Chapter 1. GROUPS AND GROUP ACTIONS

§1P. Groups

(1.1.3) Proposition. Let G be a group and let H be a subgroup of G. Then the cosets of H in G partition
G.

Proof.
To show: a) If g € G then g € g'H for some ¢’ € G.
b) f s HNgoH # () then g1 H = g2 H.
a) Let g € G.
Then g=g-1€ gH since 1 € H.
SogegH.
b) Assume g1 HNgoH # 0.
To show: ba) g1H C g2 H.
bb) g.H C g1 H.
Let k€ gstHNgaH.
Suppose k = g1hy and k = gaho, where hy,hs € H.
Then

g1 = g1hih7t = khy' = gahohT!, and
g2 = gahahy ' = khy ' = gihihy t.
ba) Let g € g1 H.

Then g = g1 h for some h € H.
Then

g = glh = gzhzhflh S ng,

since hoh; 'h € H.
So g1H C g-H.
bb) Let g € goH.
Then g = goh for some h € H.
So

g = QQh = glhlhglh S ng

since hihy 'h € H.
So goH C g1 H.
So g1H = g2 H.
So the cosets of H in G partition G. O

(1.1.4) Proposition. Let G be a group and let H be a subgroup of G. Then for any ¢1, 92 € G,
Card(g1 H) = Card(g2H).

Proof.
To show: There is a bijection from g1 H to g H.
Define a map ¢ by

p: qnH — goH
T — gzgl_la:.

To show: a) ¢ is well defined.



b) ¢ is a bijection.
a) To show: aa) If z € g1 H then p(z) € goH.
ab) If z = y then ¢(z) = p(y).
aa) Assume z € g1 H.
Then z = g1 h for some h € H.
So ¢(z) = g2g7 'g1h = g2h € g2 H.
ab) This is clear from the definition of .
So ¢ is well defined.

b) By virtue of Theorem 2.2.3, Part I, we want to construct an inverse map for ¢. Define

v goH — QII'{
Yy = 9195 Y-

HW: Show (exactly as in a) above) that 1 is well defined.
Then,

P(p(@) = 9195 'o(@) = 9195 ' 9291 'z =z, and
e(W(¥)) = 9297 0(y) = 9297 9195 'y = v

So 4 is an inverse function to ¢.
So ¢ is a bijection. O

(1.1.5) Corollary. Let H be a subgroup of a group G. Then
Card(G) = Card(G/H) Card(H).

Proof.
By Proposition 1.1.4, all cosets in G/H are the same size as H.
Since the cosets of H partition G, the cosets are disjoint subsets of G,
and G is a union of these subsets.
So G is a union of Card(G/H) disjoint subsets all of which have size Card(H). O

(1.1.8) Proposition. Let N be a subgroup of G. N is a normal subgroup of G if and only if G/N with the
operation given by (aN)(bN) = abN is a group.

Proof.
—>: Assume N is a normal subgroup of G.
To show: a) (aN)(bN) = (abN) is a well defined operation on (G/N).
b) N is the identity element of G/N.
c) g~ !N is the inverse of gN.

a) We want the operation on G/N given by

G/N xG/N — G/N
(aN,bN) +— abN

to be well defined.
To show: If (a3 N,byN), (a2 N,b2N) € G/N x G/N and (a1 N,b;N) = (a2 N, by, N)
then CllblN = azng.
Let (a1 N,b1N), (a2 N,baN) € (G/N x G/N) such that (a1 N,b1N) = (a2 N, by N).
Then a1 N = asN and by N = by N.
To show: aa) a;by N C asbaN.
ab) angN g alblN.

aa) We know a; = a3 - 1 € aaN since a1 N = aaN.
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So a1 = asny for some ny € N.
Similary, by = bango for some ns € N.
Let k € a1b1N.

Then k = a1b1n for some n € N. So

k= albln
= agnlbgngn

= a2b2b2_1n1b2n2n.

Since N is normal, b;lnlbg € N, and therefore (b;lnlbz)mn e N.
So k = a2b2(b51n1b2)n2n € asby N.
So a1y N C asbsN.
ab) Since a1 N = aa N, we know a1n; = ay for some ny € N.
Since by N = by N, we know byjns = bs for some ny € N.
Let k € asbyN.
Then k& = asban for some n € N. So

k= a2b2n
= a1n1b1n2n

= alblbflnlblngn.

Since N is normal bflnlbl € N, and therefore (bflnlbl)nzn € N.
So k= albl(bflnlbl)mn € ab)N.
So asba N C ai1by N.

