S1E. Sets

1. DeMorgan’s Laws. Let A, B, and C be sets. Show that

a) (AUB)UC =AU (BUC). d) (AnB)NC=AnNn(BNC).
b) AUB = BUA. e) ANB=DBNA.
c) AU = A. f)AN(BUC)=(ANnB)U(ANCQC).



§2E. Functions

Let S, T, and U be sets and let f: S — T and g: T — U be functions. Show that
a) If f and g are injective then g o f is injective.
b) If f and g are surjective then g o f is surjective.
c) If f and g are bijective then g o f is bijective.

Let f: S — T be a function and let U C S. The image of U under f is the subset of T" given by

fU) ={f(u) [uecU}.

Let f: S — T be a function. The image of f is the subset of T' given by

im f ={f(s) | s € 5},

Note that im f = f(5).

Let f: S — T be a function and let V' C T. The inverse image of V under f is the subset of S given
by
fHV)={seS|f(s) eV}

Let f: S — T be a function and let ¢t € T. The fiber of f over t is the subset of S given by
i) ={se S| f(s) =t}
Note that f=1(t) = f~1({t}).

Let f: S — T be a function. Show that the set F' = {f~1(¢) | t € T’} of fibers of the map f is a partition
of S.

a) Let f: S — T be a function. Define

f" S — imf
s = f(s).
Show that the map f’ is well defined and surjective.
b) Let f: S — T be a function and let F' = {f~1(¢) | t € T} be the set of nonempty fibers of f. Define

f: F — T
/i) = ot

Show that the map f is well defined and injective.
¢) Let f: S — T be a function and let F' = {f~1(¢) | t € T} be the set of nonempty fibers of f. Define

f: F — im f
i) =t
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Show that the map f’ is well defined and bijective.

Let S be a set. The power set of S, 2%, is the set of all subsets of S.

Let S be a set and let {0,1}° be the set of all functions f:S — {0,1}. Given a subset 7' C S define a
function fr:S — {0,1} by

1 ifseT.

Show that the map
P 29— {0,1}°
T - fr

is a bijection.

Let 0:.§ x § — S be an associative operation on a set S. An identity for o is an element e € S such
that cos =soe=s, forall s € S.

Let e be an identity for an associative operation o on a set S. Let s € S. A left inverse for s is an
element ¢t € S such that t o s = e. A right inverse for s is an element ¢’ € S such that sot’ =e. An
inverse for s is an element s~! € S such that sos ! =s"los=c.

a) Let o be an operation on a set S. Show that if S contains an identity for o then it is unique.

b) Let e be an identity for an associative operation o on a set S. Let s € S. Show that if s has an
inverse then it is unique.

a) Let S and T be sets and let tg and ¢ be the identity maps on S and T respectively.
Show that for any function f: S — T,

LTof:f7 and
Jows=1.

b) Let f: S — T be a function. Show that if an inverse function to f exists then it is unique. (Hint:
The proof is very similar to the proof in Ex. 5b.)



81P. Sets

1. DeMorgan’s Laws. Let A, B, and C be sets. Show that

a) (AUB)UC =AU (BUCQC). d) (AnB)NC=An(BNAC).
b) AUB = BUA. e) ANB=BnNA.
c) AU = A. f)AN(BUC)=(ANB)U(ANCQC).

Proof.
a) To show: aa) (AUB)UC C AU(BUC).
ab) AU(BUC)C (AUB)UC.
aa) Let z € (AUB)UC.
Then x € AUBor x € C.
Soxec Aorxe BorxeC.
Soxe Aorxe BUC.
Soxe AU(BUCQ).
So (AUB)UC CAU(BUC).
ab) Let x € AU(BUCO).
Then x € Aorz € BUC.
Soxec Aorxe BorxeC.
Soxe AUBorxeC.
Soxe(AUB)UC.
So AU(BUC)C (AuB)UC.

