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4 Special functions and manipulatorics

4.1 exponential, trig functions, hyperbolic functions, elliptic functions

Define
22 23 2t 2 2% 2T
x f— — — — —_— —_— —_— DR
celtrt gty tata ettt
sinx—x—x3+x5 _a:7+339 _3311 +3:13 -
B 3150 7 9 11 13! ’
o 22 . PRI . 22 210 . 712
2! 4! 6! 8! 10! 12! ’
and )
sin x 1
tanx = , cotx = , secx = , CsCx = —.
COs T tanx COS T sin T
Define
22 23 2t 2 a2t 2
a: P— — — — —_— —_— —_— DY
cEltrt gttty ettt
- 23 . P . 20 gl . 213
smhe=0——+——-——4+———+——---
3 5 7t 9t 11 13! ’
N 22 gt g6 g8 10 a2
B T T TR T TR
and inh 1 1 1
sinh
AT = Coshz’ ¥ T tamhz o T T coshz OO T Sinhg
HW: Prove the following:
2 3
1_w:1+x+m2+x3—|—-~, ln(l—l—x):m—%—l—%—i—--',
dx"™ dx™
If n € Z~¢ then @ nx"‘l, If n € Z>q then @ nz" !
dx = dx
dx™ dx”
If n € Z then @ _ na" 1, If r € Q then aap—c—l
dx dx
dx” dx”
If 7 € R then — — ra" If 7 € C then —- = ra"
dx i
HW: Let 72 = 1. Prove the following:
e = cosz + isinzx, e” = coshx + sinh x,
ei:c +e—i:c e + ez
cosr = ————, cosher = ——,
21 2
T e—ix et _ T
sinx:T, Sinhx:T,
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HW: Let i2 = 1. Prove the following:

cos(—x) = cosz, sin(—z) = —sinx, cosh(—z) = coshz, sinh(—xz) = —sinhz,
cos?x +sin’x =1, cosh? z — sinh? z = 1,

cos(z +y) = cosx cosy — sinz sin y, cosh(z + y) = cosh z cosh y + sinh x sinh y,
sin(x 4+ y) = sinz cosy + cosxsiny, sinh(z + y) = 2sinh x cosh y,

arcsinh(z) = In(z + V22 + 1), arccosh(z) = In(z + Va2 — 1),

arctanh(z) = %ln (1 + :p) ,
—x

HW: Prove the following:
Inl=0, In(ab) =Ina +Inb,

In(; In(a®) = blna,

|—
~—
I
|
—_
B
S

HW: Prove the following:

de® . dlnz 1
—— =€, =
dzx dx T
dsinx dsin™! z 1
= cosz, = )
dx dx V1= 22
dcosz . dcos™ 1z -1
= —sinx =
dz ’ dx V1= 22
dtanz 9 dtan~!x 1
= sec” x, = ,
dcotx 9 deot™lx -1
= ¢sc’ x, = )
dseczx dsec 1l x 1
=tanxsecz, = ,
dz dx xvax?—1
descx desc
= —cscrcoty, — = Va2 -1,
dx dx
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Example: Explain why e = cosz + isinx, if i = /—1.

(iz)*  (iz)®  (ix)*  (i2)®  (i2)®  (iz)7
sltwt 5t A1 s e T T
g 222 323 idrt 5P 1646 i7"
R T T TR - R TR

P22 i 23 ((i2)2$4 i- (7;2)21.5 (i2)3x6 7- (2'2)3:[;7

=1+iz+ + - + + +

_|_...7

2! 3! 4! 5! 6! !
B o (=D2? i (=D2d (=122t i (=1)225 (=1)32% i (—1)327
At - R 7
1 1‘2 5[13 134 JIS IL‘6 LL‘7
A T T T T TH
2 4 6 3 5 7
xr X xr . xr T T
(1—§+I—a+ )+Z($_§+§_?+ -)
=cosx +isinzx.
Example: Explain why cos(—z) = cosz and sin(—x) = —sin z.
_ —2)*  (—x)' (—x)°  (—2)® ()"0 (-x)"
cos(—z)=l- "t sty T Tor T
_1_$2+IE4_ZL’6+$8_$10+ 12_
N 21 41 6 8 10! 12! ’
= cosz,
and
_ (—2)* | (—2)® (—2)"  (-=2)° (—o)!! )t
sin(=z) = (=2) = 1=+ TR TR T Y 13!
N $3 .’175 N l‘7 IQ N :EH $13 L
= —I _— — _—— — _
30 BT 7 9 T 11 13!
IES :E5 5L‘7 $9 xll 1}13
(“5*5‘?*5‘@*@‘"')’
= —sinx

2

Example: Explain why cos? z + sin® z = 1.
1 = 60 _ eiw+(—iw)
_ eime—im 623362( x)

= (cosx + isinx)(cos(—x) + isin(—x))