So (a1b1)N = (a2b2)N.

So the operation is well defined.

b) The coset N = 1N is the identity since

(N)(gN) = (1g9)N
gN

(91)N
(gN)(NV),

for all g € G.

c¢) Given any coset gN its inverse is g~' N since

(gN)(g'N) = (99" " )N

So G/N is a group.

<=: Assume (G/N) is a group with operation (aN)(bN) = abN.
To show: If g € G and n € N then gng—! € N.
First we show: If n € N then nN = N.
Assume n € N.
To show: a) nN C N.
b) N CnN.

a) Let z € nN.



Then x = nm for some m € N.
Since N is a subgroup, nm € N.
Sox € N.

SonN CN.

b) Assume m € N.
Then, since N is a subgroup, m = nn~"'m € nN.
So N CnN.
Now let g € G and n € N.
Then, by definition of the operation,

gng 'N = (gN)(nN)(g 'N)

= (gN)(N)(g'N)
=glg N
= N.

Sogng~t € N.
So N is a normal subgroup of G. O

(1.1.11) Proposition. Let f:G — H be a group homomorphism. Let 1g and 1g be the identities for G
and H respectively. Then

a) f(lg) =1a.

b) For any g € G, f(g~') = f(g)~"

Proof.
a) Multiply both sides of the following equation by f(1g)~!.

fe) = f(le - 1e) = f(la)f(1a)-

b) Since f(9)f(97") = f(99™") = f(lg) = 1m, and f(g7")f(9) = f(97'9) = f(1g) = 1, then

o9 =flg™). O

(1.1.13) Proposition. Let f:G — H be a group homomorphism. Let 1g and 1y be the identities for G
and H respectively. Then

a) ker f is a normal subgroup of G.

b) im f is a subgroup of H.

Proof.
To show: a) ker f is a normal subgroup of G.
b) im f is a subgroup of G.
a) To show: aa) ker f is a subgroup.
ab) ker f is normal.

aa) To show: aaa) If kq, ko € ker f then kiks € ker f.

aab) 1g € ker f.
aac) If k € ker f then k~! € ker f.

aaa) Assume ki,ks € ker f. Then f(k1) = 1g and f(ko) = 1g.
So f(kik2) = f(k1)f(k2) = 1m.
So ki1ks € ker f

aab) Since f(1g) = 1g, 1g € ker f.

aac) Assume k € ker f. So f(k) = 1g.
Then



fETY) = fk) ™ =15 =1n.
So k7! € ker f.
So ker f is a subgroup.

ab) To show: If g € G and k € ker f then gkg—! € ker f.
Assume g € G and k € ker f. Then

flgkg™") = F(9)f(k)f

So gkg~! € ker f.
So ker f is a normal subgroup of G.

b) To show: im f is a subgroup of H.
To show: ba) If hq, hy € im f then hihy € im f.
bb) 1y € im f.
bc) If h € im f then h~! € im f.
ba) Assume h;,hs € im f.
Then hy = f(g1) and he = f(g2) for some g1, g2 € G.
Then

hihs = f(91)f(92) = f(9192)
since f is a homomorphism.
So hihs € im f
bb) By Proposition 1.1.11 a), f(1g) = 1g, so 1y € im f.
bc) Assume h € im f.

Then h = f(g) for some g € G.
Then, by Proposition 1.1.11 b),

Soh! €im f.
So im f is a subgroup of H. O

(1.1.14) Proposition. Let f : G — H be a group homomorphism. Let 1g be the identity in G. Then
a) ker f = (1¢g) if and only if f is injective.
b) im f = H if and only if f is surjective.
Proof.
a) Let 1g and 1y be the identities for G and H respectively.
=>: Assume ker f = (1¢g).
To show: If f(g1) = f(g2) then g; = go.

Assume f(g1) = f(g2)-
Then, by Proposition 1.1.11 b) and the fact that f is a homomorphism,

1g = f(91)f(g2)™" = Fgr92 ")

So glg;1 € ker f.
But ker f = (1¢).
So g195 " = 1¢.



