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PICTURE

7 is the distance half way around a circle of radius 1.

Measure angles according to the distance traveled on a circle of radius 1.
PICTURE

The angle 0 is measured by traveling a distance 6 on a circle of radius 1.

Stretch both  and y to get a circle of radius r.

PICTURE
The distance 6 stretches to 6. Hence, the

(arc length along an angle 6 on a circle of radius r) = rf.

The distance 27 around a circle of radius 1 stretches to 27r around a circle of radius r. So the
circumference of a circle is 277 is the circle is radius r.

To find the area of a circle first approximate with a polygon inscribed in the circle.
PICTURE

the eight triangles form an octagon Ps in the circle. The area of the octagon is almost the same
as the area of the circle.

Unwrap the octagon.
PICTURE

The area of the octagon is the area of the 8 triangles. The area of each triangle is %bh. So the area
of the octagon is § Bh.
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Take the limit as the number of triangles in the interior polygon gets larger and larger (the
polygon gets closer and closer to being the circle). Then

Area of the circle = lim (area of an n-sided polygon Pn>

n—oo

= lim (%Bh)

n—oo

PICTURE?total base height of triangle

= 5m)0)

PICTURFElength of an unwrapped circle radius of the circle

:7'('7’2.

So the area of a circle is 72 if the circle is radius r, and the

(area of an arc of angle 6 for a circle of radius r) = ; - (area of the whole circle)
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Trigonometric functions

sin @ is the y-coordinate of a point at distance 8 on a circle of radius 1,

cos 6 is the z-coordinate of a point at distance 6 on a circle of radius 1,

sin
tanf = ——,
cos
0
cotf = C_i,
sin @
1
0= ——
Sec cosf’
1
0= ——
¢ sin @’

Since the equation of a circle of radius 1 is 22 + y? = 1 this forces

sin® 0 + cos? 6 = 1.

The pictures
PICTURE and PICTURE

show that
sin(—#) = —siné and cos(—0) = cosf.
Also
PICTURE and PICTURE
show that
sin0 = 0 sing =1,
and

cos0=1 Cosz:().



ANGLES 3

Draw the graphs
PICTURE and PICTURE,

by seeing how the x and y coordinates change as you walk around the circle.
There are five trig identities to remember:

sin(z + y) = sinx cosy + cos z siny,
cos(x 4+ y) = cosxcosy — sinzx siny,
sin® z + cos? z = 1,
sin(—z) = —sinz and cos(—x) = cosz,

As well as the two triangles

PICTURE and PICTURE.

From these triangles,
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Since the only trig identities I remember are identities for sines and consines I usually verify
trig identities by first writing them completely in terms of sines and cosines.

secB tanB _q
cosB cotB

1 sin B
secB tanB _ \cosB cos B

cosB cotB  cosB _<COSB)

Example. Verify

sin B
1 sinzB_l—sinzB_COSQB_l
"~ cos2B  cos2B cos?B  cos2B
Example. Verify cota — cot 3 = w
sin asin 3

cosa  cos(3

Left Hand Side = cot o — cot 3 = — -
sina  sin(

cosasin 3 — cos Bsin o

sin o sin 3

sin(f —a)  sinfcos(—a) + cos Bsin(—a)

Right Hand Side =

sinasinf sin o sin 3

sin Bcosa + cos B(—sina)  sinBcosa — cos Fsina

sin o sin 3 N sin o sin 3
So
Left Hand Side = Right Hand Side.



Example. Verify

So
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tanA —sin A B sin® A
sec A  14cosA’

tanA —sinA sin® A

sec A " 1+cosA
(1 +cos A)(tan A —sin A) =7 sin® Asec A.

tan A + cos Atan A — sin A — sin A cos A =7 sin® A sec A.

COS COS

sin A

sin A —sin Acos? A, sin® A

cos A cos A

2 sin® A

sin A — sin A cos® A .
cos A

? .
1 —cos? A =7 sin? A.

YES, because sin? A + cos? A = 1.

and so

Slni—l—cosA(Slni)—sinA—sinAcosA:?sin?’A( 1 >

cos A

1
1 +sinA—sinA —sinAcos A =" sin® A (COSA) )

adam(t) = z-coordinate of the point on a circle of radius 1
which is distance d from the point (1,0),
eve(t) = y-coordinate of the point on a circle of radius 1

which is distance d from the point (1,0).

(adam(d), eve(d))

(adam(0), eve(0))

X

and
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The triangle in this picture is

1 eve(d) hypotenuse opposite
adam(d) adjacent
and so " i@ .
adam(d) = PP 0 () = oacent
hypotenuse hypotenuse

for a right triangle with angle d.



