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Remark 1.3 (The source of the statistics vµ(r) and uµ(r, c)). The minimal length per-
mutation which rearranges µ into weakly increasing order is vµ = (vµ(1), . . . , vµ(n)). 
The affine Weyl group for type GLn is the group of n-periodic permutations. If tµ de-
notes the n-periodic permutation which is the translation in µ then tµ = uµvµ with 
!(tµ) = !(uµ) + !(vµ) and uµ has a reduced word

uµ =
∏

(r,c)∈µ

(suµ(r,c) · · · s2s1π),

where si ∈ Sn is the transposition which switches i and i + 1 and π is the n-periodic 
permutation given by π(i) = i + 1. See [9, §2 and Prop. 2.2(a)]. !

2. Operator expansions

Let j ∈ {1, . . . , n} and let C ⊆ {1, . . . , n}. Writing C = {a1, . . . , an} with a1 < · · · <
am define

fC(Y ) = t−(m−1)/2

1 − qYa1Y
−1
am

(m−1∏

i=1

1 − t

1 − YaiY
−1
ai+1

)
. (2.1)

Then define

FC,j(Y ) =






0, if j /∈ C,
1 − qYa1Y

−1
am

, if j = ap and p = 1,
Ya1Y

−1
ap

− Ya1Y
−1
ap−1 , if j = ap and p $= 1,

(2.2)

AC,j(Y ) =






0, if j < a1,
Ya1Y

−1
ap

− qYa1Y
−1
am

, if ap ≤ j < ap+1,
(1 − q)Ya1Y

−1
am

, if j > am,
(2.3)

ΦC,j(Y ) =






0, if j /∈ C,
1 − qYa1Y

−1
am

, if j = ap and p = m,
Ya1Y

−1
ap

− Ya1Y
−1
ap−1 , if j = ap and p $= m,

(2.4)

#C,j(Y ) =






0, if j ≥ am,
YapY

−1
am

− qYa1Y
−1
am

, if ap−1 < j ≤ ap,
(1 − q)Ya1Y

−1
am

, if j ≤ a1,
(2.5)

and

BC,j(Y ) = FC,j(Y ) + 1 − t

1 − qtn−j+1AC,j(Y ) and

ΩC,j(Y ) = ΦC,j(Y ) +
( 1 − t

1 − qtj

)
#C,j+1(Y ).

(2.6)

aft a

in
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For k ∈ {1, . . . , n} such that k /∈ C define

b(k) =






µam + 1, if 1 ≤ k < a1,
µai , if ai < k < ai+1,
µam , if am < k ≤ n,

and c(k) =






va↑
mµ(am), if 1 ≤ k < a1,

vµ(ai), if ai < k < ai+1,
vµ(am), if am < k ≤ n,

(3.3)
and

d(k) =






µa1 − 1, if am < k ≤ n,
µai , if ai−1 < k < ai,
µa1 , if 1 ≤ k < a1,

and e(k) =






va↓
1µ

(a1), if am < k ≤ n,
vµ(ai), if ai−1 < k < ai,
vµ(a1), if 1 ≤ k < a1.

Keeping k ∈ {1, . . . , n} such that k /∈ C define

wtµ(C, k) =






0, if b(k) = µk,
1, if b(k) > µk,

t
(1 − qµk−b(k)tvµ(k)−c(k)+1)(1 − qµk−b(k)tvµ(k)−c(k)−1)

(1 − qµk−b(k)tvµ(k)−c(k))2 , if b(k) < µk,

and

rwtµ(C, k) =






0, if d(k) = µk,
t−1, if d(k) > µk,
(1 − qµk−d(k)tvµ(k)−e(k)+1)(1 − qµk−d(k)tvµ(k)−e(k)−1)

(1 − qµk−d(k)tvµ(k)−e(k))2 , if d(k) < µk.

For k ∈ {1, . . . , n} such that k ∈ C define

wtµ(C, k) = rwtµ(C, k) =






1 − t

1 − qµai+1−µai tvµ(ai+1)−vµ(ai)
, if k = ai and i $= m,

1
1 − qµam−µa1+1tvµ(am)−vµ(a1) , if k = am.

