Lecture 21: Inner product spaces

Definition (Inner product)
Let F =R or F=C. Let

~ :C—C begivenby a-+ bi =a— bi,
R —-R begiven by a=a.

Let V' be an [F-vector space. An inner product on V is a function

(y: VxV — F

Wy = (o such that

(1) If u,v € V then (u,v) = (v, u),

(2) If uyv € V and a € F then (au,v) = a(u, v),

(3) ifu,v,w € V then (u+v,w) = (u,w) + (v, w),
(4) (Positive semi-definite) If u € V then (u, u) € R>p.
(5)

5) (Positive definite) If u € V and (u,u) =0 then u = 0.
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Definition (Length, distance, angles.)

Let V be an [F-vector space with an inner product.
Length is the function || ||: V — Rx¢ given by

|ul? = {u, u).
Distance is the function d: V x V — R>¢ given by
d(u,v) = v — ul|.

Angle is the function 6: V' x V' — Ry ] given by

cos(6(u, v)) = Ti(‘ff’ WH)'

Vecotrs u, v are orthogonal if {(u,v) = 0.
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Definition (Standard inner products.)

(): R'xR" - R
(1) (wv) = (ulv) given by
<U]_, uz, ..., Un|V1, V2,..., Vn> — v + -+ UnVn,
y: C"xC" —» C .
(2) (wv) = (ulv) given by
<U]_,U2,...,Un|V1,V2,...,Vn> :U1V_]_—|—'°'—|—UnV_n,

(3) Flx]<n x Flx]<n = given by
(agp+aix+ -+ apx" | aa +ax+ -+ cpx")

1
— / (ag + a1x + -+ - apx")(Co + C1x + - - - + Tpx") dx.
0
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Example IP5. Let u=|1+i,1=1i) and v = |i,1) in C? with the
standard inner product. Then

(ulv) = (1 + i, 1 —i]i,1) = (14 i)i+ (1 —i)1
=(1-N(-N+1—-i=—i+14+41—-i=2-2j,
(vluy =0, 11+ 1= =i1+i)+1-(1—1)

=i(l—i)+14+i=i4+14+14+i=2+2i,
(uluy =1+, 1—ill+i,1—H=14+N)1+)+(1—=0)1—-1)
=(1+)1-N+1-N1+i)=14+1+1+1=4,
() = (i, 1| i, 1) =i-i+1-1=i(-+1=1+1=2,

d(u,v) = /T =i, =1} = /11 +( —,) Ch=viti=12

Re((ulv))  Re(2 — 2i) 1

o0 = Lol = avs = 35 VE

N

So O(u,v) =

INE
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Example IP7. Let u =1 and v = x in R[x]<2 with the standard inner

product. Then

(@)

1
<u\u>:<1\1>:/0 dx = x|t = 1,
1
<v\v>:<x\x>:/0 X2dX:%X3]é:%—OZ%,

1
(u]v) = <1|x>=/ xde =1 =1_0=1

d(u,v)=+/{x—1x —1) = \// x —1)% dx
—\/ x —1)3 \/0—%(—1)3:\@:%,

Re({uv)) % V3
[l vl ~ 1L 2

cos(f(u,v)) =

So O(u,v)=1%
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Example IP2. The map (,): R3 x R® — R given by

<(U1, uz, U3), (V17 V2, V3)> = U1Vv1 — U2Vo + U3Vv3

1 0 0 uq
:(Vl Vo V3) 0 —1 0 u»
0 0 1 us

has
((0,1,0),(0,1,0)) =0—-1+0= -1 & Ry.

So (,) is not positive definite.
Example IP6. The map (,): C? x C?2 — R given by

—iwvi—iwva= (i ) (L0 (™"
(o, ee)y (vn.v) = it — iz = (1 ) (o %) (&)
has

((1,0),(1,0)) =i-1-1—i-0-0=i ¢ Rxp.

So (,) is not positive definite.
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Example IP3. The map (,): R? x R? — R given by

<(U1, U2), (Vl, V2)> = 2u1vy — 2u1vo — 2Uh vy + U o

=t (5 ) ()

((ur, ), (U1, un)) = 2u? — 2upup — 2upuy + 3u5
= 2u? — 4uyup + 3u3
= 2(uf — 2uruo + U3) + U3

= (U1 — t)? + u5 € Rxo.

has

Assume ((u1, up), (u1, uz)) = 0.

Then 2(u; — up)? + u8 = 0 then u5 = 0 and (u; — up)? = 0.
So Up = 0 and uip = Uy = 0. So (Ul,UQ) = 0.

So (,) is positive definite.
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Example IP1. The map (,): R? x R? — R given by

(11, u2), (v1, v2)) = vy + 2upv2 = (v Vo) ((1) g) <U1>

uz

has ((u1, up), (U1, u2)) = u? + 2u5 € Ry

Assume ((u1, u2), (u1,u2)) = 0.
Then u? +2ud = 0 so that uf = 0 and 2u5 = 0.
So (Ul, U2) = 0.

So (,) is positive definite.
Example IP8. Let V be an F-vector space with an inner product. Let
u,v € V and suppose that v and v are orthogonal. Then

lut vl = (u+v,u+v)={uu+v)+(v,u+v)
= (u,u) +(u,v) +(v,u) + (v, v)
= [[u]® +0+ 0+ |v|?

2 2
= [[ul]= +1[vI]*.

This is the Pythagorean theorem.
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Example IPAL. Let A € M,y ,(C) satisifying A = A? and let
(,): C"x C" — C be given by

Vi
(uty. .. up), (viy.ooyvn)) = (U1, ..., up)A |+ | = utAv,
Vi
If u,v € C" then
(v, u) = (ViAD) = (GtATV) = (utAD)!
= (u*AV)" = (u, v),
and if « € C and u,v € C" then

(au,v) = (au)'AV = autAv = a(u, v)
and, if u,v,w € C" then
(u+v,w) = (u+v)'Aw = (u* + vH)Aw
= u'Aw + v AW = (u, w) + (v, w).

So (,) satisfies all the properties of an inner product, except perhaps

the positive definiteness.
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