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1 Definitions and results

1.1 Matrices and operations: Definitions and results
1.1.1 Matrices
Let F be a field. Let m,n € Z~y.

e An m X n matrix with entries in [F is a table of elements of F with m rows and n columns. More
precisely, an m X n matrix with entries in F is a function

A:{1,....m} x{1,...,n} — F.
o A column vector of length n is an n x 1 matrix.
e A row vector of length n is an 1 X n matrix.

e The (i,j) entry of a matriz A is the element A(4,7) in row ¢ and column j of A.

A(1,1) A(1,2) -+ A(l,m)
B A(2,1) A(2,2) --- A(2,m)
A(ﬁ, 1) A(n,2) --- A(n., m)

Let
M, 5n(F) denote the set of m x n matrices with entries in F.

1.1.2 Addition and scalar multiplication
Let m,n € Z~y.

e The sum of m x n matrices A and B is the m x n matrix A + B given by
(A+ B)(i,5) = A(i,j) + B(i,7), forie{l,...,m}and j € {1,...,n}.

e The scalar multiplication of an element ¢ € F with an m x n matrix A is the m x n matrix ¢- A
given by
(c-A)(i,7) =c- A1, ), forie {l,...,m}and j € {1,...,n}.

The zero matriz is the m x n matrix 0 € M, «,(F) given by
0(i,7) =0, forie {l,...,m}and j € {1,...,n}.
The negative of a matrix A € M, x,(IF) is the matrix —A € My, «,(F) given by
(—A)(i,5) = —A(i,7), forie {l,...,m}and j € {1,...,n}.
Proposition 1.1. Let m,n € Z=qg and let My, xn(F) be the set of m x n matrices with entries in F.
(a) If A,B,C € Mp,xn(F) then A+ (B+C)=(A+ B)+C.
(b) If A, B € My,«xn(F) then A+ B= B+ A.
(c) If A€ Myxn(F) then0+ A=A and A+0=A.
(d) If A € Mp,xn(F) then (—A)+A=0 and A+ (—A)=0.
(e) If A € Mpyxn(F) and c1,co € F then c1 - (ca - A) = (c1c2) - A.
(f) If A € Mpxn(F) and 1 € I is the identity in F then 1- A = A.
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1.1.3 Multiplication

e The product of an m x n matrix A and an n X p matrix B is the m X p matrix AB given by

(AB)(i. k) = 3 A(i, 5)B(, k)
j=1
= A(i,1)B(1,k) + A(i,2)B(2,k) + - - - + A(i,n)B(n, k),

forie {1,...,m}and k € {1,...,p}.

5y = {1, if i = j,

The Kronecker delta is given by

0, otherwise.

The identity matriz is the n x n matrix 1 € M,,x,(F) given by
1(i, j) = dij, forie{l,...,m}and j € {1,...,n}.

Proposition 1.2. Let n € Z~o and let M, (F) be the set of n x n matrices in F.
(a) If A,B,C € M,(F) then A+ (B+C)=(A+B)+C.

(b) If A, B € M,(F) then A+ B = B + A.

(c) If Ae M,(F) then 0+ A=A and A+0=A.

(d) If A € M, (F) then (—A)+A=0 and A+ (—A) =0.

(e) If A,B,C € M, (F) then A(BC) = (AB)C.

(f) If A,B,C € M,(F) then (A+ B)C = AC + BC and C(A+ B) =CA+ CB.
(9) If A € M, (F) then 1A= A and Al = A.

1.1.4 Singlun matrices L;;
For k€ {1,...,m} and £ € {1,...,n} let Eyy € Mp,»n(F) be the matrix given by

1, ifi=kandj=2¢

Ere(i, j) =
(i) {0, otherwise,

so that Eje has a 1 in the (k,¢) entry and all other entries 0.

Proposition 1.3. Let m,n € Z~q, let My, xn(F) be the set of m x n matrices with entries in F. Then

(a) (span) My un(F) =S Y > ¢;jEij | cij € F

i=1 j=1

(b) (linear independence) If ¢11,...,Cmn € F and

ZZCUEU:O then ifke{l,....m} and ¢ € {1,...,n} then cx = 0.
i=1 j=1
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1.1.5 Matrix transpose

The transpose of an m x n matrix A is the n x m matrix A? given by
Al(i, 5) = A(j,1), forie{l,...,n}and j € {1,...,m}.

Proposition 1.4. Let m,n € Zsq, let Mpyxn(F) be the set of m x n matrices with entries in F, and
let M, (IF) be the set of n x n matrices in F.
(a) If A, B € My,xn(F) then (A+ B)t = A + B,
(b) If A € Myxn(F) and c € F then (c- A)t =c- A,
(c) If A, B € M,(F) then (AB)! = B'A.
(d) If A € M,(F) then (A")! = A.



