⟨, ⟩ : V × V → F. A basis {b1, . . . , bn} of V is
orthonormal if {b1, . . . , bn} satisfies

if i, j ∈ {1, . . . , n} then ⟨bi, bj⟩ = δij , where δij =

{
0, if i ̸= j,

1 if i = j.

Proposition 6.1. Assume B = (b1, . . . , bn) is an ordered orthonormal basis of V and x ∈ V . Then

x = ⟨x, b1⟩b1 + · · ·+ ⟨x, bn⟩bn.

Let W be a subspace of V . Let {b1, . . . , bk} be an orthonormal basis of W . Let x ∈ V . The
orthogonal projection of x onto W is

projW (x) = ⟨x, b1⟩b1 + · · ·+ ⟨x, bk⟩bk.

6.6 The Gram-Schmidt process of orthogonalization

Let V be an F-vector space with an inner product ⟨, ⟩ : V × V → F. An orthogonal basis of V is a
basis {b1, . . . , bn} of V such that

if i, j ∈ {1, . . . , n} and i ̸= j then ⟨bi, bj⟩ = 0,

An orthonormal basis of V is a basis {b1, . . . , bn} of V such that

if i, j ∈ {1, . . . , n} then ⟨bi, bj⟩ = δij , where δij =

{
0, if i ̸= j,

1 if i = j.

Theorem 6.2. (Gram-Schmidt) Let V be an F-vector space with an inner product ⟨, ⟩ : V × V → F.
(a) Let {p1, p2, . . . , pn} be a basis of V . Define b1 = p1 and

bk+1 = pk+1 −
⟨pk+1, b1⟩
⟨b1, b1⟩

b1 − · · · − ⟨pk+1, bk⟩
⟨bk, bk⟩

bk, for k ∈ Z>0.

Then (b1, b2, . . . , bn) is an orthogonal basis in V .

(b) Let (b1, . . . , bn) be an orthogonal basis of V . Define

u1 =
b1
∥b1∥

, . . . , un =
bn

∥bn∥
.

Then (u1, . . . , un) is an orthonormal basis of V .
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7 Some Proofs

7.1 Some proofs: Matrices and operations

7.1.1 Mm×n(F) is an F-module

Proposition 7.1. Let m,n ∈ Z>0 and let Mm×n(F) be the set of m× n matrices with entries in F.
(a) If A,B,C ∈ Mm×n(F) then A+ (B + C) = (A+B) + C.

(b) If A,B ∈ Mm×n(F) then A+B = B +A.

(c) If A ∈ Mm×n(F) then 0 +A = A and A+ 0 = A.

(d) If A ∈ Mm×n(F) then (−A) +A = 0 and A+ (−A) = 0.

(e) If A ∈ Mm×n(F) and c1, c2 ∈ F then c1 · (c2 ·A) = (c1c2) ·A.

(f) If A ∈ Mm×n(F) and 1 ∈ F is the identity in F then 1 ·A = A.

Proof.

(a) To show: (A+B) + C = A+ (B + C).

To show: If i ∈ {1, . . . ,m} and j ∈ {1, . . . , n} then ((A+B) + C)(i, j) = (A+ (B + C))(i, j).

Assume i ∈ {1, . . . ,m} and j ∈ {1, . . . , n}.
To show: ((A+B) + C)(i, j) = (A+ (B + C))(i, j).

((A+B) + C)(i, j) = (A+B)(i, j) + C(i, j) = (A(i, j) +B(i, j)) + C(i, j)

= A(i, j) + (B(i, j) + C(i, j)), since addition is associative in F,
= A(i, j) + (B + C)(i, j) = (A+ (B + C))(i, j).

(b) To show: A+B = B +A.

To show: If i ∈ {1, . . . ,m} and j ∈ {1, . . . , n} then (A+B)(i, j) = (B +A)(i, j).

Assume i ∈ {1, . . . ,m} and j ∈ {1, . . . , n}.
To show: (A+B)(i, j) = (B +A)(i, j).

(A+B)(i, j) = A(i, j) +B(i, j)

= B(i, j) +A(i, j), since F has commutative addition,

= (B +A)(i, j).

(c) To show: (ca) 0 +A = A.

(cb) A+ 0 = A.

(ca) To show: If i ∈ {1, . . . ,m} and j ∈ {1, . . . , n} then (0 +A)(i, j) = A(i, j).

Assume i ∈ {1, . . . ,m} and j ∈ {1, . . . , n}.
To show: (0 +A)(i, j) = A(i, j).

(0 +A)(i, j) = 0(i, j) +A(i, j) = 0 +A(i, j) = A(i, j).

(cb) To show: If i ∈ {1, . . . ,m} and j ∈ {1, . . . , n} then (A+ 0)(i, j) = A(i, j).

Assume i ∈ {1, . . . ,m} and j ∈ {1, . . . , n}.
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To show: (A+ 0)(i, j) = A(i, j).

(A+ 0)(i, j) = A(i, j) + 0(i, j) = A(i, j) + 0 = A(i, j).

(d) To show: (da) A+ (−A) = 0.

(db) (−A) +A = 0.

(da) To show: If i ∈ {1, . . . ,m} and j ∈ {1, . . . , n} then (A+ (−A))(i, j) = 0(i, j).
Assume i ∈ {1, . . . ,m} and j ∈ {1, . . . , n}.
To show: (A+ (−A))(i, j) = 0(i, j).

(A+ (−A))(i, j) = A(i, j) + (−A)(i, j) = A(i, j) + (−A(i, j))

= 0 = 0(i, j).

(db) To show: If i ∈ {1, . . . ,m} and j ∈ {1, . . . , n} then ((−A) +A)(i, j) = 0(i, j).
Assume i ∈ {1, . . . ,m} and j ∈ {1, . . . , n}.
To show: ((−A) +A)(i, j) = 0(i, j).

((−A+A)(i, j) = (−A)(i, j) +A(i, j) = (−A(i, j)) +A(i, j)

= 0 = 0(i, j).

(e) Assume A ∈ Mm×n(F) and c1, c2 ∈ F.
To show c1 · (c2 ·A) = (c1c2) ·A.

To show: If i ∈ {1, . . . ,m} and j ∈ {1, . . . , n} then (c1 · (c2 ·A))(i, j) = ((c1c2) ·A)(i, j).
Assume i ∈ {1, . . . ,m} and j ∈ {1, . . . , n}.
To show: (c1 · (c2 ·A))(i, j) = ((c1c2) ·A)(i, j).