(
= (cosz + isinx)(cos x + i(—sinz))

—cos?x —isinzcosxt +isinzcosw — i%sin®

=cos’x — (—1)sin’z

= cos® x + sin® .
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Example: Explain why

cos(z + y) = cosxcosy — sinz sin y, and

sin(x 4 y) = sinx cosy + cos x sin y.

cos(z 4+ y) + isin(z + y) = @Y

— ezz+2y — em‘ezy
= (cosx + isinz)(cosy + isiny)
= cos:ccosy+icos:1:siny+isin:ccosy+i2 sin x sin y

= (coszcosy + (—1)sinzsiny) +i(coszsiny + sinxcosy).
Comparing terms on each side gives

cos(z +y) = cosxcosy — sinz sin y, and

sin(z + y) = sinx cosy + cos  sin y.

Example: Explain why e” = cosh x + sinh z.

2 l’3 5174 .’E5 x6 QZ7

e :1+$+§+§+I+E+a+ﬁ+“'

. 1 .1‘2 JI4 136 Z‘3 (L‘5 (L‘7
= +§+I+a+"' + $+§+a+ﬁ+”'

= cosh z + sinh z.

Example: Explain why cosh(—z) = coshz and sinh(—z) = — sinh z.
o, 2 )t () () (o) (o)
cosh(—z) =1+ 51 + 1 + G + A + o + o 4.
S [V ¥

S I T T e e Y M T RO
Tyt Tty T T

= coshz,
and
: _ (—2)* | (-2)° | (=)' | (=2)? (=)' (=)
sinh(=e) = (=) + g+ g e ey e e
O T S St B S B T
=y - — — — — — — — —_— Y —

b5 7t 9 11t 13!

= —gsinh .

$3 1‘5 IIZ‘7 :139 1,11 1:13
=—(e+ o+ 5+ o+ S+t

x —T x

Example: Explain why coshx = % and sinhz = & _26
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76
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20 31 4l 5!

2 I’3 1‘4 $5

6!

.’L‘6
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:L'7

x
tlozt ot — b = o

2031 41 5l

-1 332 $4 $6 55’8
=ttt gty

= cosh .

2 3 134 125

N|—=
—
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N~—
Il

20 31 4l 5l

SIS S ) A

6!

:EG

6!

7!

1’7

7!

(-a)' |

T T
A4+ + o+ S+ S+ o+ o+
(=)

)

)

2 3!

2 .’E3 4 .TS

T

26

7

5!

T X
=3 (Q+z+ -+ S+ S+ T+ S+ S+

20 30 4l B!

2 1,3 5(}4 1135

6!

76

7!

27

)

R

2031 41 5l

2 1.3 :L‘4 l‘5

6!

1:6

7!

127

1 T
=llto+ s+ o+t ot

20 31 41 5l

2 $3 .774 .CL'5

or T3 T T

2 22 a2

=$+§+§+ﬁ+a+'“

= sinh z.

Example: Explain why cosh? z — sinh? z = 1.

1=¢" = eac+(—ac)

6!

26

6!

7!

7

__+__

7!

= (coshz + sinh z)(coshz — sinh z))
=c

(cosh z + sinh z)(cosh(—z) + sinh(—x))

osh? z — sinh z cosh = + sinh x cosh z — sinh® z

— cosh? z — sinh? z.

Example: Explain why

cosh(z + y) = cosh z cosh y + sinh x sinh y,

sinh(xz 4+ y) = 2sinh x cosh y.
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x - Y -y T _ ,—T Y o=y
coshxcoshy—i—sinhxsinhy:(e 4_26 )(6 4‘26 )+(6 26 )(e 2@ )

efe¥Y + e Te¥ +efe YV + e Te Y

4
ete¥ —e Te¥ —efe Y + e Te Y
4
_ 2e"e¥ +2e eV
B 4
ezt+y) 4 o—(z+y)
- 2
= cosh(z + y).

and

r__ ,—T Y -y z -z Y—e¥
sinhmcoshy+coshxsinhy:<e 26 )(6 +26 )+(6 +2€ )(e 26 )

T

_eeV —e eV fefemV —e TeY
B 4
ete¥ + e eV —efe Y —e TV
4
27ty _ 92— (x+y)
4
= sinh(x + y).

