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2.2 Invertible matrices and normal form
2.2.1 Invertible matrices

A matrix P € M, (F) is invertible if there exists a matrix P~! € M,,(F) such that
PP =1 and P 'P=1
The general linear group is
GL,(F) ={P € M,(F) | P is invertible}.
Proposition 2.5. If P,Q € GL,(F) then

(PQ)'=Q'P L

2.2.2 Normal form

Let t,s € Zs¢ and let E;; € My s(F) denote the matrix with 1 in entry (¢,j) and O elsewhere, For
r € {l,...,min(s,t)} let

1, € Myxs(F) be given by 1, =FEy1+-+ E,. (1rdefn)

For example,

1y = in Mryx15(Q).
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The row reduction algorithm, or greedy normal form algorithm, (see Section 777) proves the
following normal form theorem. There are more detailed statements of the output of the greedy
normal form algorithm, but the following is what is needed to compute solutions of systems of linear
equations.

Theorem 2.6. Let s,t € Zxo and let E;; denote the t x s matriz with 1 in the (i,j) entry and 0O
elsewhere.

Let A € Myxs(F). Then there exist
r € {1,...,min(s,t)}, P e GL(FF), Q € GL4(F)
such that A= P1.Q, where 1, = FE11 + -+ Epp.

2.2.3 Orbit representatives for GL;(F) and GL4(F) acting on M;,s(F)

Let s,t € Zo. A left orbit representative of Myxs(F) is R € My s(F) such that
there exist € {0,1,... ,min(s,¢)} and 1 < j; < --- < j, < s with
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(a) If j € {1,...,r} then

R(L]Z) = 07
R(2,j;) =0,
R(i,1) =0, R(:,2)=0, ... R(i,j;—1)=0, R(i,j;) = 1,
(b) Ifi e {r+1,...,t} then R(i,1) =0,R(:,2) =0,...,R(i,s) = 0.
For example,
001 83 091340 2¢6 0 5
00 0O0O0OT15 22804107
00 0O0O0OO0OO0OO0OO0OOT1O®6 305
R=]100O0O0O0OOOOOOOOT114
000 O0O0OO0OO0OOOOOO®O0OTQO0O0
000 O0O0OO0OO0OOSOSOOOTO0OTZ 0O
000 0O0OO0OO0OO0OOOSOOTO0OTQO0O0

is a left orbit representative in Mry15(Q). In this example, t = 7, s = 15, r = 4 and i1 = 3, is = 6,
i3 = 11, iy = 14.

Theorem 2.7. Let t,s € Z~o. Let € be the set of left orbit representatives of Myys(F). For r €
{1,...,min(¢,s)} let

let 1, € Myys(IF) be given by 1, =FEn+-+ Epp,

where E;j has 1 in the (i, j) entry and 0 elsewhere. Let 19 = 0 in My s(F). Then

min(t,s)
Myo(F) = | | GL(F)- R and  Mys(F)= | | GL(F)1,GL(F),
Re& r=0

where

GLy(F)R = {PR € My(F) | P € GL,(F)}  and
GLy(F)1,GLy(F) = {P1,Q € Myxs(F) | P € GLy(F),Q € GLy(F)}.
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