(c1 · (c2 ·A))(i, j) = c1 · ((c2 ·A)(i, j)) = c1 · (c2 ·A(i, j))

= (c1 · c2) ·A(i, j)) = ((c1 · c2) ·A)(i, j)

(f) Assume A ∈ Mm×n(F) and 1 ∈ F.
To show: (fa) 1 ·A = A,

(fb) A · 1 = A.

(fa) To show: If i ∈ {1, . . . ,m} and j ∈ {1, . . . , n} then (1 ·A)(i, j) = A(i, j).
Assume i ∈ {1, . . . ,m} and j ∈ {1, . . . , n}.
To show: (1 ·A)(i, j) = A(i, j).

(1 ·A)(i, j) = 1 · · ·A(I, j) = A(i, j), since 1 is the identity in F.

(fb) To show: If i ∈ {1, . . . ,m} and j ∈ {1, . . . , n} then (A · 1)(i, j) = A(i, j).
Assume i ∈ {1, . . . ,m} and j ∈ {1, . . . , n}.
To show: (A · 1)(i, j) = A(i, j).

(A · 1)(i, j) = A(i, j) · 1 = A(i, j), since 1 is the identity in F.
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7.1.2 Mn(F) is an F-algebra

Proposition 7.2. Let n ∈ Z>0 and let Mn(F) be the set of n× n matrices in F.
(a) If A,B,C ∈ Mn(F) then A+ (B + C) = (A+B) + C.

(b) If A,B ∈ Mn(F) then A+B = B +A.

(c) If A ∈ Mn(F) then 0 +A = A and A+ 0 = A.

(d) If A ∈ Mn(F) then (−A) +A = 0 and A+ (−A) = 0.

(e) If A,B,C ∈ Mn(F) then A(BC) = (AB)C.

(f) If A,B,C ∈ Mn(F) then (A+B)C = AC +BC and C(A+B) = CA+ CB.

(g) If A ∈ Mn(F) then 1A = A and A1 = A.

Proof. Parts (a), (b) (c) and (d) are the cases m = n of Proposition 1.1.

(e) To show: (AB)C = A(BC).

To show: If i ∈ {1, . . . ,m} and j ∈ {1, . . . , n} then ((AB)C)(i, j) = (A(BC))(i, j).

Assume i ∈ {1, . . . ,m} and j ∈ {1, . . . , n}.
To show: ((AB)C)(i, j) = (A(BC))(i, j).

((AB)C)(i, j) =

n∑
k=1

(AB)(i, k)C(k, j)

=

n∑
k=1

n∑
l=1

(A(i, l)B(l, k))C(k, j)

=

n∑
k=1

n∑
l=1

A(i, l)(B(l, k)C(k, j))

=

n∑
l=1

A(i, l)(BC)(l, j)

= (A(BC))(i, j).

(f) To show: (fa) (A+B)C = AC +BC.

(fb) C(A+B) = CA+ CB.

(fa) To show: If i ∈ {1, . . . ,m} and j ∈ {1, . . . , n} then ((A+B)C)(i, j) = (AC +BC)(i, j).
Assume i ∈ {1, . . . ,m} and j ∈ {1, . . . , n}.
To show: ((A+B)C)(i, j) = (AC +BC)(i, j).

((A+B)C)(i, j) =
n∑

k=1

(A+B)(i, k)C(k, j) =
n∑

k=1

(A(i, k) +B(i, k))C(k, j)

=
n∑

k=1

A(i, k)C(k, j) +B(i, k)C(k, j),

=

n∑
k=1

A(i, k)C(k, j) +

n∑
k=1

B(i, k)C(k, j),

= (AC)(i, j) + (BC)(i, j) = ((AC) + (BC))(i, j)

= (AC +BC)(i, j).

where the third equality follows from the distributive property in F.
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(fb) To show: If i ∈ {1, . . . ,m} and j ∈ {1, . . . , n} then (C(A+B))(i, j) = (CA+ CB)(i, j).
Assume i ∈ {1, . . . ,m} and j ∈ {1, . . . , n}.
To show: (C(A+B))(i, j) = (CA+ CB)(i, j).

(C(A+B))(i, j) =

n∑
k=1

C(i, k)(A+B)(k, j) =

n∑
k=1

C(i, k)(A(k, j) +B(k, j))

=

n∑
k=1

C(i, k)A(k, j) + C(i, k)B(k, j),

=

n∑
k=1

C(i, k)A(k, j) +

n∑
k=1

C(i, k)A(k, j),

= (CA)(i, j) + (CB)(i, j) = ((CA) + (CB))(i, j)

= (CA+ CB)(i, j).

where the third equality follows from the distributive property in F.

(g) To show: (ga) 1 ·A = A,

(gb) A · 1 = A.

(ga) To show: If i ∈ {1, . . . ,m} and j ∈ {1, . . . , n} then (1 ·A)(i, j) = A(i, j).
Assume i ∈ {1, . . . ,m} and j ∈ {1, . . . , n}.
To show: (1 ·A)(i, j) = A(i, j).

(1 ·A)(i, j) =
n∑

k=1

1(i, k)A(k, j) = 1(i, i)A(i, j) +
∑

k∈{1,...,n}
k ̸=i

1(i, k)A(k, j)

= 1 ·A(i, j) + 0 = A(i, j).

(gb) To show: If i ∈ {1, . . . ,m} and j ∈ {1, . . . , n} then (A · 1)(i, j) = A(i, j).
Assume i ∈ {1, . . . ,m} and j ∈ {1, . . . , n}.
To show: (A · 1)(i, j) = A(i, j).

(A · 1)(i, j) =
n∑

k=1

A(i, k)1(k, j) = A(i, j)1(j, j) +
∑

k∈{1,...,n}
k ̸=j

A(i, k)1(k, j)

= 0 +A(i, j) · 1 = A(i, j).

7.1.3 Properties of transpose

Proposition 7.3. Let m,n ∈ Z>0, let Mm×n(F) be the set of m× n matrices with entries in F, and
let Mn(F) be the set of n× n matrices in F.

(a) If A,B ∈ Mm×n(F) then (A+B)T = AT +BT ,

(b) If A ∈ Mm×n(F) and c ∈ F then (c ·A)T = c ·AT ,

(c) If A,B ∈ Mn(F) then (AB)T = BTAT .

(d) If A ∈ Mn(F) then (AT )T = A.
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Proof.

(a) Assume A ∈ Mm×n(F).
To show (A+B)T = AT +BT .