4.2 Inverse functions

/7 is the function that undoes 2. This means that
Vil =z and (Vz)* ==z.
In z is the function that undoes e®. This means that
In(e”) =z and e? = 1.
sin~! z is the function that undoes sinz. This means that
sin!(sinz) = x and sin(sin™! z) = 2.

cos~ 1z is the function that undoes cos z. This means that

cos !(cosz) = x and cos(cos ™t x) = .
tan~! z is the function that undoes tanz. This means that

tan~!(tanz) = x and tan(tan ! z) = 2.
cot~! x is the function that undoes cot z. This means that

cot (cotz) = and cot(cot ! z) = .
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sec™ ! x is the function that undoes sec z. This means that

sec H(secx) =z and sec(sec 1 z) = .

csc— ! x is the function that undoes cscz. This means that

csc 1 (escx) = and csc(ese™!

x) = z.
log, = is the function that undoes a®. This means that
loga(a‘ﬁm sin32y — \/Trisin 32 and @08 (VTTisind2) _ |\ froigin 32,

WARNING: sin~! z is VERY DIFFERENT from (sinz)~!. For example,

1 1
sinT!0=sin"!(sin0) =0,  BUT  (sin0)~' = — 5 = 5 = UNDEFINED.
S11

Example: Explain why In1 = 0.
In1=In(e") = 0.

Example: Explain why In(ab) = Ina + Inb.

In(ab) = In(e™? - %) = In(e™ b)) = Ing + Inb.

—_

Example: Explain why In <—) = —Ina.

In (—) :ln< 11 ) =In (e_lna> = —Ina.
ena

Example: Explain why In (ab) =blna.

S

—_

Q

In(a’) = In ((eln“)b> =1In (eblna) =blna.

Thus
=1 turns into Inl =0,
ete¥ = ety turns into In(ab) =Ina + Inb,
| . 1
et =— turns into In{-)]=—Ina, and
et a
(e*)Y = e¥* turns into In(a’) = blna.
dl 1
Example: Explain why nr_ 2
dx x
d Inz d
Since e? = g, jlx = é
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dlnx dlnx dlnzx 1
Inx
=1 =1 = —.
So e . So =z . So . -
dsin™!
Example: Find M.
dx
, . dsin(sin~'z) dz
S “lz) = —_— =
ince sin(sin™" x) =z, I T
dsin~!x dsin™!z 1
S in~!z) ——= =1. S = :
0 cos(sin"" ) dx © dx cos(sin~! z)
So we would like to “simplify” cos(sin~! ).
Since 1 — cos?(sin~! x) = sin?(sin~! z), 1 — (cos(sin™* :E))2 = (sin(sin™* :E))2
So 11— (cos(sin™* av))2 =22 So 1—x%= (cos(sin™! :1;))2
dsin!z 1 1
S in~'z) =v1-2a2 S = = :
o cos(sin”"z) v © dx cos(sin"lx) 1-—22
d -1
Example: Find M.
x

d -1 d
Since cos(cos~!z) =z, dcos(cos™ z) _—

dx dx
dcos™! dcos™? -1
So  —sin(cos ! x) o™ T _q, So 8T - ——. So we would like to “sim-
dx dx sin(cos™! z)
plify” sin(cos™! ).
Since 1 — sin?(cos™! x) = cos?(cos ! ), 1 — (sin(cos™ x))2 = (cos(cos™! yc))2
So 11— (sin(cos™! ac))2 = 22 So 1 —a?= (sin(cos™? ZE))2
dcos™lx -1 -1

So i ) =v1-2a2 S = = :

o sinfcos™ z) v © dx sin(cos™lz) /1 — a2

dtan™!
Example: Find M.
x

, dtan(tan~'z) dx
S tan(tan~lz) = - 7,
ince tan(tan™'z) = x, T I

dtan~!z dtan~!z 1
S *(tan”'z) ——= =1. S = :
o sec(tan”"2) dx © dx secZ(tan~! x)

So we would like to “simplify” sec?(tan~!z).

Since  sin?z + cos?

sin?z  cos?x 1

=1,

cos2x  cos?x  cos?z’
So tan?x 4+ 1 =sec?z.
So sec’(tan™'z) = tan?(tan~'z) + 1 = (tan(tan™! :L‘))2 +1=2%+1.
dtan—1z 1

S = )
© dx 241
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dcot™1 z

Example: Find
dx

d cot(cot™! d
Since cot(cot™!z) =z, dceot(cot " z) _ dx

dx T dx
dcot™ ' x deot™lz -1
So —csc?(cot™ ) ——= =1. So = .
( ) dx dx csc2(cot™! )
So we would like to “simplify” csc?(cot ™! x). Since sin®x 4 cos®x = 1,
sinz  cos®x 1
2 2. a2