So (AUB)UC = AU(BUC).

b) To show: ba) AUB C BU A.
bb) BUAC AUB.

ba) Let v € AU B.
Then z € Aor xz € B.
Sox e Borx e A.
Sox e BUA.
So AUB C BUA.

bb) Let z € BU A.
Then x € B or x € A.
Sorxe Aor x € B.
Sox e AUB.
So BUA C AU B.

So AUB = BUA.

¢) To show: ca) AU C A.
cb) AC AUQ.

ca) Proof by contradiction.
Assume AUD € A.
Then there exists € AU () such that z & A.
So z € 0.
This is a contradiction to the definition of empty set.
So AU C A.
cb) Let z € A.
Then x € A or x € 0.
Soz e AUD.
So AC AUW.



So AU = A.
d) To show: da) (ANB)NC C AN (BNC).

da)

db)

db) AN(BNC)C(AnB)nC.
Let z € (ANB)NC.
Then x € AN B and x € C.
Soxe Aand x € Band z € C.
SoxeAandxz e BNC.
Soxe AN(BNC).
So (ANB)NC CAN(BNCO).
Let z€e AN(BNC).
Then x € Aand z € BNC.
Sore Aand x € Band x € C.
Soxe ANBand x € C.
Soxe (ANnB)NC.
So AN(BNC)C (AnB)NnC.

So (ANB)NC =AN(BNC).
e) To show: ea) ANB C BN A.

ea)

eb)

eb) BNAC ANB.

Let x € ANB.

Then z € A and z € B.
Soxr € Bandz € A.
Sox e BNA.

So AnNB C BN A.

Let x € BN A.

Then x € B and z € A.
Sox € Aand x € B.
Sox e AN B.

So BNACANB.

So ANB=BnA.
f) To show: fa) AN(BUC)C(ANB)U(ANCQC).

fa)

b) (ANB)UANC)CAN(BUCQO).
Let z€e AN(BUC).
Then z € Aand x € BUC.
Sore Aandx € BorxeC.
SoxeAandxr e B,orzx € Aand z € C.
Soxe ANBorxe ANnC.
Soze (ANB)U(ANCQC).
So AN(BUC)C (ANB)U(ANCQO).
Let z € (ANB)U (ANC).
Thenz e ANBorxze ANC.
Soxe Aandx € Borx € Aand z € C.
Soxe Aand,z € Borz e C.
Soxe Aand x € BUC.
Soxe AN(BUC).
So (ANB)U(ANC)CAN(BUCQO).

So AN(BUC)=(ANB)U(ANC). O



§2P. Functions
(2.2.3) Proposition. Let f:S — T be a function. An inverse function to [ exists if and only if f is
bijective.

Proof.
=: Assume f:S — T has an inverse function f~1:7 — S.
To show: a) f is injective.
b) f is surjective.
a) Assume f(s1) = f(s2).
To show: s1 = s5.

§$1 = fﬁl(f(sl)) = fﬁl(f(32)) = $2.

So f is injective.

b) Let t € T.
To show: There exists s € S such that f(s) =1.
Let s = f~1(¢).
Then

So f is surjective.
So f is bijective.

<=: Assume f:S — T is bijective.

To show: f has an inverse function.
We need to define a function ¢: T — S.
LetteT.
Since f is surjective there exists s € S such that f(s) = t.
Define ¢(t) = s.
To show: a) ¢ is well defined.

b) ¢ is an inverse function to f.

a) To show: aa) If ¢t € T then ¢(t) € S.
ab) If ti,to €T and t; =ty then gO(tl) = (p(tg).

aa) It is clear from the definition that (t) € S.

ab) To show: If t; = to then (t1) = ¢(ta).
Assume tq,to € T and t1 = to.
Let S1,82 € S such that f(Sl) =t; and f(Sg) = ts.
Since tl = tg, f(Sl) = f(SQ)
Since f is injective this implies that s; = ss.

