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Lecture 8: The Hilbert space Rn

Definition (The vector space Rn)

Let n → Z>0. The R-vector space Rn is

Rn = Mn×1(R) = {|x1, . . . , xn〉 | xi → R} where |x1, . . . , xn〉 =











x1
x2
...
xn











.

The addition and scalar multiplication are given by

|x1, x2, . . . , xn〉+ |y1, y2, . . . , yn〉 = |x1 + y1, x2 + y2, . . . , xn + yn〉

and
c |x1, x2, . . . , xn〉 = |cx1, cx2, . . . , cxn〉 for c → R.
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Definition (Inner product, length function and distance function)

The standard inner product on Rn is 〈 | 〉 : Rn × Rn → R given by

〈x1, . . . , xn|y1, . . . , yn〉 =
(

x1 x2 · · · xn
)











y1
y2
...
yn











= x1y1 + · · · + xnyn.

The length function is ‖ ‖ : Rn → R!0 given by

‖ |x1, . . . , xn〉‖ =
√

x21 + x22 + · · ·+ x2n .

The distance function is d : Rn × Rn → R!0 given by

d(|x1, . . . , xn〉, |y1, . . . , yn〉) = ‖ |x1, . . . , xn〉 − |y1, . . . , yn〉‖.
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Theorem (Cauchy-Schwarz and the triangle inequality)

Let u, v → Rn. Then

|〈u, v〉| " ‖u‖ · ‖v‖ and ‖u+ v‖ " ‖u‖+ ‖v‖

If
x = |x1, x2, . . . , xn〉 and y = |y1, y2, . . . , yn〉

then
〈x, y〉 = xTy = x1y1 + x2y2 + · · ·+ xnyn

and
‖x‖ =

√

〈x, x〉 and ‖x‖2 = 〈x, x〉 and

d(x, y) = ‖y − x‖ =
√

〈y − x, y − x〉

=
√

(y1 − x1)2 + · · · + (yn − xn)2.
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Properties used VERY often.

Let x, y, z → Rn and let c → R.

〈y, x〉 = y1x1 + y2x2 + · · ·+ ynxn

= x1y1 + x2y2 + · · · xnyn = 〈x, y〉,

〈x, y + z〉 = xT (y + z) = xTy + xT z = 〈x, y〉 + 〈x, z〉,

〈x+ y, z〉 = 〈z, x + y〉 = 〈z, x〉 + 〈z, y〉 = 〈x, z〉 + 〈y, z〉,

〈x, cy〉 = xT cy = cxT y = c〈x, y〉, 〈cx, y〉 = 〈y, cx〉 = c〈y, x〉 = c〈x, y〉,

‖cx‖ =
√

〈cx, cx〉 =
√

c2〈x, x〉 =
√
c2
√

〈x, x〉 = |c | · ‖x‖.
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Definition (Angle and projection)

Let u, v → Rn with u )= 0 and v )= 0. The angle between u and v is
θ(u, v) given by

cos(θ(u, v)) =
〈u, v〉

‖u‖ · ‖v‖
.

x

y

y = cos(x)

The projection of v onto u is

proju v =
〈u, v〉
〈u,u〉

u.

proju(v)
u

v

θ
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Example E1. If u = |1, 3, 1, 2〉 and v = |2, 1,−1, 3〉 in R4 then

u− v = |1,−2, 0, 1〉

and the distance between the points (1, 3, 1, 2) and (2, 1,−1, 3) is

d(u, v) = ‖ |1,−2, 0, 1〉 ‖ =
√

12 + (−2)2 + 02 + 11

=
√
1 + 4 + 0 + 1 =

√
6.

Example E2. If u = |0, 2, 2,−1〉 and v = |−1, 1, 1,−1〉 in R4 then

〈u, v〉 = 〈0, 2, 2,−1|−1, 1, 1,−1〉
= 0 · (−1) + 2 · 1 + 2 · 1 + (−1) · (−1)

= 0 + 2 + 1 + 1 = 5

and
‖u‖ =

√
0 + 4 + 4 + 1 =

√
9 = 3

and
‖v‖ =

√
1 + 1 + 1 + 1 =

√
4 = 2.
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Since |5| " 3 · 2 we observe that, in this case,

|〈u, v〉| " ‖u‖ · ‖v‖.

Example E4. Let u = (2,−1,−2) and v = (2, 1, 3). Find vectors v1 and
v2 such that

v = v1 + v2

where v1 is parallel to u and v2 is perpendicular to u.

Solution: Since the projection of v onto u is parallel to u then let

v1 = proju v =
〈u, v〉
〈u,u〉u =

−3

9
u

= −1
3 |2,−1,−2〉 = |−2

3 , 13 ,
2
3 〉

and
v2 = u− v1 = |2,−1,−2〉 − |−2

3 , 13 ,
2
3〉 = |83 ,

2
3 ,

7
3〉.

Then u = v1 + v2 and v1 is parallel to u and v2 is perpendicular to u.
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