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2 Examples and exercises

2.1 Matrix operations: Examples and exercises

2.1.1 Matrix addition

1. (addition of matrices is componentwise, entry by entry)




3 6 2 1
0 7 →9 5
1 3.2 5 →1



+




1 2 3 4
5 6 7 8
→5 →2 i

↑
2 0



 =




3 + 1 2 + 6 2 + 3 1 + 4
0 + 5 7 + 6 7→ 9 5 + 8
1→ 5 3.2→ 2 5 + i

↑
2 →1 + 0





=




4 8 5 5
5 13 →2 13
→4 1.2 5 + i

↑
2 →1





2. (addition of matrices of di!erent sizes is not defined)




3 6 2 1
0 7 →9 5
1 3.2 5 →1



+





1 2 3 4
5 6 7 8
→5 →2 i

↑
2 0

→1 →2 →3 →4



 is not defined.

3. (The meaning of the 0 matrix)

0 +





2 3
6 7
→2 i

↑
2

→4.1 →3



 =





0 0
0 0
0 0
0 0



+





2 3
6 7
→2 i

↑
2

→4.1 →3



 =





2 3
6 7
→2 i

↑
2

→4.1 →3





4. (the meaning of →A)

→




3 6 2 1
0 7 →9 5
1 3.2 5 →1



+




3 6 2 1
0 7 →9 5
1 3.2 5 →1



 =




→3 →6 →2 →1
0 →7 9 →5
→1 →3.2 →5 1



+




3 6 2 1
0 7 →9 5
1 3.2 5 →1





=




0 0 0 0
0 0 0 0
0 0 0 0



 = 0.

2.1.2 Scalar multiplication for matrices

1. (scalar multiplication by c multiplies each entry by c)

2i ·




1 2 3 4
5 6 7 8
→5 3.2 i

↑
2 0



 =




2i · 1 2i · 2 2i · 3 2i · 4
2i · 5 2i · 6 2i · 7 2i · 2

2i · (→5) 2i · 3.2 2i · i
↑
2 2i · 0





=




2i 4i 6i 8i
10i 12i 14i 4i
→10i 6.4i →2

↑
2 0




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2.1.3 Products of matrices

1. (a 1↓ 4 matrix multiplied by a 4↓ 1 matrix is a 1↓ 1 matrix)

(
4 2 6 3

)
·





→1
2
0

→2i



 = (4 · (→1) + 2 · 2 + 6 · 0 + 3 · (→2i)) = (→4 + 4 + 0→ 6i) = (→6i).

2. (multiplication is not defined unless the number of columns of the first matrix is the same as
the number of rows of the second matrix)

(
4 2 6 3

)
·
(
→1 2 0 →2i

)
is not defined.

3. (the inner product of two vectors)

↔(4, 2, 6,3)t, (→1, 2, 0,→2i)t↗ =
(
4 2 6 3

)





→1
2
0

→2i





= (4 · (→1) + 2 · 2 + 6 · 0 + 3 · (→2i)) = (→4 + 4 + 0→ 6i) = (→6i).

4. Using that i2 = →1,

(
4 2 6 3
1 2 →3 2i

)
·





→1 0 1
2 0 1
0 0 1

→2i 0 1





=

(
4 · (→1) + 2 · 2 + 6 · 0 + 3 · (→2i) 4 · 0 + 2 · 0 + 6 · 0 + 3 · 0 4 · 1 + 2 · 1 + 6 · 1 + 3 · 1

1 · (→1) + 2 · 2 + (→3) · 0 + 2i · (→2i) 1 · 0 + 2 · 0 + (→3) · 0 + 2i · 0 1 · 1 + 2 · 1 + (→3) · 1 + 2i · 1

)

=

(
→6i 0 15
7 0 2i

)

5. Using i2 = →1,




→1 2 0 →2i
0 0 0 0
1 1 1 1









4 1
2 2
6 →3
3 2i



 =




→1 · 4 + 2 · 2 + 0 · 6→ 2i · 3 →1 · 1 + 2 · 2 + 0 · (→3)→ 2i · 2i
0 · 4 + 0 · 2 + 0 · 6 + 0 · 3 0 · 1 + 0 · 2 + 0 · (→3) + 0 · 2i
1 · 4 + 1 · 2 + 1 · 6 + 1 · 3 1 · 1 + 1 · 2 + 1 · (→3) + 1 · 2i