So g1 = go.
So f is injective.
<=: Assume f is injective.
To show: aa) (1g) C ker f.
ab) ker f C (1g).
aa) Since f(1g) = 1m, 1 € ker f.
So (1g) C ker f.
ab) Let k € ker f. Then f(k) = 1g. So f(k) = f(1g). Thus, since f is injective, k = 1.
So ker f C (1g).
So ker f = (1g)-

b) =: Assume im f = H.
To show: If h € H then there exists g € G such that f(g) = h.
Assume h € H.
Then h € im f.
So there exists some g € G such that f(g) = h.
So f is surjective.
<—=: Assume f is surjective.
To show: ba) im f C H.
bb) H Cim f.
ba) Let z € im f.
Then z = f(g) for some g € G.
By the definition of f, f(g) € H.
Soz e H.
Soim f C H.
bb) Assume z € H.
Since f is surjective there exists a g such that f(g) = z.
So x € im f.
So H Cim f.
Soimf=H. O

(1.1.15) Theorem.
a) Let f:G — H be a group homomorphism and let K = ker f. Define

f a /kerf —» H
gk = f(9).
Then f is a well defined injective group homomorphism.
b) Let f:G — H be a group homomorphism and define
i G = imf
g = f9).
Then f' is a well defined surjective group homomorphism.

¢) If f:G — H is a group homomorphism then

G/ker f ~im f,
where the isomorphism is a group isomorphism.

Proof. .
a) To show: aa) f is well defined.

ab) f is injective.

ac) f is a homomorphism.



aa) To show: aaa) If g € G then f(gK) € H.
aab) If g; K = go K then f(glK) = f(g2K).
aaa) Assume g € G.
Then f(gK) = f(g) and f(g) € H by the definition of f and f.
aab) Assume g1 K = g2 K.
Then g1 =Ag2k for some ke K.
To show: f(g1 K) = f(92K), i.e.,

To show: f(g1) = f(g2)-
Since k € ker f, we have f(k) =1 and so

f(g1) = f(g2k) = f(g2) (k) = f(g2)-

_ So f(g1K) = f(g2K).
So f is well defined.
ab) To show: If f(g1K) = f(g2K) then g1 K = g K.

Assume f(g1K) = f(g2K). Then f(g1) = f(g2)-

So f(g1)F(g2) 1 = 1.

So f(gr95 ") = 1.

So g1g5 ! € ker f.

So glggl = k for some k € ker f.

So g1 = gok for some k € ker f.

To show: aba) g1 K C g2 K.
abb) ¢, K C g1 K.

aba) Let g € g1 K. Then g = g1k; for some k; € K.
So g = gokk1 € g2 K, since kky € K.
So g1 K C g2 K.
abb) Let g € goK. Then g = g2k, for some ks € K.

So g= g1k ‘ky € 1 K since k™ 'ky € K.
So 2K C g1 K.

So g1 K = g2 K.

So f is injective.
ac) To show: f(g1K)f(92K) = f((91K)(92K)).
Since f is a homomorphism,

f(@K)f(gK) =

So f is a homomorphism.

b) To show: ba) f’is well defined.
bb) f' is surjective.
be) f' is a homomorphism.

ba) and bb) are proved in Ex. 2.2.3, Part 1.
bc) Since f is a homomorphism,

F(9)f'(h) = f(g)f(h) = f(gh) = f'(gh).

So f' is a homomorphism.



c) Let K = ker f.
By a), the function

f: G/IK - H
gk — f(9)
is a well defined injective homomorphism.
By b), the function

/i GIK — im f
9K = f(9K) = f(9)
is a well defined surjective homomorphism.
To show: ca) im f = im f.
cb) f' is injective.
ca) To show: caa) im f C im f.
cab) im f Cim f.
caa) Let h € im f.
Then there is some gK € G/K such that f(¢gK) = h.
Let ¢' € gK.
Then ¢' = gk for some k € K.
Then, since f is a homomorphism and f(k) =1,

f(g"

gk
9)f(k)
9)
9K)

~—

(
(
(
(

Il
S h S e

So h € im f.
So im f C im f.

cab) Let h € im f.
Then there is some g € G such that f(g) = h.
So f(9K) = f(g) = h.
Sohe€imf.
So im f C im f.

cb) To show: If f’(gl K)= f’(gzK) then g1 K = g2 K.

Assume f'(1K) = f'(9:K).

Then f(glK) F(g2K).

Then, since f is injective, g1 K = g2 K.

So f' is injective.
Thus we have

f: G/K — im f
gK = f(g)

is a well defined bijective homomorphism. O



§2P. Group Actions

(1.2.3) Proposition. Suppose G is a group acting on o set S and let s € S and g € G. Then
a) Gs is a subgroup of G.
b) Ggs = gngil-
Proof.
a)To showa) If hy, ho € G, then hihy € G,
ab) 1€ Gs.
ac) If h € Gy then h™! € G,.
aa) Assume hi, hs € G5. Then

(hlhz)s = h]_(hQS) = hls = S.

