Lecture 16: With respect to a basis

Even in an arbitrary vector space, vectors and linear transformations can
be converted to matrices, provided that the corresponding column
vectors and matrices are constructed with respect to a basis.

Definition (Basis)

Let V be an F-vector space. A basisof Visaset S ={bi,by,...,b,}
such that every vector in V' is a unique linear combination of by, ..., b,.

Definition (Coordinates)

Let B ={by,...,b,} be an ordered basis for an [F-vector space V and
let v € V. The coordinate vector of v with respect to B is [v]g € F"
given by
1
[V]B = if v=cby+- -+ c,b,.

Cn
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Example V33. The coordinate vector of v = (1,5) with respect to the
basis S = {(1,0),(0,1)} of R? is

[v]ls = (;) since (1,5)=1-(1,0)+5-(0.1).

The coordinate vector of v = (1,5) with respect to the basis
B ={(2,1),(—1,1)} of R? is

lvlg = <§) since (1,5)=2-(2,1)+3-(-1.1).

Example VV34. The coordinate vector of p = 2 4+ 7x — 9x? with respect
to the basis B = {2, 5x, —3x?} of Q[x]<2 is

1
ple = | 14 since 24 7x — 9x° :1-2+14-(%x)+3-(—3x2).
3
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Let f: V — W be an F-linear transformation. Let B = {by,...,bs} be
a basis of V and let C = {cy,c5,...,c:} be a basis of W. Suppose that

f(bl) = Aq1c1 + Axyico + - - + Apich,
f(by) = A1pc1 + Axpco + - - - + Apcp,

f(bn) = A1n€1 + Aspco + - - + Appcp,
The matrix of f with respect to bases B and C is the matrix

(All A -+ Aln\
Ax; A -+ Aoy
flees = | . . |

\Amt Az - Am)
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Definition (Change of basis matrix)

Let V be and FF-vector space. Let B = {b1,...,b,} be a basis of V
and let C = {cy,...,c,} be another basis of V. Let

b; = Aj1c1 + Axico + - - - 4 Apicp,
by = Ajpc; + AppCo + -+ - + Appcy,

b, = Aipc1 + Azpco + - - - + ApncCa,

The change of basis matrix from B to C is

Air A - Aig
0 (Azl Ay --- A2n\
ceB=| . . .

\Ant A An

The change of basis matrix is the matrix of the identity transformation
| with respect to the basis B and C.
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Let T: U— V and f: V — W be linear transformations. Let
B be a basis of U, C a basisof V. D a basis of W.

Then
[f o Tlps = [flpc|[T]ca-
Let T: V — W be a linear transformation.

S be a basis of V. C be a basis of W,
B be another basis of V/, D be another basis of W.

Then

[/IoclTlcellles = [T]lps and [l]sg[l]ss = [l]ss = 1.

This last equation tells us that [/]sg is invertible. Since invertible
matrices must be square then B and S have the same number of
elements.

Let V' be an F-vector space. Any two bases of V' have the same
number of elements.
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Example LT2&14. The derivative with respect to x is the linear
transformation T: R[x]<3 — R[x]<> given by

T(ao + a1X + 32X2 -+ a3x3) = a1 + 2arx + 333X2.

Since
T(1) = T(1 + 0x 4+ 0x? + 0x>) = 0 + Ox + 0x?,
T(x) = T(0+ 1x + 0x* + 0x>) = 1 4 0x + 0x,
T(x?) = T(04 0x + 1x* + 0x°) = 0 + 2x + 0x?,
T(x®) = T(0 + 0x + 0x® + 1x) = 0 + Ox + 3x°,

then the matrix of T with respect to the basis S = {1, x, x?, x3} of
R[x]<3 and the basis B = {1, x, x?} of R[x]<5 is

0

0
[T]legs= |0 0
0 3

o o
o N O
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Then

ker(T) = {p € R[x]<s | T(p) =0}

3| a1+ 2axx + 3azx? }

B 2
_{ao+alx+32>< T a3X = 0 + 0x + 0x? + 0x3

— {ao—|—alx+32x2+a3x3 | a1 =0 and a, =0 and a3 = 0}
= {ap + Ox + 0x® + 0x° | ag € R}
= {ag | ap € R} = R-span{1}

and

im(T) ={T(p) | p € Rlx]<3}
= {T(ag + a1x + arx? + 83X3) | a0, a1, a2, a3 € R}

— {al + 2arx + 333X2 \ di,dz, a3 € R} — R[Xk%
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Example LT4. Let T: R3 — R? be the function given by

0 1 -2 f
3 0 1 2

T(x1,x2,x3) = |x0 — 2x3,3x1 + X3) = (
X3

With respect to the basis S = {|1,0,0),]0,1,0),]0,0,1)} of R3 and the
basis B = {|1,0),|0,1)} of R? the matrix of T is

= (01 7).
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Example LT11. Let T: May2(R) — Moy >(R) be the linear
transformation given by

Find the matrix of T with respect to the basis B = {Ej1, E12, Ep1, Exn },
where Ej; is the matrix with 1 in the (/,) entry and 0O elsewhere.

Since

then the matrix of T with respect to the basis B = {Ei1, E12, E>1, Exn}
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T(Q) = Q.

1=1-E11+0-
Ey =0-E11+0-
Fio=0-E1+1-
»=0-E11+0-
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Example LT12. Let T: R[x]<2 — R[x]<1 be the linear transformation

given by

T(a() + a1xX + 32X2) = (ao + 82) -+ apX.

Find the matrix of T with respect to the basis B = {1, x, x*} of

R[x]<2 and the basis C = {1, x} of R[x]«1.

Find the matrix of T with respect to the basis B = {1, x, x?} of

R[x]<2 and the basis D = {2,3x} of R|[x]«;.
let by =1, bh=x, b3=x*and ¢ =2, o =3xand d; = 1, d» = x.

Since
T(1)=1+
T(x)=20

T(x*)=1
then

=1-14+1-x
=0-1+0-x
=1-140-x

T(bl):].-dl—l—].-dz,
T(bg) =0-di+0-d, and
T(b3) =1-dy +0- db,

T % ) (3X)7

2
240 (3x),
2

+ 0 - (3x),

1C1 —+ 1C2,

0- C1—|—O Co,
% c1+0- o,
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and
(1 0 1 (3 0 2

Example LT13. Suppose that T: R3 — R? is a linear transformation
and that the matrix of T with respect to

the basis A = {|1,0,0),0,1,0),]0,0,1)} of R> and

the basis S = {|1,0),]0,1)} of R? is

[T]sa = (? é _02) -

Find the matrix of T with respect to
the basis B = {|1,1,0),|1,—1,0), |1, —1,—2)} of R3 and
the basis C = {|1,1),]1, —1)} of R2.
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