So ¢(t1) = s1 = s2 = p(ta).
So ¢ is well defined.

b) To show: ba) If s € S then ¢(f(s)) =s.
bb) If t € T then f(p(t)) =t.
ba) This is immediate from the definition of .
bb) Assume t € T.
Let s € S be such that f(s) =t.
Then

fle) = f(s) =t

So po f and f o are the identity functions on S and T respectively.
So ¢ is an inverse function to f. O



(2.2.7) Proposition.
a) Let S be a set and let ~ be an equivalence relation on S. The set of equivalence classes of the
relation ~ is a partition of S.
b) Let S be a set and let {S,} be a partition of S. Then the relation defined by

s~ t, if s,t are in the same Sy,

is an equivalence relation on S.

Proof.
a) To show: aa) If s € S then s is in some equivalence class.
ab) If [s] N [t] # 0 then [s] = [t].
aa) Let s € S.
Since s ~ s, s € [s].
ab) Assume [s] N [t] # 0.
To show: [s] = [t].
Since [s] N [t] # 0, there is an r € [s] N [t].
So s ~rand r ~t.
By transitivity, s ~ t.
To show: aba) [s] C [¢]
abb) [t] C [s].
aba) Suppose u € [s].
Then u ~ s.
We know s ~ t.
So, by transitivity, u ~ t.
Therefore u € [t].
So [s] C [t].
abb) Suppose v € [t].
Then v ~ t.
We know ¢ ~ s.
So, by transitivity, v ~ s.
Therefore v € [s].
So [t] C [s].
So [s] = [t].
So the equivalence classes form a partition of S.

b) We must show that ~ is an equivalence relation, i.e. that ~ is reflexive, symmetric, and transitive.

To show: ba) s~ s forall s € S.
bb) If s ~ ¢ then t ~ s.
be) If s ~t and ¢ ~ u then s ~ u.
ba) s and s are in the same S, s0 s ~ s.
bb) Assume s ~ t.
Then s and ¢ are in the same S,,.
Sot~s.
bc) Assume s ~ ¢t and t ~ u.
Then s and ¢ are in the same S, and ¢ and v are in the same S,,.
So s and w are in the same S,,.
So s ~ u.
So ~ is an equivalence relation. O

1. Let S, T, U be sets and let f: S — T and g:T — U be functions.
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a) If f and g are injective then g o f is injective.
b) If f and g are surjective then g o f is surjective.
¢) If f and g are bijective then g o f is bijective.

Proof.
a) Assume f and g are injective.
To show: If s1,52 € S and (go f)(s1) = (g o f)(s2) then s; = s5.
Assume s1,89 € S and (go f)(s1) = (go f)(s2).
Then

9(f(s1)) = g(f(s2)).

Thus, since g is injective, f(s1) = f(s2).
Thus, since f is injective, s1 = so.
So g o f is injective.

b) Assume f and g are surjective.
To show: If u € U then there exists s € S such that (go f)(s) = u.
Assume u € U.
Since g is surjective there exists t € T such that g(t) = u.
Since f is surjective there exists s € S such that f(s) =¢.
So

I
&

So there exists s € S such that (go f)(s)
So g o f is surjective.
¢) Assume f and g are bijective.
To show: ca) go f is injective.
cb) go f is surjective.
ca) Since f and g are bijective, f and g are injective.
Thus, by a), g o f is injective.
cb) Since f and g are bijective, f and g are surjective.
Thus, by b), g o f is surjective.
So g o f is bijective. O

2. Let f:S — T be a function. Then the set F = {f~1(t) |t € T} of fibers of the map f is a partition of S.

Proof.
J';o show: a) If s € S then s’ € f~1(t) for some t € T.
b) If f=1(t) 0 f (ta) # O then f=1(t1) = f~'(t2).
a) Assume s’ € S.
Then f~'(f(s") = {s € S| fls) = [(s)}-
Since f(s') = f(s'), s' € f7L(f(s)).
b) Assume f‘l(tl) N f=1(tz) # 0.
Let s € f~1(t1) N f~ 1 (t2).
So f(s) =t andf( )=t

To show: f=1(t;) = f~ (t22)
To show: ba) f 1(751) C f(t2).
bb) f~1(t2) € f7H(th).



ba) Let k € f~1(t1).
Then f(k) =t

bb) Let h € f~1(t2).

