
Lecture 21: Inner product spaces

Definition (Inner product)

Let F = R or F = C. Let

: C → C be given by a + bi = a− bi ,
: R → R be given by a = a.

Let V be an F-vector space. An inner product on V is a function

〈, 〉 : V × V → F

(u, v) &→ 〈u, v〉 such that

(1) If u, v ∈ V then 〈u, v〉 = 〈v , u〉,
(2) If u, v ∈ V and α ∈ F then 〈αu, v〉 = α〈u, v〉,
(3) if u, v ,w ∈ V then 〈u + v ,w〉 = 〈u,w〉+ 〈v ,w〉,
(4) (Positive semi-definite) If u ∈ V then 〈u, u〉 ∈ R!0.

(5) (Positive definite) If u ∈ V and 〈u, u〉 = 0 then u = 0.
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Definition (Length, distance, angles.)

Let V be an F-vector space with an inner product.
Length is the function ⇐ ⇐ : V → R!0 given by

⇐u⇐2 = 〈u, u〉.

Distance is the function d : V × V → R!0 given by

d(u, v) = ⇐v − u⇐.

Angle is the function θ : V × V → R[0,π] given by

cos(θ(u, v)) =
Re(〈u, v〉)
⇐u⇐ · ⇐v⇐ .

Vecotrs u, v are orthogonal if 〈u, v〉 = 0.
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Definition (Standard inner products.)

(1)
〈, 〉 : Rn × Rn → R

(u, v) &→ 〈u|v〉 given by

〈u1, u2, . . . , un|v1, v2, . . . , vn〉 = u1v1 + · · ·+ unvn,

(2)
〈, 〉 : Cn × Cn → C

(u, v) &→ 〈u|v〉 given by

〈u1, u2, . . . , un|v1, v2, . . . , vn〉 = u1v1 + · · ·+ unvn,

(3) F[x ]"n × F[x ]"n → F given by

〈a0+a1x + · · ·+ anx
n | c1 + c1x + · · ·+ cnx

n〉

=

∫ 1

0
(a0 + a1x + · · · anxn)(c̄0 + c̄1x + · · ·+ c̄nx

n) dx .
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Example IP5. Let u = |1 + i , 1 = i〉 and v = |i , 1〉 in C2 with the
standard inner product. Then

〈u|v〉 = 〈1 + i , 1− i |i , 1〉 = (1 + i )̄i + (1− i)1̄

= (1− i)(−i) + 1− i = −i + 1 + 1− i = 2− 2i ,

〈v |u〉 = 〈i , 1|1 + i , 1− i〉 = i(1 + i) + 1 · (1− i)

= i(1− i) + 1 + i = i + 1 + 1 + i = 2 + 2i ,

〈u|u〉 = 〈1 + i , 1− i |1 + i , 1− i〉 = (1 + i)(1 + i) + (1− i)(1− i)

= (1 + i)(1− i) + (1− i)(1 + i) = 1 + 1 + 1 + 1 = 4,

〈u|u〉 = 〈i , 1 | i , 1〉 = i · ī + 1 · 1̄ = i(−i) + 1 = 1 + 1 = 2,

d(u, v) =
√

〈1,−i |1,−i〉 =
√

1 · 1̄ + (−i)(−i) =
⇒
1 + 1 =

⇒
2,

cos(θ(u, v)) =
Re(〈u|v〉)
⇐u⇐ · ⇐v⇐ =

Re(2− 2i)

2
⇒
2

=
2

2
⇒
2
=

1⇒
2
,

So θ(u, v) = π
4 .
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Example IP7. Let u = 1 and v = x in R[x ]"2 with the standard inner
product. Then

〈u|u〉 = 〈1|1〉 =
∫ 1

0
dx = x

]1
0
= 1,

〈v |v〉 = 〈x |x〉 =
∫ 1

0
x2 dx = 1

3x
3
]1
0
= 1

3 − 0 = 1
3 ,

〈u|v〉 = 〈1|x〉 =
∫ 1

0
x dx = 1

2x
2
]1
0
= 1

2 − 0 = 1
2 ,

d(u, v) =
√

〈x − 1|x − 1〉 =

√

∫ 1

0
(x − 1)2 dx

=
√

1
3(x − 1)3

]1
0
=

√

0− 1
3 (−1)3 =

√

1
3 = 1√

3
,

cos(θ(u, v)) =
Re(〈u|v〉)
⇐u⇐ · ⇐v⇐

=
1
2

1 · 1√
3

=

⇒
3

2
.