So hihs € Gs.
ab) Since 1s = 5,1 € Gj.
ac) Assume h € G,. Then

h='s =h7'(hs) = (h"'h)s =1s = s.
So h ! eG,.
So G is a subgroup of G.
b) To show: ba) Gys C gGsg'.
bb) gGsg~" C Gys.
ba) Assume h € G ys.

Then hgs = gs.
So g~ thgs = s.
So g7'hg € G,.

Since h = g(g~*hg)g~!, h € gG,g~".
So Ggs C 9Gsg .
bb) Assume h € gGsg71.
So h = gag~! for some a € G,.
Then

hgs = (gag ")gs = gas = gs.

So h € Ggs.
So Ggs C gGsg™t.
So Gys = gGsg . DO

(1.2.4) Proposition. Let G be a group which acts on a set S. Then the orbits partition the set S.

Proof.
To show: a) If s € S then s € Gt for some ¢ € S.
b) If 51,82 € S and Gs; N Gsa # O then Gs; = Gsa.

a) Assume s € S.
Then, since s = 1s,s € Gs.
b) Assume s1,s2 € S and that Gs; N Gs2 # 0.
Then let t € Gs1 N Gss.
So t = g151 and t = gos5 for some elements g1, 92 € G.
So

—1 -1
$1 =97 9252 and s2 =g, g151-

To show: Gs; = Gss.
To show: ba) Gs; C Gsa.



bb) G82 g Gsl.

ba) Let t; € Gs;.
So t = hysy for some h; € G.
Then

t1 = hisy = hig; "g282 € Gsa.

So G81 (_: GSQ.

bb) Let t3 € Gs;.
So ty = hgsy for some hy € G.
Then

ty = hasa = hags "g151 € Gs1.

So G'sa - Gsi.-
So G81 = GSQ.
So the orbits partition S. O

(1.2.5) Corollary. If G is a group acting on a set S and Gs; denote the orbits of the action of G on S
then
Card(S) = ) Card(Gs;).

distinct
orbits

Proof.
By Proposition 1.2.4, S is a disjoint union of orbits.
So Card(S) is the sum of the cardinalities of the orbits. O

(1.2.6) Proposition. Let G be a group acting on a set S and let s € S. If Gs is the orbit containing s and
G is the stabilizer of s then
| G: G |= Card(Gs).

where | G: G, | is the index of G5 € G.

Proof.
Recall that | G: G |= Card(G/Gs).
To show: There is a bijective map

¢: G/Gs — Gs.
Let us define

v: G/Gs — Gs
gGs +—  gs.

To show: a) ¢ is well defined.
b) ¢ is bijective.
a) To show: aa) ¢(gG,) € G for every g € G.
ab) If g1Gs = g2G; then ¢(g1Gs) = p(g2Gs).
aa) Is clear from the definition of ¢, p(gGs) = gs € Gs.
ab) Assume g¢1,92 € G and ¢1Gs = ¢2Gs.
Then g1 = g2h for some h € G,.

To show: g15 = gos.
Then

918 = gahs = gas,
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since h € G.

S0 o(91Gs) = ©(92Gs).
So ¢ is well defined.

b) To show: ba) g is injective, i.e. if ¢(91Gs) = p(g2G2) then g1 G5 = g2Gs.
bb) ¢ is surjective, i.e. if gs € G, then there exists hG; € G/G,
such that p(hG;) = gs.
ba) Assume ¢(g1Gs) = p(g2Gs)-
Then g;s = gss.
So s = gflgzs and g;lgls =s.
So g;'gs € G, and g, 'g; € G,.
To show: ¢ is injective.
To show: ¢1Gs = g2G
To show: baa) g1Gs C 92Gs.
bab) g2Gs g gle-
baa) Let k1 € g1Gs.
So k1 = g1hy for some hy € G.
Then

ki = gihi = 9197 ' 9295 " g1h1 = g2(95 ' 91h1) € 92Gs.

So g1Gs C g2Gs.

bab) Let ks € g2Gs.
So ky = gohs for some hy € G,
Then

k2 = goho = 9295 9197 g2he = 91(97 ' 92h2) € 91Gs.

So gQGs g gle-
So g1Gs = g2Gss.
So ¢ is injective.
bb) To show: ¢ is surjective.
Assume t € G;.
Then t = gs for some g € G.
Thus,

¢(9Gs) = gs = t.
So ¢ is surjective.