To show: If i ∈ {1, . . . ,m} and j ∈ {1, . . . , n} then (A+B)T (i, j) = (AT +BT )(i, j).

Assume i ∈ {1, . . . ,m} and j ∈ {1, . . . , n}.
To show: (A+B)T (i, j) = (AT +BT )(i, j).

(A+B)T (i, j) = (A+B)(j, i) = A(j, i) +B(j, i)

= AT (i, j) +BT (i, j) = (A+B)T (i, j).

(b) Assume A ∈ Mm×n(F) and c ∈ F.
To show (c ·A)T = c ·AT .

To show: If i ∈ {1, . . . ,m} and j ∈ {1, . . . , n} then ((c ·A)T )(i, j) = (c ·AT )(i, j).

Assume i ∈ {1, . . . ,m} and j ∈ {1, . . . , n}.
To show: ((c ·A)T )(i, j) = (c ·AT )(i, j).

((c ·A)T )(i, j) = (c ·A)(j, i) = c ·A(j, i) = c ·AT (i, j) = (c ·AT )(i, j)

(c) Assume A,B ∈ Mn(F).
To show: (AB)T = BTAT .

To show: If i, j ∈ {1, . . . , n} then (AB)T (i, j) = (BTAT )(i, j).

Assume i, j ∈ {1, . . . , n}.
To show: (AB)T (i, j) = (BTAT )(i, j).

(AB)T (i, j) = (AB)(j, i) =
n∑

k=1

A(j, k)B(k, i)

=
n∑

k=1

AT (k, j)BT (i, k) =
n∑

k=1

BT (i, k)AT (k, j) = (BTAT )(i, j).

(d) Assume A ∈ Mn(F).
To show: (AT )T = A.

To show: If i, j ∈ {1, . . . , n} then ((AT )T )(i, j) = A(i, j).

Assume i, j ∈ {1, . . . , n}.
To show: ((AT )T )(i, j) = A(i, j).

((AT )T )(i, j) = (AT )(j, i) = A(i, j)
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7.1.4 Properties of trace

Proposition 7.4 (Properties of trace). Let A,B ∈ Mn×n(Q) and let c ∈ Q. Then

tr(A+B) = tr(A) + tr(B), tr(cA) = ctr(A) and tr(AB) = tr(BA).

Proof.

tr(A+B) =
n∑

i=1

(A+B)(i, i) =
n∑

i=1

(A(i, i) +B(i, i))

=
( n∑

i=1

A(i, i)
)
+
( n∑

i=1

B(i, i)
)
= tr(A) + tr(B)

and

tr(cA) =

n∑
i=1

(cA)(i, i) =

n∑
i=1

(c ·A(i, i))c ·
( n∑

i=1

A(i, i)
)
= ctr(A)

and

tr(AB) =
n∑

i=1

(AB)(i, i) =
n∑

i=1

n∑
j=1

A(i, j)B(j, i) =
n∑

i=1

n∑
j=1

B(j, i)A(i, j)

=

n∑
j=1

n∑
i=1

B(j, i)A(i, j) =

n∑
j=1

(BA)(j, j) = tr(BA).

7.1.5 Determinant and trace are conjugacy invariants

Theorem 7.5 (Determinant and trace are conjugacy invariants). Let n ∈ Z>0. Let A ∈ Mn×n(Q)
and let P ∈ GLn(Q) so that P is an invertible n× n matrix. Then

det(PAP−1) = det(A) and tr(PAP−1) = tr(A).

Proof. Since det(P ) det(P−1) = det(PP−1) = det(1) = 1 then det(P−1) = 1
det(P ) . So

det(PAP−1) = det(P ) det(A) det(P−1) = det(P ) det(A)
1

det(P )
= det(A).

Since tr(AB) = tr(BA) then

tr(PAP−1) = tr(P (AP−1)) = tr((AP−1)P ) = tr(A).

7.1.6 Determinants: the permutation formula

For A ∈ Mn(F) define

D(A) =
∑
w∈Sn

det(w)A(1, w(1))A(2, w(2)) · · ·A(n,w(n)),
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Proposition 7.6. Let A ∈ Mn(F) and let i, j ∈ {1, . . . , n} with i < j.

(a) If u is a permutation then D(uA) = det(u)D(A).

(b) If row i and row j of A are equal then D(A) = 0.

(c) D(AB) = D(A)D(B).

(d) D(sij) = −1, D(xij(c)) = 1 and D(hi(d)) = c.

Proof. Let u : {1, . . . , n} → {1, . . . , n} be a bijection. Then

D(uA) =
∑
w∈Sn

det(w)A(u(1), w(1))A(u(2), w(2)) · · ·A(u(n), w(n))

=
∑
w∈Sn

det(wu)A(u(1), wu(1))A(u(2), wu(2)) · · ·A(u(n), wu(n))

=
∑
w∈Sn

det(wu)A(1, w(1))A(2, w(2)) · · ·A(n,w(n))

=
∑
w∈Sn

det(w) det(u)A(1, w(1))A(2, w(2)) · · ·A(n,w(n))

= det(u)
∑
w∈Sn

det(w)A(1, w(1))A(2, w(2)) · · ·A(n,w(n)) = det(u)D(A).

If row i and row j of A are equal then A = sijA. Using part (a),

D(A) = D(sijA) = det(sij)D(A) = −D(A), giving D(A) = 0. (Deqrows)

D(AB) =
∑
w∈Sn

det(w)(AB)(1, w(1)) · · · (AB)(n,w(n))

=
∑
w∈Sn

det(w)
n∑

k1,...,kn=1

A(1, k1)B(k1, w(1)) · · ·A(n, kn)B(kn, w(n))

=

n∑
k1,...,kn=1

A(1, k1) · · ·A(n, kn)
∑
w∈Sn

det(w)B(k1, w(1)) · · ·B(kn, w(n)).

By part (b), the second sum is zero if any two entries in k = (k1, . . . , kn) are the same. If all the
entries in k = (k1, . . . , kn) are distinct and, by part (a), the second sum is det(k)D(B). Hence,

D(AB) =
∑

k=(k1,...,kn)∈Sn

det(k)A(1, k1) · · ·A(n, kn) det(k)D(B)

=
∑
k∈Sn

det(k)A(1, k(1)) · · ·A(n, k(n))D(B) = D(A)D(B).

For each of the expressions (d), the permutation expansion has exactly one nonzero term and this
term equals the right hand side.