sin“ x sin“ x sin“ &

So 1+cot?z=csc?z. So csc?(cot ' z) =1+ cot?(cot ™t z) =1+ (cot(cot™! a:))2 =1+22

dcot™!z -1
So = .
dx 1+ 22
. dsecT 'z
Example: Find ————.
dx
dsec(sec™lz) dx
Since sec(sec™'z) = x, _— = —
( ) dx dx
dseclz dsec 'z
So tan(sec™!z)sec(sec ta) ———= =1. So tan(sec lz) -z ——= =1.
(sec! @) sec(sec ™ 2) S (sec™ ) - S
dsec 'z 1
So = )
dx x tan(sec~! )
So we would like to “simplify” tan(sec™! ).
Since  sin?z + cos?z = 1,
sinz  cos’zx 1
cos?x  cos?x  cosiz
So tan?z 41 =sec’zx.
So tan?(sec™!x) + 1 = sec?(sec™! z). So  (tan(sec! x))2 +1 = (sec(sec™? :13))2
So  (tan(sec™? :13))2 +1 =22 So tan(sec™!z) = Va2 — 1.
dsec™! 1
So sec” & _ .
dx xvr? —1
d -1
Example: Find aee r
dx
desc(esc™tz)  dw
Since csc(csc™lz) =z, _— =
( ) dx dx
desc ™l desc™
So —ecsc(ese™ ! z) cot(ese ) ———= = 1. So —xzcot(ecsc Tt ) ——= =1.
(ese ) cotfese ) S5 (ese ) S
desc ' -1
So = .
dx x cot(csc™1 )
So we would like to “simplify” cot(csc™! ).
Since sin?z 4 cos?z = 1,
sinz  cos®x 1
sin?z  sinfz s’z
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So 14 cot?z = csc?zx.

So 1+ cot?(csc™tz) = csc?(cse ). So 1+ (cot(esc™? x))2
So 1+ (cot(esc™? x))2 = 22 So cot(esc™tz) =22 — 1.
% desc ™tz _ -1 '

dx xvx? —1

d
Example: Find el when y = log, 10.

= (esc(esc™! x))2

dx
zY = g8 10 = 1.
Take the derivative:
dzv d(e"®)Y  deVlnzx ylnz 1 dy
= = =¥ |
dx dx dx c - + de
d10
=— =0.
dz
1 d
So evine (y-——i——ylnx) =0.
r dx
d
Solve for 2.
x
_ylnz _eylnz _
eylnx@lnx:—e Y So @: < Y _ Y _ log, 10.
dx x dr  ze¥Tlng xlnz rlnz
Example: Find the third derivative of 2% with respect to x.
y = 2%,
d,y d2® 2(eln2)x dexan 2 102
dr  dx dz dz ° (In2) = (€77)"In "
d*y d (dy d2*In 2 9
-2 (Z2) = =In2-2In2 = (In2)°2".
dz?  dzx (dx) dx " . (In2)
@y _d (T d—(ln2)22‘”) = (In2)%2"In2 = (In2)*2"
dz3  dx \ dz? dx '
. 2 d’y dy
Example: If y = acos(lnz) + bsin(Inz) show that x s + T +y=0.
x x
d 1 1
ﬁ = a(—sin(In x)); + bcos(In x);
= —asin(lnz)z ! 4+ beos(Inx)z !,
Ty _ lnz)ia! in(1 Da~? + —bsin(lna) 2z + beos(inz)(~1)z 2
i —a cos( nx);x + —asin(lnz)(—1)x™° 4+ —bsin( nx);x + bcos(lnz)(—1)x
—acos(lnz) + asin(lnz) — bsin(lnz) — beos(In x)
1 :
= —((a —b)sin(Inz) — (a + b) cos(Inz)).

T
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So

2
LHS::EQ%—FZ‘%—I—@/
= z? % ((a = b)sin(Inz) — (a + b) cos(Inz))
+ z( — asin(In z)z~ ! + beos(In x)x_l)
+ acos(Inzx) + bsin(Inx)
= (a—b)sin(lnz) — (a 4+ b) cos(ln z)
—asin(lnz) + bceos(In )
+ bsin(Inz) + acos(lnx)
= 0.

d
Example: Find d—y when asin(zy) + bcos (g) = 0.
x

Take the derivative:

d d
0 = acos(zy) (x% +1- y) + —bsin (g) (m(—l)y2£ +1- yl)

d d
= acos(my)x% + acos(zy)y + bsin (g) %d—y — bsin (g) y~ .

Solve for @
dx

T

d
acos(my)m% + bsin <—)

T d
y 2

” % = acos(zy)y — bsin (%) y L.
So
. x -1
acos(xy)y — bsin <—) Y
dy (zy) y

a cos(zy)x + bsin (f)
Y

dx

T

y2

acos(zy)y® — bsin (E) Y
Y

a cos(zy)xy? + bsin (£> x
Y

d
Example: Find & when y = tan ! (ﬂ) - cot ™! <E)
dx T a
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2o O ()

x
—tan" ! <—) —cot™! (—) a
= 2 + 22 + 2
a+ —
a
x
—tan~ ! <—) a —cot™! (—) a
_ x a
a? + x2 22 4 a?

() (o () e ()

a x a
If —=tanz then = =cotz and z=tan ! (—) =cot™! (
T

a T

So

Y (s ) (s (8) e (%)) =
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