(3.4)
Then define

wtµ(C) = t−#{i | µi>µam}
n∏

i=1
wtµ(C, k), (3.5)

and

rwtµ(C) = t#{i | µi>µa1}
n∏

i=1
rwtµ(C, k), (3.6)
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Theorem 3.1 (Monk rules for Macdonald polynomials). Let j ∈ {1, . . . , n} and µ ∈ Zn
≥0. 

Let Eµ denote the electronic Macdonald polynomial indexed by µ in C[x±1
1 , . . . , x±1

n ]. Let

Fµ(C, j) =






0, if j /∈ C.
1 − qµam−µa1+1tvµ(am)−vµ(a1), if j = ap and p = 1,
qµap−µa1 tvµ(ap)−vµ(a1) − qµap−1−µa1 tvµ(ap−1)−vµ(a1), if j = ap and p $= 1,

Aµ(C, j) =






0, if j < a1,
qµap−µa1 tvµ(ap)−vµ(a1) − qµam−µa1+1tvµ(am)−vµ(a1), if ap ≤ j < ap+1,
(1 − q)qµam−µa1 tvµ(am)−vµ(a1), if j > am,

and

Bµ(C, j) = Fµ(C, j) + 1 − t

1 − qtn−j+1Aµ(C, j). (3.7)

Let

Φµ(C, j) =






0, if j /∈ C.
1 − qµam−µa1+1tvµ(am)−vµ(a1), if j = ap and p = m,
qµap−µa1 tvµ(ap)−vµ(a1) − qµap−1−µa1 tvµ(ap−1)−vµ(a1), if j = ap and p $= m,

#µ(C, j) =






0, if j < a1,
qµam−µap tvµ(am)−vµ(ap) − qµam−µa1+1tvµ(am)−vµ(a1), if ap−1 < j ≤ ap,
(1 − q)qµam−µa1 tvµ(am)−vµ(a1), if j ≤ a1,

and

Ωµ(C, j) = Φµ(C, j) + 1 − t

1 − qtj
#µ(C, j). (3.8)

Let rotµ(C) and wtµ(C) as in (3.1) and (3.5), and let rrotµ(C) and rwtµ(C) be as defined 
in (3.1) and (3.6). Then
(a)

xjEµ =
∑

C⊆{1,...,n}
C∩{j} &=∅

Fµ(C, j)wtµ(C)ErotC(µ),

(b) (x1 + · · · + xj)Eµ =
∑

C⊆{1,...,n}
C∩{1,...,j} &=∅

Aµ(C, j)wtµ(C)ErotC(µ),

(c)
EεjEµ =

∑

C⊆{1,...,n}
C∩{1,...,j} &=∅

Bµ(C, j)wtµ(C)ErotC(µ),

- jam

are air ot
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(d)
x−1
j Eµ =

∑

C⊆{1,...,n}
C∩{j} &=∅

Φµ(C, j)rwtµ(C)ErrotC(µ),

(e) (x−1
j + · · · + x−1

n )Eµ =
∑

C⊆{1,...,n}
C∩{j,...,n} &=∅

#µ(C, j)rwtµ(C)ErrotC(µ),

(f)
E−εjEµ =

∑

C⊆{1,...,n}
C∩{j,...,n} &=∅

Ωµ(C, j)rwtµ(C)ErrotC(µ).

Proof. From [9, (4.1) and (4.2)], if µi > µi+1 then

t
1
2 τ∨i Eµ = Esiµ and

t
1
2 τ∨i Esiµ = t

(1 − qµi−µi+1tvµ(i)−vµ(i+1)+1)(1 − qµi−µi+1tvµ(i)−vµ(i+1)−1)
(1 − qµi−µi+1tvµ(i)−vµ(i+1))2 Eµ.