Theorem 7.7. Let A ∈ Mn(F). Then

det(A) =
∑
w∈Sn

det(w)A(1, w(1))A(2, w(2) · · ·A(n,w(n)).

Proof. By Proposition 7.6, D(A) satisfies the defining properties of det(A). So det(A) = D(A).
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7.2 Some proofs: Kernels and images

7.2.1 The inverse of PQ

Proposition 7.8. If P,Q ∈ GLn(F) then

(PQ)−1 = Q−1P−1.

Proof. Assume P,Q ∈ GLn(F).
To show: (PQ)−1 = Q−1P−1.
To show: (a) (PQ)(Q−1P−1) = 1.

(b) (Q−1P−1)(PQ) = 1.
(a) Using associativity of matrix multiplication,

(PQ)(Q−1P−1) = P (QQ−1)P−1 = P · 1 · P−1 = PP−1 = 1

(b) Using associativity of matrix multiplication,

(Q−1P−1)(PQ) = Q−1(P−1P )Q = Q−1 · 1 ·Q = Q−1Q = 1.

So (PQ)−1 = Q−1P−1.

7.2.2 ker(A) and im(A) are subpaces

Proposition 7.9. Let A ∈ Mt×s(Q). Then ker(A) is a subspace of Qs.

Proof. (a) Since A0 = 0 then 0 ∈ ker(A).

(b) Assume w1, w2 ∈ ker(A). Then Aw1 = 0 and Aw2 = 0. So

A(w1 + w2) = Aw1 +Aw2 = 0 + 0 = 0. So w1 + w2 ∈ ker(A).

(c) Assume w ∈ ker(A) and c ∈ Q. Then Aw = 0 and

A(cw) = cAw = c0 = 0. So cw ∈ ker(A).

So ker(A) is a subspace of Qs.

Proposition 7.10. Let A ∈ Mt×s(Q). Then im(A) is a subspace of Qt.

Proof. (a) Since 0 = A0 then 0 ∈ im(A).

(b)Assume y1, y2 ∈ im(A). Then there exist x1, x2 ∈ Qs such that y1 = Ax1 and y2 = Ax2. Then

y1 + y2 = Ax1 +Ax2 = A(x1 + x2). So y1 + y2 ∈ im(A).

(c) Assume y ∈ im(A) and c ∈ Q. Then there exists x ∈ Qs such that y = Ax. Then

cy = cAx = A(cx). So cy ∈ im(A).

So im(A) is a subspace of Qt.
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7.2.3 How kernel and image change

Proposition 7.11. (How kernel and image change) Let A ∈ Mt×s(Q) and P ∈ GLt(Q) and
Q ∈ GLs(Q). Then

ker(PA) = ker(A), ker(AQ) = Q−1 · ker(A),

im(PA) = P · im(A), im(AQ) = im(A).

Proof.

ker(PA) = {x ∈ Qs | PAx = 0} = {x ∈ Qs | P−1PAx = P−10}
= {x ∈ Qs | Ax = 0} = ker(A),

ker(AQ) = {x ∈ Qs | AQx = 0} = {Q−1Qx ∈ Qs | AQx = 0}
= Q−1 · {Qx ∈ Qs | AQx = 0}
= Q−1{y ∈ Qs | Ay = 0} = Q−1 · ker(A),

im(PA) = {PAx | x ∈ Qs} = P{Ax | x ∈ Qs} = P · im(A),

im(AQ) = {AQx | x ∈ Qs} = {Ay | Q−1y ∈ Qs}
= {Ay | y ∈ Qs} = im(A). □

7.2.4 Finding ker(A) and im(A)

Theorem 7.12. (Computing kernels and images) Let P ∈ GLt(Q), Q ∈ GLs(Q). Let r ∈
{1, . . . ,min(s, t)} and let

1r = E11 + E22 + · · ·+ Err in Mt×s(Q).

Let
A = P1rQ.

Then
ker(A) has basis {last s−r columns of Q−1},

im(A) has basis {first r columns of P}.

Proof. By the How Kernel and Image Change Proposition

ker(A) = ker(P1rQ) = ker(1rQ) = Q−1 ker(1r) and

im(A) = im(P1rQ) = im(P1r) = P im(1r)

Since {Q−1er+1, . . . , Q
−1es} is a basis of Q−1 ker(1r) then

ker(A) has basis {last s−r columns of Q−1},

Since {Pe1, . . . , P er} is a basis of P im(1r) then

im(A) has basis {first r columns of P}. □
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7.2.5 Relating kernels and determinants

Theorem 7.13. Let A ∈ Mn(F) and let λ ∈ F. Then

ker(A− λ) ̸= 0 if and only if det(A− λ) = 0.

Proof. Use normal form to write A− λ = P · 1r ·Q with P,Q ∈ GLn(F). Then use Proposition ??.

⇒: Assume ker(A− λ) ̸= 0.
Since ker(A− λ) ̸= 0 then r < n.
Since r < n then det(1r) = 0 and

det(A− λ) = det(P · 1r ·Q) = det(P ) det(1r) det(Q) = 0.

⇐: Assume that det(A− λ) = 0.
Since P and Q are invertible matrices then det(P ) and det(Q) are invertible elements of F.
Since

det(1r) = det(P−1(A− λ)Q−1) = det(P )−1 det(A− λ) det(Q)−1 = det(P )−1 · 0 · det(Q)−1 = 0

then r < n.
So ker(1r) ̸= 0.
So

ker(A− λ) = ker(P · 1r ·Q) = Q−1 ker(1r) ̸= 0.

7.2.6 Solutions of a system when A is invertible

Proposition 7.14. Let A ∈ Mt×s(F) and b ∈ Ft. If t = s and A ∈ GLs(F) then

Sol(Ax = b) = {A−1b}.

Proof. Assume A is invertible and Ax = b. Then x = 1x = (A−1A)x = A−1(Ax) = A−1b.

7.2.7 All solutions from a single solution and ker(A)

Proposition 7.15. Let A ∈ Mt×s(F) and b ∈ Ft and assume Sol(Ax = b) ̸= ∅. Let p ∈ Sol(Ax = b).
Then

Sol(Ax = b) = p+ ker(A).

Proof. Assume Sol(Ax = b) ̸= ∅ and let p ∈ Sol(Ax = b).
To show: (a) Sol(Ax = b) ⊆ p+ ker(A).

(b) p+ ker(A) ⊆ Sol(ax = b).

(a) Let q ∈ Sol(Ax = b).

Then q − p ∈ ker(A).

So q ∈ p+ ker(A).