So f_l(tl) = f_l(tg).
So the set F' = {f~1(t) |t € T} of fibers of the map f is a partition of S. 0O

3. a) Let f: S — T be a function. Define

fm S — imf
s = f(s)

Then the map [ is well defined and surjective.

b) Let f:S — T be a function and let F = {f~1(t) | t € T} be the set of nonempty fibers of f. Define

f: F — T
/1) — t

Then the map f is well defined and injective.
c) Let f:S — T be a function and let F = {f~1(t) | t € T} be the set of nonempty fibers of f. Define

bk F — im f
i) -t

Then the map f’ 1s well defined and bijective.

Proof.
a) To show: aa) f’ is well defined.
ab) f’ is surjective.
aa) To show: aaa) If s € S then f/(s) € im f.
aab) If 81 = s9 then f/(s1) = f'(s2).
aaa) Assume s € S.
Then f'(s) = f(s) € im f by definition of f’ and im f.

aab) Assume s; = so.
Then, by definition of f’,

f'(51) = f(s1) = f(s2) = f'(s2).

So f’ is well defined.

ab) To show: If ¢ € im f then there exists s € S such that f'(s) = t.
Assume t € im f.
Then f(s) =t for some s € S.

So f/(s) = f(s) = t.



So f’ is surjective.

b) To show: ba) f is well defined.
bb) f is injective.
ba) To show: baa) If f~1(t) € F then f( () e

bab) If f~ (tl) ~H(t2) then f(f~ ( 1)) = F(171(E).

baa) Assume f~1(t) €
Then f(f Lt )) = t € T, by definition.

bab) Assume f~1(t;) = f~1(¢ 2)
Let s € f~ (tl)
Then s € f~1(t2) also.
So tl = f(S) = t2.
Then

f(f_l(tl)> =11 =12 = f(f_l(tz))-

So f is well defined.
bb) To show: Iff(f Y1) = f(f7(t2)) then f~1(t1) = f (t2).
Assume f(f71(t1)) = F(f 7 (t2))-
Then tl = t2.
To show: f~1(t;) = f~1(ta).
This is clearly true since t; = t».
So f is injective.

c) By Ex. 2.2.3 b), the function

is well defined and injective.
By Ex. 2.2.3 a), the function

is well defined and surjective.
To show: ca) im f =im f.
cb) f' is injective.
ca) To show: caa) im f C im f.
cab) im f Cim f.
caa) Assume ¢ € im f.
Then f~1(t) is nonempty.
So there exists s € S such that f(s) =
Sot €im f.
So im f Cim f.
cab) Assume ¢ € im f.
Then there exists s € S such that f(s) =
So f1(t) # 0.
Soteimf.
Soim f Cim f.
So im f = im f.
cb) To show: If f/(f Y1) =
Assume f’(f_ (t1)) =

(f~ 1t2)) then f~1(t;) = f~1(t2).
(f71(t2)).
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SO tl = tg.
So f~H(t1) = [~ (ta).
So f' is injective.
So f’ is well defined and bijective. O

4. Let S be a set and let {0,1}5 be the set of all functions f:S — {0,1}. Given a subset T C S define
a function fr:S — {0,1} by

_JO ifs¢T;
fT(s)_{l ifseT.

Then the map

P 29— {0,1}°
T -  fr

s a bijection.

Proof.
To show: a) % is well defined.
b) 4 is bijective.
a) To show: aa) If T € 29 then ¢(T) = fr € {0,1}5.
ab) If Ty and T, are subsets of S and T} = T4 then (T1) = ¥(T3).
aa) It is clear from the definition of fr that zz/psi(T) = fr is a function from S to {0,1}.
ab) Assume 77 and T5 are subsets of S and 17 = T5.
To show: ¥(T71) = ¢(T3).
To show: le = sz.
To show: If s € S then fr, (s) = fr,(s).
Assume s € S.

