
Lecture 24: Gram matrices, orthogonality and projections

Definition (Gram matrix.)

Let V be an F-vector space with inner product →, 〉V × V → F.
Let B = {b1, . . . , bn} be a basis of V .
The Gram matrix of →, 〉 with respect to B is the matrix

A =











→b1, b1〉 →b1, b2〉 · · · →b1, bn〉
→b2, b1〉 →b2, b2〉 · · · →b2, bn〉

...
...

→bn, b1〉 →bn, b2〉 · · · →bn, bn〉











In other words, the (i , j) entry of the Gram matrix A of →, 〉 with respect
to the basis B is

Aij = →bi , bj 〉.
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Example IPA2. Let V be a F-vector space with an inner product
→, 〉 : V × V → F. Let B = {b1, . . . , bn} be a basis of V and
let

A be the Gram matrix of →, 〉 with respect to the basis B .

Let u = u1b1 + · · · + unbn ∈ V and let v = v1b1 + · · ·+ vnbn ∈ V so
that

[u]B =







u1
...
un






and [v ]B =







v1
...
vn






.

Then

→u, v〉 = →u1b1 + · · ·+ unbn, v1b1 + · · · + vnbn〉

=
n
∑

i ,j=1

uivj→bi , bj〉 =
n
∑

i ,j=1

uiAijvj

= [u]tBA[v̄ ]B .
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Example IP4. The R-vector space R[x ]!2 has basis B = {1, x , x2}.
Since the standard inner product → | 〉 : R[x ]!2 × R[x ]!2 → R has

→p|q〉 =
∫ 1

0
pq dx

then
→1|1〉 = 1, →1|x〉 = 1

2 , →1|x2〉 = 1
3 ,

→x |1〉 = 1
2 , →x |x〉 = 1

3 , →x |x2〉 = 1
4 ,

→x2|1〉 = 1
3 , →x2|x〉 = 1

4 , →x2|x2〉 = 1
5 ,

then the Gram matrix of → | 〉 with respect fo B is

A =





1 1
2

1
3

1
2

1
3

1
4

1
3

1
4

1
5





If u = 7 + 3x + 2x2 and v = 5 + x2 then

[u]B =





7
3
2



 and [v ]B =





5
0
1



 .
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Then

→u|v〉 =
∫ 1

0
(7 + 3x + 2x2)(5 + x2) dx

=

∫ 1

0
(35 + 7x2 + 15x + 3x3 + 10x2 + 2x4) dx

= 35 + 7
3 + 15

2 + 3
4 +

10
3 + 2

5

and

[u]tBA[v ]B =
(

7 3 2
)





1 1
2

1
3

1
2

1
3

1
4

1
3

1
4

1
5









5
0
1





=
(

7 3 2
)





5 + 1
3

5
2 +

1
4

5
3 +

1
5





= 35 + 7
3 + 15

2 + 3
4 + 10

3 + 2
5 .

So →u|v〉 = [u]tBA[v ]B .
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