So Sol(Ax = b) ⊆ p+ ker(A).

[(b) Let k ∈ ker(A).

Then A(p+ k) = Ap+Ak = b+ 0 = b.

So p+ k ∈ p+ ker(A).

So p+ ker(A) ⊆ Sol(Ax = b).

So p+ ker(A) = Sol(Ax = b)
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7.2.8 All solutions of a system Ax = b

Proposition 7.16. Let A ∈ Mt×s(F) and b ∈ Ft. Assume r ∈ {1, . . . ,min(s, t)} and P ∈ GLt(F) and
Q ∈ GLs(F) are such that

A = P1rQ.

(a) If there exists j ∈ {r + 1, . . . , t} such that (P−1b)j ̸= 0 then Sol(Ax = b) = ∅.
(b) If (P−1b)r+1 = 0, (P−1b)r+2 = 0, . . . , (P−1b)t = 0 then Sol(Ax = b) ̸= ∅ and

Sol(Ax = b) = Q−1((P−1b)1, . . . , (P
−1b)r, 0, . . . , 0)

t + span{qr+1, . . . , qs},

where q1, . . . , qs are the columns of Q−1.

Proof.

Sol(Ax = b) = {x ∈ Fn | Ax = b} = {x ∈ Fn | P1rQx = b}
= Q−1{Qx ∈ Fn | P1rQx = b}
= Q−1{y ∈ Fn | P1ry = b}
= Q−1{y ∈ Fn | 1ry = P−1b}
= Q−1Sol(1ry = P−1b).

Let z = P−1b. There are two cases:

Case 1. If there exists j ∈ {r + 1, . . . , n} such that zj ̸= 0 then Sol(1ry = z) = ∅.
Case 2. If zr+1 = · · · = zt = 0 then

Sol(1ry = z) = (z1, . . . , zr, 0, . . . , 0)
t + span{er+1, . . . es}.

Thus

Sol(Ax = b) = Q−1Sol(1ry = P−1b) = Q−1Sol(1ry = z)

= Q−1(z1, . . . , zr, 0, . . . , 0)
t +Q−1span{er+1, . . . es}

= Q−1((P−1b)1, . . . , (P
−1b)r, 0, . . . , 0)

t + span{qr+1, . . . , qs}.

7.2.9 Diagonalization and eigenvectors

Theorem 7.17. Let n ∈ Z>0 and let A ∈ Mn(F).
The matrix A has n linearly independent eigenvectors p1, . . . , pn ∈ Fn with eigenvalues λ1, . . . , λn if
and only if A = PDP−1 where,

P =

 | |
p1 · · · pn
| |

 and D = diag(λ1, . . . , λn) =

λ1

. . .

λn


so that p1, . . . , pn are the columns of P and D is the diagonal matrix with diagonal entries λ1, . . . , λn.
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Proof. ⇒: Assume that A ∈ Mn(F) and A has n linearly independent eigenvectors p1, . . . , pn ∈ Fn

with eigenvalues λ1, . . . , λn.
Since Ap1 = λ1p1, . . . , Apn = λnpn then

AP = A

 | |
p1 · · · pn
| |

 =

 | |
p1 · · · pn
| |


λ1

. . .

λn

 = PD.

Since p1, . . . , pn are linearly independent then the matrix P is invertible.
Multiplying AP = PD on the right by P−1 gives A = PDP−1.

⇐: Assume that A = PDP−1 and that p1, . . . , pn are the columns of P .
Then AP = DP gives that Ap1 = λ1p1, . . . , Apn = λnpn.
So p1, . . . , pn are eigenvectors of A with eigenvalues λ1, . . . , λn.
Since p1, . . . , pn are the columns of P and P is invertible then p1, . . . , pn are linearly independent.
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7.3 Some proofs: F-modules

7.3.1 Properties of linear transformations

Proposition 7.18. Let T : V → W be an F-linear transformation. Let 0V and 0W be the zeros for V
and W respectively. Then

(a) T (0V ) = 0W , and

(b) If v ∈ V then T (−v) = −T (v).

Proof.

(a) Add −T (0V ) to both sides of the following equation,

T (0V ) = T (0V + 0V ) = T (0V ) + T (0V ).

(b) Since T (v) + T (−v) = T
(
v + (−v)

)
= T (0V ) = 0W and

T (−v) + T (v) = T
(
(−v) + v

)
= T (0V ) = 0W

then −T (v) = T (−v).

7.3.2 Kernels and images are subspaces

Proposition 7.19. Let T : V → W be an F-linear transformation. Then

(a) kerT is a subspace of V .

(b) im T is a subspace of W .

Proof. Let 0V and 0W be the zeros in V and W , respectively.

(a) By condition (a) in the definition of linear transformation, T is a group homomorphism.

To show: (aa) If k1, k2 ∈ kerT then k1 + k2 ∈ kerT .

(ab) 0V ∈ kerT .

(ac) If k ∈ kerT then −k ∈ kerT .

(ad) If c ∈ F and k ∈ kerT then ck ∈ kerT .

(aa) Assume k1, k2 ∈ kerT .
Then T (k1) = 0W and T (k2) = 0W .
By condition (a) in the definition of a linear transformation,

T (k1 + k2) = T (k1) + T (k2) = 0 + 0 = 0.

So k1 + k2 ∈ kerT .
(ab) By Proposition 7.18(a), T (0V ) = 0W .

So 0V ∈ kerT .
(ac) Assume k ∈ kerT .

By Proposition 7.18(b), T (−k) = −T (k).
So T (−k) = −T (k) = −0W = 0W , and −0W = 0W since 0W + 0W = 0W .
So −k ∈ kerT .
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(ad) Assume c ∈ F and k ∈ kerT .
Then, by the definition of linear transformation,

T (ck) = cT (k) = c 0W = 0W , and c 0W = 0W ,

by adding −c 0W to each side of c 0W + c 0W = c(0W + 0W ) = c 0W .
So T (ck) = 0W and ck ∈ kerT .

So kerT is a subspace of V .

(b) By condition (a) in the definition of an F-linear transformation, T is a group homomorphism.

To show: (ba) If w1, w2 ∈ imT then w1 + w2 ∈ imT .

(bb) 0W ∈ imT .

(bc) If w ∈ imT then −w ∈ imT .

(bd) If c ∈ F and w ∈ imT then ck ∈ imT .

(ba) Assume w1, w2 ∈ imT .
Then there exist v1, v2 ∈ V such that T (v1) = w1 and T (v2) = w2.
By condition (a) in the definition of an F-linear transformation,

T (v1 + v2) = T (v1) + T (v2) = w1 + w2.

