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Remark 1.3 (The source of the statistics v, (r) and w,(r,c)). The minimal length per-
mutation which rearranges p into weakly increasing order is v, = (vy(1),...,v.(n)).
The affine Weyl group for type G'L, is the group of n-periodic permutations. If ¢,, de-
notes the m-periodic permutation which is the translation in yp then ¢, = u,v, with
£(t,) = L(uy,) + £(v,) and u, has a reduced word

Uy = H (Suu(r,c) T 52317T)a
(re)ep

where s; € S, is the transposition which switches ¢ and i + 1 and 7 is the n-periodic
permutation given by (i) = ¢ + 1. See [9, §2 and Prop. 2.2(a)]. O

2. Operator expansions

Let j € {1,...,n} and let C C {1,...,n}. Writing C = {a1,...,an} witha; < --- <
a,, define "

4—(m-1)/2  m—1 1_¢
Y) = ) 2.1
Je¥) == QYo Yol 1;[1 1— Y, Yol (2.1)
Then define
0, if j ¢ C,
Foi(Y)=q1-qYa, Y, !, if j =a, and p =1, (2.2)
YalYa;1 — mea;Elv if j=a,andp#1,
0, lf] <aj,
ACJ (Y) = Yalya;l - qYalya:nlv if ap S j < ap-‘rl; (23)
(1 - q)Yalya_mla lf.j > A,
0, if j §§ C,
e, (Y)=q1-qYa, Y, !, if j =a, and p=m, (2.4)
Yo, Yol =Y, Yol ifj=apandp#m,
Sy oy
0’ lf] Z Ay
Ve (V) = 0 Yo, Vol =Y, Yol ifap <j <y, (2.5)
(1-q)¥a,Y, ! if j < ay,
and
1-—1t
Bc,j(Y) = FCJ(Y) + 7_,1ACJ(Y) and
1—gqtn—i+ (2.6)

1-1¢

Qe (V) = Bei (V) + (m

)‘I’C,Hl(y)
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For k € {1,...,n} such that k ¢ C define
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ta,, +1, if1<k<a, va%u(am), if1<k<a,
b(k) = q La;» if a; <k <aiy1, and c(k) = vu(a;), if a; <k < a1,
Ha,, s if am <k <n, vy (am), if a, < k <n,
(3.3)
and
fay — 1, ifam, <k <mn, vam(al), if a,, <k <m,
d(k) = q ta, ifa;i1 <k<a;, and e(k)=<v,(a;), ifai1<k<a;,
Hay s if1<k<a, vu(ar), fl1<k<a.
Keeping k € {1,...,n} such that k ¢ C define
0, if b(k) = MUk,
wt, (C, k) = 12 b(k) g (k) —e(k) +1) b(k) gy (k) —e(k) 1) ok > s
1 — gl bR o) —c 1 — gre=bB)wak)—e(k)=1)
! (1 — grn—b(k) o, (B)—e() )2 » AE (k) < g,
and
0, if d(k) = ,uk,A .
: 4
rth(C7k‘) = 747 A‘ if Wk; ( ) PA&
(1 — g dR)gouk)—e(k)+1y (] _ gr—d(k) o (k) —e(k)—1) .
t (1 — gra—dB)gou(k)—e(k))2 1 “Md&@)ﬁ

For k € {1,...,n} such that k € C define

1—1t
Ha;pq —Ha, i+1)—vu(a;)’
wt, (C k) = rwt, (C, k) = L= {“N +1) v ()

1— q#am*HalJrltv“(am)fv“(m) ’

Then define

wt, (C) = ¢ # L iz} Hth(C, k),
71
He.

_afiprgpa
rwt,, (C) = 7Tt [ rwt, (C k),

1

and

Total Lovreetions Ractor <

401' W‘b/u ) *

if k =a; and i # m,

ifk=a,.

(3.4)

(3.5)

(3.6)

o = g P e _A S
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Theorem 3.1 (Monk rules for Macdonald polynomials). Let j € {1,...,n} and p € Z%,.