So θ(u, v) = π
6 .
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Example IP2. The map 〈, 〉 : R3 × R3 → R given by

〈(u1, u2, u3), (v1, v2, v3)〉 = u1v1 − u2v2 + u3v3

=
(

v1 v2 v3
)





1 0 0
0 −1 0
0 0 1









u1
u2
u3





has
〈(0, 1, 0), (0, 1, 0)〉 = 0− 1 + 0 = −1 *∈ R!0.

So 〈, 〉 is not positive definite.
Example IP6. The map 〈, 〉 : C2 × C2 → R given by

〈(u1, u2), (v1, v2)〉 = iu1v1 − iu2v2 =
(

v1 v2
)

(

i 0
0 −i

)(

u1
u2

)

has
〈(1, 0), (1, 0)〉 = i · 1 · 1̄− i · 0 · 0̄ = i *∈ R!0.

So 〈, 〉 is not positive definite.
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Example IP3. The map 〈, 〉 : R2 × R2 → R given by

〈(u1, u2), (v1, v2)〉 = 2u1v1 − 2u1v2 − 2u2v1 + u2v2

=
(

v1 v2
)

(

2 −2
−2 3

)(

u1
u2

)

has

〈(u1, u2), (u1, u2)〉 = 2u21 − 2u2u2 − 2u2u1 + 3u22

= 2u21 − 4u1u2 + 3u22

= 2(u21 − 2u1u2 + u22) + u22

= (u1 − u2)
2 + u22 ∈ R!0.

Assume 〈(u1, u2), (u1, u2)〉 = 0.
Then 2(u1 − u2)2 + u02 = 0 then u22 = 0 and (u1 − u2)2 = 0.
So u2 = 0 and u1 = u2 = 0. So (u1, u2) = 0.

So 〈, 〉 is positive definite.
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Example IP1. The map 〈, 〉 : R2 × R2 → R given by

〈(u1, u2), (v1, v2)〉 = u1v1 + 2u2v2 =
(

v1 v2
)

(

1 0
0 2

)(

u1
u2

)

has 〈(u1, u2), (u1, u2)〉 = u21 + 2u22 ∈ R!0.

Assume 〈(u1, u2), (u1, u2)〉 = 0.
Then u21 + 2u02 = 0 so that u21 = 0 and 2u22 = 0.
So (u1, u2) = 0.

So 〈, 〉 is positive definite.
Example IP8. Let V be an F-vector space with an inner product. Let
u, v ∈ V and suppose that u and v are orthogonal. Then

⇐u + v⇐2 = 〈u + v , u + v〉 = 〈u, u + v〉+ 〈v , u + v〉
= 〈u, u〉+ 〈u, v〉+ 〈v , u〉+ 〈v , v〉
= ⇐u⇐2 + 0 + 0 + ⇐v⇐2

= ⇐u⇐2 + ⇐v⇐2.

This is the Pythagorean theorem.
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Example IPA1. Let A ∈ Mn×n(C) satisifying A = Āt and let
〈, 〉 : Cn × Cn → C be given by

〈(u1, . . . , un), (v1, . . . , vn)〉 = (u1, . . . , un)A







v1
...
vn






= utAv̄ ,

If u, v ∈ Cn then

〈v , u〉 = (v tAū) = (ūtAtv)
t
= (utĀt v̄)t

= (utAv̄)t = 〈u, v〉,

and if α ∈ C and u, v ∈ Cn then

〈αu, v〉 = (αu)tAv̄ = αutAv = α〈u, v〉

and, if u, v ,w ∈ Cn then

〈u + v ,w〉 = (u + v)tAw̄ = (ut + v t)Aw̄

= utAw̄ + v tAw̄ = 〈u,w〉+ 〈v ,w〉.

So 〈, 〉 satisfies all the properties of an inner product, except perhaps
the positive definiteness.
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