So w1 + w2 ∈ imT .
(bb) By Proposition 7.18(a), T (0V ) = 0W .

So 0W ∈ imT .
(bc) Assume w ∈ imT .

The there exists v ∈ V such that T (v) = w.
By Proposition 7.18(b), T (−v) = −T (v) = −w.
So −w ∈ im T .

(bd) To show: If c ∈ F and a ∈ imT then ca ∈ imT .
Assume c ∈ F and c ∈ imT .
Then there exists v ∈ V such that a = T (v).
By the definition of an F-linear transformation,

ca = cT (v) = T (cv).

So ca ∈ imT .

So imT is a subspace of W .

7.3.3 Injectivity and surjectivity in terms of kernels and images

Proposition 7.20. Let T : V → W be an F-linear transformation. Let 0V be the zero in V . Then

(a) kerT = (0V ) if and only if T is injective.

(b) imT = W if and only if T is surjective.

Proof. Let 0V and 0W be the zeros in V and W respectively.

39



Linear algebra notes, Arun Ram August 29, 2026

(a) =⇒ : Assume kerT = (0V ).

To show: If T (v1) = T (v2) then v1 = v2.

Assume T (v1) = T (v2).

Since T is an F-linear transformation then

0W = T (v1)− T (v2) = T (v1 − v2).

So v1 − v2 ∈ kerT .

Since kerT = (0V ) then v1 − v2 = 0V .

So v1 = v2.

So T is injective.

⇐=: Assume T is injective

To show: (aa) (0V ) ⊆ kerT .

(ab) kerT ⊆ (0V ).

(aa) Since T (0V ) = 0W then 0V ∈ kerT .
So (0V ) ⊆ kerT .

(ab) Let k ∈ kerT .
Then T (k) = 0W .
So T (k) = T (0V ).
Thus, since T is injective then k = 0V .
So kerT ⊆ (0V ).

So kerT = (0V ).

(b) =⇒ : Assume imT = W .

To show: If w ∈ W then there exists v ∈ V such that T (v) = w.

Assume w ∈ W .

Then w ∈ imT .

So there exists v ∈ V such that T (v) = w.

So T is surjective.

⇐=: Assume T is surjective.

To show: (ba) imT ⊆ W .

(bb) W ⊆ imT .

(ba) Let x ∈ imT .
Then there exists v ∈ V such that x = T (v).
By the definition of T , T (v) ∈ W .
So x ∈ W .
So imT ⊆ W .

(bb) Assume x ∈ W .
Since T is surjective there exists v ∈ V such that T (v) = x.
So x ∈ imT .
So W ⊆ imT .

So imT = W .
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7.3.4 Minimal spanning sets and maximal linearly independent sets

Proposition 7.21. Let V be an F-vector space and let B be a subset of V . The following are equivalent:

(a) B is a basis of V .

(b) B is a minimal element of {S ⊆ V | spanF(S) = V }.
(c) B is a maximal element of {L ⊆ V | L is linearly independent}.

(In (b) and (c) the ordering is by inclusion.)

Proof.
(b) ⇒ (a): Let S ⊆ V such that spanF(S) = V .

To show: If S is minimal such that spanF(V ) then S is a basis.

To show: If S is minimal such that spanF(V ) then S is linearly independent.

Proof by contrapositive.

To show: If S is not linearly independent then S is not minimal such that spanF(S) = V .

Assume S is not linearly independent.

To show: There exists s ∈ S such that spanF(S − {s}) = V .

Since S is linearly independent then there exist k ∈ Z>0 and s1, . . . , sk ∈ S and c1, . . . , ck ∈ F
and i ∈ {1, . . . , k} such that c1s1 + · · ·+ cksk = 0 and ci ̸= 0.

Let s = si.

Using that F is a field and ci ̸= 0 then

s = si = c−1
i (c1s1 + . . .+ ci−1si−1 + ci+1si+1 + · · ·+ skck)

= c−1
i c1s1 + · · ·+ c−1

i ci−1si−1 + c−1
i ci+1si+1 + · · ·+ c−1

i cksk.

So V = spanF(S) = spanF(S − {s}).
So S is not minimal such that spanF(S) = V .

(a) ⇒ (b): Proof by contrapositive.

To show: If B ∈ {S ⊆ V | spanF(S) = V } and B is not minimal then B is not a basis of V .

Assume B ∈ {S ⊆ V | spanF(S) = V } is not minimal.

So there exists b ∈ B such that spanF(B − {b}) = V .

To show: B is not linearly independent.

Since b ∈ V = span(B − {b} then there exist k ∈ Z>0, b1, . . . , bk ∈ B and c1, . . . , ck ∈ F such
that b = c1b1 + · · ·+ ckbk.

So 0 = c1b1 + · · ·+ ckbk + (−1)b and B is not linearly independent.

(a) ⇒ (c): Assume B is a basis of V .

Since B is linearly independent then B ∈ {L ⊆ V | L is linearly independent}.
To show: If v ∈ V and v ̸∈ B then B ∪ {v} is not linearly independent.

Assume v ∈ V and v ̸∈ B.

Since spanF(B) = V then there exists k ∈ Z>0 and b1, . . . , bk ∈ B and c1, . . . , ck ∈ F such that
v = c1b1 + . . .+ ckbk.

So 0 = c1b1 + · · ·+ ckbk + (−1)v.
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So B ∪ {v} is not linearly independent.

(c) ⇒ (a): Assume S is a maximal element of {L ⊆ V | L is linearly independent}.

To show: spanF(S) = V .

To show: V ⊆ spanF(S).

Let v ∈ V .

To show: v ∈ spanF(S).

Case 1: v ∈ S. Then v ∈ spanF(S).

Case 2: v ̸∈ S.

Then S ∪ {v} is not linearly independent and S is linearly independent.

So there exist k ∈ Z>0 and s1, . . . , sk ∈ S and c0, c1, . . . , ck ∈ F such that

c0 ̸= 0 and c0v + c1s1 + · · ·+ cksk = 0.

Since F is a field and c0 ̸= 0 then

v = (−c−1
0 c1)s1 + · · ·+ (−c−1

0 ck)sk.

So v ∈ spanF(S).

So V ⊆ spanF(S) and V = spanF(S).

So S is linearly independent and spanF(S) = V .

So S is a basis of V .