Case 1. If s € T} then, since T} = T3, s € Ts.
So

le(S) =1= fT2(S)'
Case 2: If s ¢ Ty then, since Ty = Ts, s ¢ To.
So
le(S) ZOZfTQ(S)

So fr,(s) = fr,(s) for all s € S.
SO le = fT2~
So w(Tl) = fT1 = sz = ¢(T2)

So 1 is well defined.

b) By virtue of Proposition 2.2.3 we would like to show:
:2% — {0,1}® has an inverse function.
Given a function f:S — {0,1} define

Ty ={s €S| f(s) = 1%
Define a function ¢: {0,1}° — 29 by

o {0,1}5 — 25
f — Y.
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To show: ba) ¢ is well defined.
bb) ¢ is an inverse function to .

ba) To show: baa) If f € {0,1}* then ¢(f) = Ty € 2°.
bab) If fi, fo € {0,1}° and f; = f> then

e(f1) = ¢(f2)-

baa) By definition, Ty = {s € S| f(s) = 1} is a subset of S.
bab) Assume f1, f2 € {0,1}% and f1 = f5.
To show: (f1) = ¢(f2).
To show: Ty, =T,.
To show: baba) Ty, C TY,.
babb) Ty, C Ty,.
baba) Assume s € T}, .
Then f1(s) = 1.
Since fa(s) = fi(s), fa(s) = 1.
Thus s € T},.
So Tf1 - sz-
babb) Assume s € T¥,.
Then fo(s) = 1.
Since fi(s) = f2(s), fi(s) = 1.
Thus s € T}, .
SO Tf2 g Tf1'
So Tf1 = Tf2~
So ¢(f1) = ¢(fa)-
So ¢ is well defined.

bb) To show: bba) If T € 2% then (¢(T)) = T.
bbb) If f € {0,1}* then ¥ (o(f)) = f.
bba) Assume T' C S.
To show: o(¢(T)) =T.
To show: T, =1T.
To show: bbaa) Ty, CT.
bbab) T C T,.
bbaa) Assume t € T,.
Then fr(t) = 1.
SoteT.
So TfT Q T.
bbab) Assume t € T
Then fr(t) =1.
SoteTy,.
SoT - TfT'
So TfT =T.
So ¢(¥(T)) =T.
bbb) Assume f € {0,1}7.
To show: ¥ (¢(f)) = f.
By definition, ¥ (¢(f)) = fr,
To show: If s € S then fr,(s) = f(s).
Assume s € S.

Case 1: f(s) =1.
Then s € T.
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So fr;(s) = 1.
So fo (S) = f(S)
Case 2: f(s) =0.
Then s ¢ T}.
So fr;(s) = 0.
So fr;(s) = f(s).
So fr;(s) = f(s).
So () = f.
So ¢ is an inverse function to .

So ¥ is bijective. O

5. a) Let o be an operation on a set S. If S contains an identity for o then it is unique.
b) Let e be an identity for an associative operation o on a set S. Let s € S. If s has an inverse then
it 1S unique.

a) Let e, ¢’ € S be identities for o.
Then eo e’ = e, since €’ is an identity, and e o ¢’ = ¢, since e is an identity.
Soe=¢.

b) Assume t, u € S are both inverses for s.
By associativity of o, u = (tos)ou=to(sou)=t. O

6. a) Let S and T be sets and let ts and vp be the identity maps on S and T respectively.
For any function f:S — T,
LT © f = f7 and
fouws=Ff.

b) Let f: S — T be a function. If an inverse function to f exists then it is unique.

Proof.
a) Assume f:S — T is a function.

To show: aa) vpo f=f.
ab) foisg=f.
To show: aa) If s € S then tr(f(s)) = f(s).
)

ab) If s € S then f(ts(s)) = f(s).
aa) and ab) follow immediately from the definitions of t7 and tg respectively.

b) Assume ¢ and ) are both inverse functions to f.
To show: ¢ = 1.
By the definitions if identity functions and inverse functions,

p=gpo(foy))=(pof)oh=1.

So, if an inverse function to f exists, then it is unique. O
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