Linear algebra notes, Arun Ram January 1, 2026

2 Examples and exercises

2.1 Matrix operations: Examples and exercises

2.1.1 Matrix addition

1. (addition of matrices is componentwise, entry by entry)

3 6 2 1 1 2 3 4 3+1 246 2+3 1+4
o 7 -9 S5 |+|5 6 7 8)l=(0+5 T7+6 7T—9 5+8
1 32 5 -1 -5 =2 W2 0 1-5 32-2 5+iv2 —1+0
4 8 ) 5
=5 13 —2 13

—4 1.2 54+iV2 -1

3 6 2 1
o 7 -9 5 + _55 _62 \7/5 g is not defined.
1 32 5 -1 !

3. (The meaning of the 0 matrix)

2 3 0 0 2 3 2 3
on| 6 T |_fool |6 T |_|6 7
-2 W2 |0 0 -2 W2 | -2 V2
—4.1 -3 0 0 —4.1 -3 —4.1 =3
4. (the meaning of —A)
3 6 2 1 3 6 2 1 -3 -6 -2 -1 3 6 2
-0 7 -9 5|+|0 7 -9 5 |=(0 -7 9 —S5|+[|0 7T -9
1 32 5 -1 1 32 5 -1 -1 =32 -5 1 1 32 5

2.1.2 Scalar multiplication for matrices

1. (scalar multiplication by ¢ multiplies each entry by ¢)

1 2 3 4 2-1  2-2  2-3 2i-4
2i-(5 6 7 8= 25 26 27 22
-5 32 iv2 0 2i-(=5) 2i-3.2 2i-iv2 2i-0

20 4 6i 8

= | 100 120 14i 4

—10i 6.4i —2v2 0
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2.1.3 Products of matrices

1. (a 1 x 4 matrix multiplied by a 4 x 1 matrix is a 1 x 1 matrix)

-1
2
0

-2

(4 2 6 3)- =@ (-1)+2-24+6-0+3-(=2i)) = (—4+4+0—6i) = (—6i).

2. (multiplication is not defined unless the number of columns of the first matrix is the same as
the number of rows of the second matrix)

(4 2 6 3)-(-1 2 0 —2i) is not defined.

3. (the inner product of two vectors)

-1
2
0

—21

=4 (=1)+2-246-0+43-(—2i)) = (—4+4+0—6i) = (—60).

((4,2,6,3)",(~1,2,0,-2i)") = (4 2 6 3)

4. Using that i® = —1,

-1 01
42 6 3 2 0 1
(12—321)' 0 01

-2 0 1
(4 (-1)+2-2+46-0+3-(—20) 4.042:046-0+3-0 4-142-1+6-1+43-1
_(1-(—1)+2.2+(—3)-0+2z‘~(—2i) 1-0+2-0+(=3)-0+2i-0 1-14+2-1+(-3)-1+2i

_(—6i 0 15
N7 0 2

5. Using i? = —1,

1 2 0 -2 ;1 ; —14+42-240:6-2i-3 —1-1+2-240-(-3)—2i-2i
000 0 ||s S|={04+0-2406+0-3 0-1+0-240-(=3)+0-2i
N N 2 P 1-441-241-6+1-3  1-14+1-2+41-(=3)+1-2

—6i 7

= 0o o

15 2i

6. (the identity matrix 1)
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and
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7. (the inverse of the 5 x 5 matrix y3(c))

and

100 00
01000
001 0 0]=1.
0 010
0 0 01

100 00
01000
0
0

0 0 ¢c 10
001 00
0 0 0 01

I

0
0
0
0
1
8. (the inverse of a diagonal matrix)

0
0
1
0

0
1
0
0
0

1
0
0
0
0

)1

o O

o O

(el

0 010O0
0 00T1PO0
0 00 01

— O

i
i

S O O O —ho

S O O

0

S O wo-O

o N O O

0 0 0

=IO O O

[

o O O O

S O O

O O~

O —HNO O

0 0 005

O O O
N~

and

jl,

S

— O

S O

o O

10 000
01000
001 0O

o O

S O O O W
oS O O —H O
S Ol O
O —=HNO O O

O O o O
N~

— -~
O O O O —hn

S o o —H O
S O wo-O O
S N O O O

)

o O O
(\

verifying that d(1

9. (the inverse of the 5 x 5 matrix x14(7))

48



Linear algebra notes, Arun Ram January 1, 2026

1 0 0 7 0 1 00 -7 0 1 0 0 0 O
01 0 00 01 0 0 O 01 0 00
0O 01 0O 001 0 O0l=]001°0O0=1
0 00 10 00 0 1 O 0O 0010
0 00 01 000 0 1 0 00 01
and
1 00 =70 1 0 0 7 0 1 0 0 0 O
01 0 0 O 01 0 0 0 01 0 00
001 0 O 001 O0O0]=]00100|=1,
000 1 0 00 010 00 0 10
00 0 0 1 00 001 00 001
verifying that x14(7)z14(=7) = 1 and x14(—7) = 214(7) = 1.
10. (the inverse of the 6 x 6 matrix so5)
1 0 00 0O 1 0 00 0O 1 0 00 0O
0 00O0O0OT1UDO 0 0O0O0O0O 10O 01 0 000
0O 01 00O 00100O0F (O0O0T1TO0O0O0] 1
0O 0O1 00O 000100l JOOOTZ1TOTO| 7
01 00 00O 01 0 0 00O 0 0O0O0O 10O
0O 000 O0°1 0O 00 0O0°1 0O 00 0O01

verifying that s3; = 1.

2.1.4 Exercise: Direct sum of matrices

Let Ay € M,,(F) and let Ay € M, (F). The direct sum of A; and As is the matrix A1® A2 € My, 1n,(F)
given by

Al(i,j), le,j E{l,...,nl},
(A1 © A2)(4,j) = § Ao(i —na, j —ma1), ifd,j€{n1+1,...,n1+na},
0, otherwise.

In tabular form,

A | O
wea= ()

Let Ay, By € My, (F) and let Ag, By € M, (F). Show that

(A1 & A2) + (B1 @ B2) = (A1 + B1) @ (A2 + B2) and
(A1 @ A2)(B1 @ Ba) = (A1B1) @ (A2Bs).

Al‘ 0 X Bl‘ 0 . Al—l—Bl‘ 0 and
0 | 4 0By /) 0 |42+ B,

| A
A |0 Bi| 0\ (AB]| 0
0 | A 0|B) \ 0 |ABy )’
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In tabular form,