7.3.5 Any two bases have the same number of elements

Theorem 7.22. Let V be an F-vector space. Then

(a) V has a basis, and

(b) Any two bases of V have the same number of elements.

Proof.

(a) The idea is to use Zorn’s lemma on the set {L ⊆ V | L is linearly independent}, ordered by
inclusion. We will not prove Zorn’s lemma, we will assume it. Zorn’s lemma is equivalent to the
axiom of choice. For a proof see Isaacs book [?, §11D].

Zorn’s Lemma. If S is a nonempty poset such that every chain in S has an upper bound
then S has a maximal element.

Let v ∈ V such that v ̸= 0.

Then L = {v} is linearly independent.

So {L ⊆ V | L is linearly independent} is not empty.

To show: If · · · ⊆ Sk−1 ⊆ Sk ⊆ Sk+1 ⊆ · · · chain of linearly independent subsets of V then there
exists a linearly independent set S that contains all the Sk.

Assume · · · ⊆ Sk−1 ⊆ Sk ⊆ Sk+1 ⊆ · · · is a chain of linearly independent subsets of V .
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Let L =
⋃

k Sk.

To show L is linearly independent.

Assume ℓ ∈ Z>0 and s1, . . . , sℓ ∈ L.

Then there exists k such that s1, . . . , sℓ ∈ Sk.

Since Sk is linearly independent then if c1, . . . , cℓ ∈ F and c1s1 + · · · + cℓsℓ = 0 then c1 = 0,
c2 = 0, . . . , cℓ = 0.

So L is linearly independent.

So, if · · · ⊆ Sk−1 ⊆ Sk ⊆ Sk+1 ⊆ · · · chain of linearly independent subsets of V then there exists
a linearly independent set B that contains all the Sk.

Thus, by Zorn’s lemma, {L ⊆ V | L is linearly independent} has a maximal element B.

By Proposition 5.3, B is a basis of V .

(b) Let B and C be bases of V .

Case 1: V has a basis B with Card(B) < ∞.
Let b ∈ B.
Then there exists c ∈ C such that c ̸∈ spanF(B − {b}).
Then B1 = (B − {b}) ∪ {c} is a basis with the same cardinality as B.
Since B is finite then, by repeating this process, we can, after a finite number of steps,
create a basis B′ of V such that B′ ⊆ C and Card(B′) = Card(B).
Thus Card(B) = Card(B′) ≤ Card(C).
A similar argument with C in place of B gives that Card(B) ≥ Card(C).
So Card(B) = Card(C).

Case 2: V has an infinite basis B.
Let C be a basis of V .
Define Pcb ∈ F for c ∈ C and b ∈ B by

b =
∑
c∈C

Pcbc, and let Sb = {c ∈ C | Pcb ̸= 0} for b ∈ B.

If b ∈ B then Sb is a finite subset of C and

C =
⋃
b∈B

Sb, since C is a minimal spanning set.

So Card(C) ≤ max{Card(Sb) | b ∈ B} ≤ ℵ0Card(B).
A similar argument with B and C switched shows that Card(B) ≤ ℵ0Card(C).
So Card(C) ≤ ℵ0Card(B) = Card(B) ≤ ℵ0Card(C) = Card(C).
Since Card(C) ≤ Card(B) ≤ Card(C) then Card(C) = Card(B).

7.3.6 Matrix of a linear transformation with respect to a basis

Proposition 7.23. Let V and W and Z be F-vector spaces with bases B, C and D, respectively. Let

f : V → W, g : V → W, h : W → Z be linear transformations

and let c ∈ F. Then

(cf)CB = c · fCB, fCB + gCB = (f + g)CB and (h ◦ g)DB = hDCgCB.
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Proof. Let b ∈ B and c′ ∈ C. Taking the coefficient of c′ on each side of∑
c∈C

(αf)CB(c, b)c = (αf)(b) = α · f(b) = α ·
(∑

c∈C
fCB(c, b)c

)
=

∑
c∈C

αfCB(c, b)c

gives (αf)CB(c
′, b) = α · fCB(c

′, b).
So (αf)CB = α · fCB.

Let b ∈ B and c′ ∈ C. Taking the coefficient of c′ on each side of∑
c∈C

(f + g)CB(c, b)c = (f + g)(b) = f(b) + g(b) =
∑
c∈C

(fCB(c, b)c+
∑
c∈C

gCB(c, b)c

=
∑
c∈C

(fCB(c, b)c+ gCB(c, b)c =
∑
c∈C

(fCB(c, b) + gCB(c, b))c

gives (fCB + gCB)(c
′, b) = fCB(c

′, b) + gCB(c
′, b).

So fCB + gCB = (f + g)CB.

Let b ∈ B and d′ ∈ D. Taking the coefficient of d′ on each side of∑
d∈D

(h ◦ g)DB(d, b)d = (h ◦ g)(b) = h(g(b)) = h
(∑

c∈C
gCB(c, b)c

)
=

∑
c∈C

gCB(c, b)h(c) =
∑
c∈C

∑
d∈D

gCB(c, b)hDC(d, c)d,

gives (h ◦ g)DB(d
′, b) =

∑
c∈C

∑
d∈D

hDC(d,
′ c)gCB(c, b) = (hDCgCB)(d

′, b).

So (h ◦ g)DB = (hDCgCB).

7.3.7 Change of basis matrices

Proposition 7.24. Let g : V → W and f : V → V be F-linear transformations. Let

B1 and B2 be bases of V , and let C1 and C2 be bases of W ,

and let PB1B2 and PC2C1 be the change of basis matrices defined as in (5.1). Then

gC2B2 = PC2C1gC1B1PB1B2 and fB2B2 = P−1
B1B2

fB1B1PB1B2 .

Proof. Let β, β′ ∈ B2. Comparing coefficients of β′ on each side of

β =
∑
b∈B1

PB1B2(b, β)b =
∑
b∈B1

PB1B2(b, β)
∑

β′∈B2

PB2B1(β
′, b)β′

=
∑
b∈B1

∑
β′∈B2

PB2B1(β
′, b)PB1B2(b, β)β

′ =
∑
b∈B1

∑
β′∈B2

(PB2B1PB1B2)(β
′, β)β′

gives
(PB2B1PB1B2)(β

′, β) = δβ′β.

So PB2B1 = P−1
B1B2

.