=




→6i 7
0 0
15 2i





6. (the identity matrix 1)
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1 ·




→1 2 0 →2i
0 0 0 0
1 1 1 1



 =




1 0 0
0 1 0
0 0 1








→1 2 0 →2i
0 0 0 0
1 1 1 1



 =




→1 2 0 →2i
0 0 0 0
1 1 1 1





and




→1 2 0 →2i
0 0 0 0
1 1 1 1



 · 1 =




→1 2 0 →2i
0 0 0 0
1 1 1 1









1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1



 =




→1 2 0 →2i
0 0 0 0
1 1 1 1





7. (the inverse of the 5↓ 5 matrix y3(c))





1 0 0 0 0
0 1 0 0 0
0 0 c 1 0
0 0 1 0 0
0 0 0 0 1









1 0 0 0 0
0 1 0 0 0
0 0 0 1 0
0 0 1 →c 0
0 0 0 0 1




=





1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1




= 1

and




1 0 0 0 0
0 1 0 0 0
0 0 0 1 0
0 0 1 →c 0
0 0 0 0 1









1 0 0 0 0
0 1 0 0 0
0 0 c 1 0
0 0 1 0 0
0 0 0 0 1




=





1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1




= 1.

8. (the inverse of a diagonal matrix)





4 0 0 0 0
0 1

2 0 0 0
0 0 7

8 0 0
0 0 0 1 0
0 0 0 0 5









1
4 0 0 0 0
0 2 0 0 0
0 0 8

7 0 0
0 0 0 1 0
0 0 0 0 1

5




=





1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1




= 1

and




1
4 0 0 0 0
0 2 0 0 0
0 0 8

7 0 0
0 0 0 1 0
0 0 0 0 1

5









4 0 0 0 0
0 1

2 0 0 0
0 0 7

8 0 0
0 0 0 1 0
0 0 0 0 5




=





1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1




= 1,

verifying that d(1, 12 ,
7
8 , 1, 5)d(

1
4 , 2,

8
7 , 1,

1
5) = 1 and d(14 , 2,

8
7 , 1,

1
5)d(1,

1
2 ,

7
8 , 1, 5) = 1

9. (the inverse of the 5↓ 5 matrix x14(7))
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



1 0 0 7 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1









1 0 0 →7 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1




=





1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1




= 1

and




1 0 0 →7 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1









1 0 0 7 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1




=





1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1




= 1,

verifying that x14(7)x14(→7) = 1 and x14(→7) = x14(7) = 1.

10. (the inverse of the 6↓ 6 matrix s25)





1 0 0 0 0 0
0 0 0 0 1 0
0 0 1 0 0 0
0 0 0 1 0 0
0 1 0 0 0 0
0 0 0 0 0 1









1 0 0 0 0 0
0 0 0 0 1 0
0 0 1 0 0 0
0 0 0 1 0 0
0 1 0 0 0 0
0 0 0 0 0 1




=





1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1




= 1,

verifying that s225 = 1.

2.1.4 Exercise: Direct sum of matrices

Let A1 ↘ Mn1(F) and let A2 ↘ Mn2(F). The direct sum of A1 and A2 is the matrix A1≃A2 ↘ Mn1+n2(F)
given by

(A1 ≃A2)(i, j) =






A1(i, j), if i, j ↘ {1, . . . , n1},
A2(i→ n1, j → n1), if i, j ↘ {n1 + 1, . . . , n1 + n2},
0, otherwise.

In tabular form,

A1 ≃A2 =

(
A1 0
0 A2

)
.

Let A1, B1 ↘ Mn1(F) and let A2, B2 ↘ Mn2(F). Show that

(A1 ≃A2) + (B1 ≃B2) = (A1 +B1)≃ (A2 +B2) and

(A1 ≃A2)(B1 ≃B2) = (A1B1)≃ (A2B2).

In tabular form,
(

A1 0
0 A2

)
+

(
B1 0
0 B2

)
=

(
A1 +B1 0

0 A2 +B2

)
and

(
A1 0
0 A2

)(
B1 0
0 B2

)
=

(
A1B1 0
0 A2B2

)
.
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