(3.9)

From [9, (3.5)],

τ∨π Eµ = t
1
2 (n−1)−#{i∈{1,...,n−1} | µi≤µn}Eπµ. (3.10)

If the complement of C in {1, . . . n} is

Cc = {b1, . . . , bn−m} with b1 < · · · < br < j < br+1 < · · · < bn−m

then τ∨C,j = τ∨brτ
∨
br−1

· · · τ∨b1τ
∨
π τ

∨
bn−1−1 · · · τ∨br+1−1 and using (3.9) and (3.10) gives

t
1
2 (n−m)τ∨C,jEµ = t

1
2 τ∨br t

1
2 τ∨br−1 · · · t

1
2 τ∨b1τ

∨
π t

1
2 τ∨bn−m−1 · · · t

1
2 τ∨br+1−1Eµ

= t
1
2 (n−1)−#{µi>µam}

( ∏

k/∈C

wtµ(C, k)
)
ErotC(µ). (3.11)

An example of the step-by-step computation of τ∨C,jEµ is given in Example 3.1.
Let fC(Y ) and FC,j(Y ) be as defined in (2.1) and (2.2), and let evt

µ be the evaluation 
map defined in (1.6). Since

evt
µ(YiY

−1
j ) = qµj−µitvµ(j)−vµ(i) and evt

µ

( 1 − t

1 − YiY
−1
j

)
= 1 − t

1 − qµj−µitvµ(j)−vµ(i)

then comparing (3.4) and (2.1) gives

evt
µ(fC(Y )) = t−

1
2 (m−1)

∏

k∈C

wtµ(C, k) and evt
µ(FC,j(Y )) = Fµ(C, j). (3.12)

MicMm
-
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Using (1.7) on the expression in Theorem 2.1(a) and inserting (3.12) and (3.11) gives

xjEµ = XjEµ =
∑

C⊆{1,...,n}
j∈C

τ∨C,jFC.j(Y )fC(Y )Eµ

=
∑

C⊆{1,...,n}
j∈C

τ∨C,jevt
µ(FC,j(Y ))evt

µ(fC(Y ))Eµ

=
∑

C⊆{1,...,n}
j∈C

Fµ(C, j)t− 1
2 (m−1)

( ∏

k∈C

wtµ(C, k)
)
τ∨C,jEµ

=
∑

C⊆{1,...,n}
j∈C

Fµ(C, j)t− 1
2 (m−1)

( ∏

k∈C

wtµ(C, k)
)
t

1
2 (n−1)−#{µi<µam}

·
( ∏

k/∈C

wtµ(C, k)
)
t−

1
2 (n−m)ErotC(µ)

=
∑

C⊆{1,...,n}
j∈C

Fµ(C, j)wtµ(C)ErotC(µ).

This completes the proof of (a). The proof of the remaining parts is similar, using parts 
(b)–(f) of Theorem 2.1. !

Example 3.1 (An example of the computation of τ∨C,jEµ). Let n = 11 and j = 7 and

C = {2, 5, 7, 9, 10}, so that τ∨C,7 = τ∨6 τ∨4 τ∨3 τ∨1 τ∨π τ
∨
10τ

∨
7 = τ∨6 τ∨4 τ∨3 τ∨1 τ∨π τ

∨
11−1τ

∨
8−1

and Cc = {1, 3, 4, 6, 8, 11}. Then, using (3.9) and (3.10),

t
6
2 τ∨C,7Eµ = t

1
2 τ∨6 t

1
2 τ∨4 t

1
2 τ∨3 t

1
2 τ∨1 τ∨π t

1
2 τ∨11−1t

1
2 τ∨8−1E(µ1,µ2,µ3,µ4,µ5,µ6,µ7,µ8,µ9,µ10,µ11)

= wtµ(C, 8)t 1
2 τ∨6 t

1
2 τ∨4 t

1
2 τ∨3 t

1
2 τ∨1 τ∨π t

1
2 τ∨11−1E(µ1,µ2,µ3,µ4,µ5,µ6,µ8,µ7,µ9,µ10,µ11)

= wtµ(C, 8)wtµ(C, 11)t 1
2 τ∨6 t

1
2 τ∨4 t

1
2 τ∨3 t

1
2 τ∨1 τ∨π E(µ1,µ2,µ3,µ4,µ5,µ6,µ8,µ7,µ9,µ11,µ10)

= t
1
2 (11−1)−#{µi<µ10}wtµ(C, 8)wtµ(C, 11)t 1

2 τ∨6 t
1
2 τ∨4 t

1
2 τ∨3 t

1
2 τ∨1

· E(µ10+1,µ1,µ2,µ3,µ4,µ5,µ6,µ8,µ7,µ9,µ11)

= t5−#{µi<µ10}
( ∏

k∈{1,8,11}
wtµ(C, k)