Let E,, denote the electronic Macdonald polynomial indexed by p in Clzt!, ... ] Let
0, ifj¢C.
Fu(C,j) = {1 = glempeathponlam)=vula), ifj=ap andp =1,

q”ap_”al t”u(ap)_”u(al) _ q“ap—lf'u‘al t“u(ap—l)_vu(al)’ ij =a, and P 7& 1}

0, if j <a,
AH(C,j) = q“ap “Hay tvu(ap)_vu(al) _ qﬂam_ﬂa1 +1tvu(am)_vu(a1)’ Zf ap < ,7 < Apt1,
(1 — )t —Hor grnlam)vlar), if F>tm, % O
and
. ) 1—t .
Bu(C,j) = Fu(C,j) + WAM(C,J)- (3.7)
Let
0, ifj¢C.
(I)H(CMy) =<{1— quam_Na1+1tvu(am)_vu(a1)7 ’Lf] = ap and p=m,
glag e ten(Gr)men() — gt e e Grm)mn(@) - if = ay and p # m,
07 Zfﬁ—éa'l, *; > O~
W, (C, ) =  giem ~Hon gream) =vuta) _ g =ties Hlgralom)=nen) | if a,y < j < a,
(1 — g)gtom e gon(am)=vulor), ifj <a,
and
. . —t .
QM(CJ):¢#(0a3)+1_—wqj#(ca])- (3.8)

Letrot, (C) and wt,(C) as in (3.1) and (3.5), and let rrot,(C) and rwt,(C) be as defined
in (3.1) and (3.6). Then

(a)
2B = Y Fu(C ) wtu(C) Erote ()
CcCc{1,...,n}
CN{j}#0
b .
®) (@t ) Ba= S AWC WO Buore
CC{1,...,n}
CN{1,...,5}#0
C .
( ) EEJ' E/"' = Z BM(C7]>WtH(C)ErOtc(p,)7
CCc{1,...,n}

CN{1,...,j}#0
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(d)

xj_lE# = Z (p#(caj)rWt#(C)Errotc(u)7
CcCc{1,...,n}
Cn{j}#0
€ _ _ .
( ) (‘rj ' +e Tt ‘rnl)EN = Z WM(CaJ)rWtN(C)Errotc(p),
CC{1,...,n}
COLyerom} 20
(f) E*Ej Eﬂ = Z Q/L (Cvj)rWt# (C)Errotc(u)~
cC{1,....,n}
Cn{j,...,n}#0

Proof. From [9, (4.1) and (4.2)], if p; > ;41 then

t27YE, = E,,, and

1 — gti—Hit1gou () —vu(i+1D)+1Y (1 — ghe—Hipr o (D —vu(i+1)—1 3.9
dovp, 0o (1 —g- ). 69
4 K (]_ — in*lJ«i+lt”u(1)_vu(z+1))2
From [9, (3.5)],
Vax/als
™E, = p3(n—D—#{ie{l,...,n-1} "”""5”’"}&“- (3.10)
If the complement of C'in {1,...n} is
C={b1,...,bp—m} with b < - <b <j<bpp1 < -+ <bp_m
then 7o, =7/n) nimin) -7y and using (3.9) and (3.10) gives
t%(”_m)Tg’jEu = t%Tbvrt%Tval - -t%Tb\iT,\r/t%TbVwmfl e t%Tl,vr+171Eu
= 30 (TT wi(Ck)) e (3.11)

k¢C

An example of the step-by-step computation of T& ;E, is given in Example 3.1.
Let fo(Y) and Fg ;(Y) be as defined in (2.1) and (2.2), and let ev!, be the evaluation
map defined in (1.6). Since

N 1—t 1—t
VY1 — s — i g0 () = (8) t =
evy (YiY;™h) = g™t and eV“<1—Y;le) L= grompigonl)=o)

then comparing (3.4) and (2.1) gives

evl (fe(Y)) = t~=z(m=D H wt,(Cok)  and  evl (Fo;(Y)) = Fu.(C,j5). (3.12)
keC
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Using (1.7) on the expression in Theorem 2.1(a) and inserting (3.12) and (3.11) gives

by, = X;E), = Z Tg7jFC<j(Y)fC(Y)Eu
cCc{1,...n}
jec
= > wdevh(Fo(V)evl (fo(Y))E,
CC{l,...,n}
jec
- Z FM(C,jﬁ_%(m_l)( H Wty (C k))T&‘/,jEu
cc{1,...,n} keC
jecC /A‘.’/*ow\
- Y FM(C,j)famfl)( I wta(c. k))t%mfl)f#{mm}
Cg{l,...,n} keC
jec
—1(n—m)
. ( H Wt#(c, k)))t 2 Erotc(u)
kg¢C
= Z Fu(Caj)Wtu(C)Erotc(p,)-
cc{1,...n}
jec