Let β ∈ B1 and c ∈ B2. Taking the coefficient of b′ on each side of

f(c) =
∑
c′∈B2

fB2B2(c
′, c)c′ =

∑
b′∈B1

fB2B2(c
′, c)PB1B2(b

′, c′)b′
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and

f(c) = f
( ∑

b∈B1

PB1B2(b, c)b
)
=

∑
b∈B1

PB1B2(b, c)f(b) =
∑
b∈B1

PB1B2(b, c)
∑
b′∈B1

fB1B1(b
′, b)b′

gives
(PB1B2fB2B2)(β, b) = (fB1B1PB1B2)(β, b).

So
PB1B2fB2B2 = fB1B1PB1B2 and thus fB2B2 = P−1

B1B2
fB1B1PB1B2 .

Let γ′ ∈ C2 and β ∈ B2. Taking the coefficient of γ on each side of∑
γ∈C2

gC2B2(γ, β)γ = g(β) = g(
∑
b∈B1

PB1B2(b, β)b) =
∑
b∈B1

PB1B2(b, β)g(b)

=
∑
b∈B1

PB1B2(b, β)
∑
c∈C1

gC1B1(c, b)c

=
∑
b∈B1

PB1B2(b, β)
∑
c∈C1

gC1B1(c, b)
∑
γ∈C2

PC2C1(γ, c)γ

=
∑

b∈B1,c∈C1,γ∈C2

PC2C1(γ, c)gC1B1(c, b)PB1B2(b, β)γ

=
∑
γ∈C2

(PC2C1gC1B1PB1B2)(γ, β)γ

gives gC2B2(γ
′, β) = (PC2C1gC1B1PB1B2)(γ

′, β). So gC2B2 = PC2C2gC1B1PB1B2 .

7.3.8 Invertiblity and column linear independence

Proposition 7.25. Let P ∈ Mn(F). The matrix P is invertible if and only if the columns of P are
linearly independent in Fn.

Proof.

⇒: Assume P is invertible. Let p1, . . . , pn be the columns of P .
To show: {p1, . . . , pn} is linearly independent.
Assume c1, . . . , cn ∈ F and c1p1 + · · ·+ cnpn = 0.
Let c = (c1, . . . , cn)

t ∈ Fn.
Since c1p1 + · · ·+ cnpn = 0 then Pc = 0.
So c = P−1Pc = P−10 = 0.
So c1 = 0, . . . , cn = 0.

⇐: Assume the columns of P are linearly independent.
To show: There exists Q ∈ Mn(F) such that QP = 1.
Let p1, . . . , pn be the columns of P .
Since B = {p1, . . . , pn} is linearly independent and dim(Fn) = n then B is a maximal linearly inde-
pendent set.
Thus, by Theorem 5.3, B is a basis.
Let S = {e1, . . . , en} where ei has 1 in the ith spot and 0 elsewhere.
Then P = PBS , the change of basis matrix from S to B.
Let Q = PSB, the change of basis matrix from B to S.
Then QP = PSBPBS = PSS = 1.
So P is invertible.

45



Linear algebra notes, Arun Ram August 29, 2026

7.4 Some proofs: Inner product spaces

7.4.1 Expansion in an orthonormal basis

Proposition 7.26. Assume B = (b1, . . . , bn) is an ordered orthonormal basis of V and x ∈ V . Then

x = ⟨x, b1⟩b1 + · · ·+ ⟨x, bn⟩bn.

Proof. Let x ∈ V and let c1, . . . , cn ∈ F be such that x = c1b1 + · · ·+ cnbn.
If j ∈ {1, . . . , n} then

⟨x, bj⟩ = ⟨c1b1 + · · ·+ cnbn, bj⟩ = c1⟨b1, bn⟩+ · · ·+ cn⟨bn, bj⟩
= c1 · 0 + · · ·+ cj−1 · 0 + cj · 1 + cj+1 · 0 + · · ·+ cn · 0 = cj · 1 = cj .

So x = ⟨x, b1⟩b1 + · · ·+ ⟨x, bn⟩bn.

7.4.2 Gram-Schmidt

Theorem 7.27. (Gram-Schmidt) Let V be an F-vector space with an inner product ⟨, ⟩ : V × V → F.
(a) Let {p1, p2, . . . , pn} be a basis of V . Define b1 = p1 and

bk+1 = pk+1 −
⟨pk+1, b1⟩
⟨b1, b1⟩

b1 − · · · − ⟨pk+1, bk⟩
⟨bk, bk⟩

bk, for k ∈ Z>0.

Then (b1, b2, . . . , bn) is an orthogonal basis in V .

(b) Let (b1, . . . , bn) be an orthogonal basis of V . Define

u1 =
b1
∥b1∥

, . . . , un =
bn

∥bn∥
.

Then (u1, . . . , un) is an orthonormal basis of V .

Proof. (Sketch) The proof is by induction on n.
For the base case, there is only one vector b1 and so there is nothing to show.
Induction step: Assume (b1, . . . , bn) are orthogonal.
Let j ∈ {1, . . . , n}. Then

⟨bn+1, bj⟩ =
〈
pn+1 −

⟨pn+1, b1⟩
⟨b1, b1⟩

b1 − · · · − ⟨pn+1, bn⟩
⟨bn, bn⟩

bn, bj

〉
= ⟨pn+1, bj⟩ −

⟨pn+1, b1⟩
⟨b1, b1⟩

⟨b1, bj⟩ − · · · − ⟨pn+1, bn⟩
⟨bn, bn⟩

⟨bn, bj⟩

= ⟨pn+1, bj⟩ −
⟨pn+1, bj⟩
⟨bj , bj⟩

⟨bj , bj⟩ = ⟨pn+1, bj⟩ − ⟨pn+1, bj⟩ = 0 and

⟨bj , bn+1⟩ =
〈
bj , pn+1 −

⟨pn+1, b1⟩
⟨b1, b1⟩

b1 − · · · − ⟨pn+1, bn⟩
⟨bn, bn⟩

bn

〉
= ⟨bj , pn+1⟩ −

⟨pn+1, b1⟩
⟨b1, b1⟩

⟨bj , b1⟩ − · · · − ⟨pn+1, bn⟩
⟨bn, bn⟩

⟨bj , bn⟩

= ⟨bj , pn+1⟩ −
⟨pn+1, bj⟩
⟨bj , bj⟩

⟨bj , bj⟩ = ⟨bj , pn+1⟩ − ⟨pn+1, bj⟩ = 0,

where the identity ⟨bk, bk⟩ = ⟨bk, bk⟩ and the last equality follow from the assumption that ⟨, ⟩ is
Hermitian. So (b1, . . . , bn+1) are orthogonal.
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