)
t

1
2 τ∨6 t

1
2 τ∨4 t

1
2 τ∨3

· E(µ1,µ10+1,µ2,µ3,µ4,µ5,µ6,µ8,µ7,µ9,µ11)

= t5−#{µi<µ10}
( ∏

k∈{1,3,8,11}
wtµ(C, k)

)
t

1
2 τ∨6 t

1
2 τ∨4

· E(µ1,µ10+1,µ3,µ2,µ4,µ5,µ6,µ8,µ7,µ9,µ11)
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= t5−#{µi<µ10}
( ∏

k∈{1,3,4,8,11}
wtµ(C, k)

)
t

1
2 τ∨6

· E(µ1,µ10+1,µ3,µ4,µ2,µ5,µ6,µ8,µ7,µ9,µ11)

= t5−#{µi<µ10}
( ∏

k∈{1,3,4,6,8,11}
wtµ(C, k)

)
E(µ1,µ10+1,µ3,µ4,µ2,µ6,µ5,µ8,µ7,µ9,µ11)

= t5−#{µi<µ10}
( ∏

k∈Cc

wtµ(C, k)
)
ErotC(µ).

The red entries correspond to the parts specified by C which are rotated to get rotµ(C)
as in the picture in (3.2). !

Example 3.2 (An example of the computation of ρD,jEµ). Let n = 11 and j = 7 and

D = {1, 4, 5, 7, 9}, so that ρD,7 = τ∨7 τ∨9 τ∨10(τ∨π )−1τ∨2 τ∨3 τ∨6

and Dc = {2, 3, 6, 8, 10, 11}. Then, using (3.9) and (3.10),

t
6
2 ρD,7Eµ = t

1
2 τ∨7 t

1
2 τ∨9 t

1
2 τ∨10(τ∨π )−1t

1
2 τ∨2 t

1
2 τ∨3 t

1
2 τ∨6 E(µ1,µ2,µ3,µ4,µ5,µ6,µ7,µ8,µ9,µ10,µ11)

= rwtµ(D, 6)t 1
2 τ∨7 t

1
2 τ∨9 t

1
2 τ∨10(τ∨π )−1t

1
2 τ∨2 t

1
2 τ∨3 E(µ1,µ2,µ3,µ4,µ5,µ7,µ6,µ8,µ9,µ10,µ11)

= rwtµ(D, 3)rwtµ(D, 6)t 1
2 τ∨7 t

1
2 τ∨9 t

1
2 τ∨10(τ∨π )−1t

1
2 τ∨2

· E(µ1,µ2,µ4,µ3,µ5,µ7,µ6,µ8,µ9,µ10,µ11)

=
( ∏

k∈{2,3,6}
rwtµ(D, k)

)
t

1
2 τ∨7 t

1
2 τ∨9 t

1
2 τ∨10(τ∨π )−1

· E(µ1,µ4,µ2,µ3,µ5,µ7,µ6,µ8,µ9,µ10,µ11)

= t−
1
2 (11−1)+#{µi<µ1}

( ∏

k∈{2,3,6}
rwtµ(D, k)

)
t

1
2 τ∨7 t

1
2 τ∨9 t

1
2 τ∨10

· E(µ4,µ2,µ3,µ5,µ7,µ6,µ8,µ9,µ10,µ11,µ1−1)

= t−5+#{µi<µ1}
( ∏

k∈{2,3,6,11}
rwtµ(D, k)

)
t

1
2 τ∨7 t

1
2 τ∨9

· E(µ4,µ2,µ3,µ5,µ7,µ6,µ8,µ9,µ10,µ1−1,µ11)

= t−5+#{µi<µ1}
( ∏

k∈{2,3,6,10,11}
rwtµ(D, k)

)
t

1
2 τ∨7

· E(µ4,µ2,µ3,µ5,µ7,µ6,µ8,µ9,µ1−1,µ10,µ11)

= t−5+#{µi<µ1}
( ∏

k∈{2,3,6,8,10,11}
rwtµ(D, k)

)

· E(µ4,µ2,µ3,µ5,µ7,µ6,µ9,µ8,µ1−1,µ10,µ11)

iro

-

MisMio

-

Missio

T -

+ -

+ -

+ -