This completes the proof of (a). The proof of the remaining parts is similar, using parts
(b)—(f) of Theorem 2.1. O

Example 3.1 (An example of the computation of T&«/J»EH). Let n =11 and j = 7 and

C={2,57,9,10}, so that ng = Tg/TZTg/Tl\/T;/Tl\/OT%/ = Tg/TZTg\,/Tl\/TXTl\/lflTS\Ll
and C° = {1,3,4,6,8,11}. Then, using (3.9) and (3.10),

S v 1 v, v, v,1 v v, v 1_v
t27e g By = 12T 2T 2 T U2 Ty T 02Ty g2 TR By o s aasias s s it o)

1 vyt v, v,L v v, v

= wt, (C,8)t276 127 12 7 2T T T By i pus paa s i i pio o)
= wt,(C, 8)wt,(C, 11)t%'rg/t%7'i/t%7'3vt%71v

v
T B 11 a1 1155126 10117129 111 51110

= t%(ll_l)_#mi}wtu(C, 8)wt, (C, ll)t%Tg/t%TZt%Tgt%ﬁV

’ E(/M(Hrl,#l,/L27H37#47l157#67#87#77/!97#11)

:t5_#{;‘::<_;:“’3( 1T wt#(C,k))t%Tgt%T}t%Tg
ke{1,8,11}

’ E(m 101,002 143, ha s 45 5 106 148 s 147 549 1411 )

= t57#{*".’f""'m'}( H WtH(C,k))t%TGVt%TX
[ e ke{1,3,8,11}

: E(M’M10+1,/~t3’lt2,M4,#5’M6,M8’H7,#9’#11)
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=t T wha(C k))t%TGV
aVal ke{1,3,4,8,11}
’ E(va,“lU+17H37H47/127/’57#67#87/‘77/‘97#11)
— 5 #{mepian} H
M 1,346,811}

:t5—#{+-r<m} H wt,, (C, k) rote (i
M e )

Wt# (07 k)) E(Ml 10 H 114314, 112 16 5 15 5 8 5 10T 549 5411 )

The red entries correspond to the parts specified by C' which are rotated to get rot, (C)
as in the picture in (3.2). O

Example 3.2 (An ezample of the computation of pp ;E, ). Let n =11 and j = 7 and
D={1,4,57,9},  sothat ppr=7'7mo(ry) 7y 7

and D¢ ={2,3,6,8,10,11}. Then, using (3.9) and (3.10),

t2pp B, = 37yt 31 (1) T By 3Ty 378 By s s i e st s gt in sinn)

= rth(D,G)tzT t2T tZTlo(T )~ 1t27vt2'r3 Eq,,

A2 3[04 15 5 0T 346 5 8 5149 s H10 5 411 )

=rwt, (D, 3)rwt, (D, 6)1527'7 t27'9 t27'10(7' ) ltzry

’ E(Hl JH2 5 A A3 5 15 51T 316 5 148 5119 s 410 5411 )

:( 11 rWtM(D,k)) Vb Yty (rY)!

ke{2,3,6}

E(m JHA 2 5 U3 5 L5 57 546 5 U8 119 1 [410 5411 )

g Cd
= ¢ 30 (T ewt (D, R) )bty
ke{2,3,6}

’ E(/Mvﬂ?vl%v/‘i7/177H61M871197N‘107l’:117.“11 —1)
_;—5:#{Ni<u1} t (D k) t% \/t% v
= rwt, (D, T 27

ke{2,3,6,11}

'E(IM,

K253 515 5 107 s J46 5 8 3149 s K10, 41 — 1, 1011 )

+ -
— 4 5+#{pmi<wa} 1V
=t rwt, (D, k) )t2m;
ke{2,3,6,10,11}

’ E(N«uuz’MS,Na,N77M6;H8’#9,N1*1 J4105111)

+ -
= ¢ ot#lmi<m} H rwt, (D, /4;))
ke{2,3,6,8,10,11}

’ E(Nal,ﬂ«%llfiuﬂs»,“77/146,#9’#8,#1*LHIO’HH)