So ¢ is bijective. O

(1.2.7) Corollary. Let G be a group acting on a set S. Let s € S, let G, denote the stabilizer of s, and let
G's denote the orbit of s. Then

Card(G) = Card(Gs)Card(G,).

Proof.
Multiply both sides of the identity in Proposition 1.2.6 by Card(G;) and use Corollary 1.1.5. O

(1.2.9) Proposition. Let H be a subgroup of G and let Ny be the normalizer of H in G. Then
a) H is a normal subgroup of Ng.
b) If K is a subgroup of G such that H C K C G and H is a normal subgroup of K then K C Ng.
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Proof.
b) Let k € K.
To show: k € Ng.
To show: khk—' € H for all h € H.
This is true since H is normal in K.
So K g NH.

a) This is the special case of b) when K = H. O

(1.2.10) Proposition. Let G be a group and let S be the set of subsets of G. Then
a) G acts on S by

a GxS — S
(9,8) +— gSg*
{gsg™' | s € S}. We say that G acts on S by conjugation.
b) If S is a subset of G then Ng is the stabilizer of S under the action of G on S by conjugation
Proof.
a) To show: aa) « is well defined.
ab) a(1,S)=Sforall S e S.
ac) a(g,a(h,S)) = a(gh,S) for all g;h € G, and S € S.
aa) To show: aaa) gSg~' € S.
aab) If S =T and g = h then gSg~! = hTh™!.
Both of these are clear from the definitions.

ab) Let S € S.
Then

where gSg~! =

a(1,8) =181 =&S.

ac) Let g,h € G and S € S.
Then

a(g,a(h,S)) =a(g,hSh™1) = g(hSh 1)g~!
= (gh)S(h~'g™ ") = (gh)S(gh) " = a(gh, S).

b) This follows immediately from the definitions of Ng and of stabilizer. O

(1.2.12) Proposition. Let G be a group. Then
a) G acts on G by

GxG — G
(9,8) = gsg~ "
We say that G acts on itself by conjugation.

b) Two elements g1,g2 € G are conjugate if and only if they are in the same orbit under the action
of G on itself by conjugation.

¢) The conjugacy class, Cy4, of g € G is the orbit of g under the action of G on itself by conjugation.

d) The centralizer, Z,, of g € G is the stablilizer of g under the action of G on itself by conjugation.

Proof.

a) The proof is exactly the same as the proof of a) in Proposition 1.2.10.
Replace all the capital S’s by lower case s’s.
b), c), and d) follow easily from the definitons. O

(1.2.14) Lemma. Let G, be the stabilizer of s € G under the action of G on itself by conjugation. Then
a) For each subset S C G,
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Zg = ﬂGs.

sES

b) Z(G) = Zg, where Z(G) denotes the center of G.
¢) s € Z(Q) if and only if Zs = G.
d) s € Z(G) if and only if Cs = {s}.

Proof.
a) aa) Assume s € Z,.
Then szs™! = s for all s € S.
SoxeG forallseS.
So z Nyes Gs.
So Zs C mSESGS'
ab) Assume z € NgesGs.
Then zsz~! = s for all s € S.
So x € Z.
So NgesGs.
b) This is clear from the definitions of Zg and Z(G).
c) =: Let s € Z(G).
To show: Zg =G.
By definiton Zg C G.
To show: G C Zg.
Let g € G.
Then gsg~! = s since s € Z(G).
So g € Zs.
So G - Zs.
So ZS =G.
<—: Assume Zgs = G.
Then gsg~! = s for all g € G.
Sogs=sgforal ged.
So s € Z(G).
d) =: Assume s € Z(G).
Then gsg—! = s for all s € G.
SoCs ={gsg™' | g € G} = {s}.
<=: Assume C, = {s}.
Then gsg ' = s for all g € G.
Sos€Z(g). O

(1.2.15) Proposition. (The Class Equation) Let C,, denote the conjugacy classes in a group G and let
|Cq;| denote Card(Cy,). Then

Gl =12(G)|+ ) Card(Cy).

[Cq; [>1
Proof.
By Corollary 1.2.5 and the fact that the C,4, are the orbits of G acting on itself by conjugation we
know that

G| = Card(Cy,).-
Cy;

By Lemma 1.2.14 d) we know that
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So

Gl = ) Card(Cs)+ Y Card(Cy,)

|Cgi|:1 |Cgi‘>1
= Card(Z(G@)) + )_ Card(Cy,). O
|Cq; |>1
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