Lecture 24: Gram matrices, orthogonality and projections

Definition (Gram matrix.)

Let V' be an F-vector space with inner product (,)V x V — F.
Let B ={by,...,b,} be a basis of V.
The Gram matrix of (,) with respect to B is the matrix

((bl, by) (b1, b2) -+ (b1, bn>\
A (b2, b1) (b2, b2) -+ (b2, bp)
\<bnab1> <bn7b2> T <bn7. bn>}

In other words, the (i,j) entry of the Gram matrix A of (,) with respect

to the basis B is
A = (b;, bj>.
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Example IPA2. Let V be a [F-vector space with an inner product
(,Y: VXV —=TF. Let B={by,...,b,} be a basis of V and

let
A be the Gram matrix of (,) with respect to the basis B.

let u = u1by+---+u,b, e Vandletv=wviby+---+v,b, € V so

that
Uy 41

lulg = | and [v]g =

Un Vn

Then

(u,v) = (uiby + -+ upbp, viby + -+ + vpby)

— Z uivi(bj, bj) = Z u; AijVj

ij=1 ij=1
= [u]gA[V]B-
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Example IP4. The R-vector space R[x]|<> has basis B = {1, x, x*}.
Since the standard inner product ( | ): R[x]<2 X R[x]<2 — R has

1
(plg) = /0 pq dx

then

(1) =1, (1x) =3 ()= %

(X[1) =3, xx)=3, Xx*) =1

(1) =3, (Clx)=7 )X =3,
then the Gram matrix of ( | ) with respect fo B is

A=

Ol R RPW|—=

PDIEWI=N =

W[=N[= =

If u=7+3x+2x2and v =5 —+ x? then
7 5
[U]B = 3 and [V]B =10
2 1
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Then
1
<u\v>:/ (7 + 3x + 252)(5 + x2) dx
0

1
— / (35 4 7x* + 15x + 3x> + 10x* + 2x*) dx
0

=35+Li+0 4340412

and
1 3 2\ /5
[ulgAlvle= (7 3 2) (3 % 110
1 1 1 1
3 4 5
5+ 3
5 1
7 3 2 g—f—%
37175
_ 7 15 3 10 2
TRT3T T g T3 TS

So (ulv) = [u]5A[v]B.
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