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22 RSK correspondences and Schur functions

22.1 The Cauchy identity

A partition is a sequence A = (A1, Ag,...) of elements of Z>q such that A\; > Ay > --- and there exists
0 € Z~y with \y > 0 and A\py; = 0. The length of X is £(\) = ¢.
Let m,n € Zso and let Myxm(Z>0) be the set of n x m matrices with entries from Z>o. For a
partition A define
Bp(A) = {SSYTs P of shape A filled from {1,...,n}}.

If /(\) > n then B,(\) = (. The RSK correspondence is

Mnxm(ZZO) — Ll)\Bn()‘)@Bm()‘)

the bijection A — (P,Q)

described in Section [22.2 (RSKbij)

The weight of a matrix A = (a;;) in Mpxm(Z>o) is

n o m

wt(A) = [ [ [ (zig)*
i=1j=1
The Schur function indexed by A in the variables x1,...,x, is
sx(z) = sa(z1,...,2p Z pVHP) = Z xf& Is inP...x# ns in P
PeB, (X PeBnr (M)

If £(A\) > n then sy(z1,...,2,) = 0. The Schur function indexed by X\ in the variables yi, ..., Ym is
@) =AW .am) = Y yM@= Y gf Q. gmsing
QEBm(N) QEBm (M)

Corollary 22.1. (Cauchy identity)

1
HH].—I"Ly] :ZS)\(mlr"7xn)3/\(y17'-'7ym)'
j=1i=1 A
Proof.
n m 1 n m n m
11T -y =TT s G 0= T 3 e
i=1j=1 i=1j=1 1=1j= GUEZ>0
n m
- ¥ <H ) = 32 )= Famym@
AeMan(Z>O) i=1j5=1 AEMan(Z>O) A
_ZSA 1 Z)SA (YL Ym),
where the next to last equality is by the RSK correspondence. ]
Restriction to matrices with column sums (1,1,...,1). Suppose that A is a partition with m

boxes. Then

= {standard tableaux @ of shape A\} ={Q € B,,(\) | wt(Q) = (1,1,...,1)}.
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Restricting the RSK correspondence to the set

men(ZZ())cs:(l,...,l) = {A S Man(ZZO) | CS(A) = (17 17 v

gives a bijection
Myxm(Z20)es=(1,..1) > LI\ Ba(A) @ Sy,
A =

and this bijection implies the identity

($1_|_+$n)m: SA(xl,..-,xn>f)\a

where f) is the number of standard tableaux of shape A.

(CRSK)

(ccr)

Restriction to permutation matrices. Suppose that m = n. Restricting the RSK correspondence
to the set of matrices with row sums (1,1,...,1) and with column sums (1,1,...,1),

Mixn(Z>0)rs=cs=(1,...,1) = 1A € Mpxn(Z30) | cs(A) =15(4) = (1,1,...,1)}

= {n X n permutation matrices} = S,

gives a bijection

and this bijection implies the identity

nl=>Y" 1},

€Y,

where f) is the number of standard tableaux of shape A.

22.2 The RSK procedure

Identify a SSYT with a tensor product of columns so that, for example,

2|24

6[6]
3|4 3 4
1o E@E@E@E@@@@
[6]

Similarly, a pair of SSYT is a tensor product of pairs of column tableaux,

ot

[mpm»—n

(RCRSK)

(RCCI)

1]1]1 2[4][6] 1

2[3][7 4[5 2 2 3 4

1T . = 3®®®®@®@,®®®®@®@
3 36 (s HCG

® é ® 7 ®(,>®(@,@)®(@,@) (RSKa)

Finally, it is often convenient to identify a tensor product of pairs of single box tableaux as a two-line

array:

(6] [6] [6] [6] [5]

21,08) ® (3], [6)) ® (7], [6]) ® (8], [6]) ® (8, [5]) =
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Identify a matrix A = (a;;) as a two-line array by reading the entries of A in chinese reading order

(vertically down columns, with columns taken right to left) with the pair

=N elelNelBoeoNeoNel =
OO OO OO oo
_ o OO OO oo
OO NO OO OO

[l elNoNol =]

ON =R O OO NO O

] [o]

] [=]

= (o]
=] [2]

] [2]

] [

22.2.1 Generators of the RSK correspondence

Assume 0 = pyp < p1 < -+~

<pe<nand0=¢q < q < -~

(=] [#]

.
repeated a;; times.
i
[9]

< qr <m. Letie {1,...,n} and

j€{l,...,m}. The RSK correspondence is generated by the following identifications:

(1. [i]) e

and (4], [j]) @

b1
b2

Pk

162

b1 q1
b2 q2
q : :
g pe-1 Qo1 : . .
) i Q@ ®(7) if pe1 <@ < py,
qr Pe+1 qe+1
Pk gk
RN EEE
P2 2 . _
) ) : : if pp < 1. (RSKgen)
' ' Dk qk
Dk qk i ]
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To give an example, applying the steps in (RSKgen) to move the pair ([3],[6]) past the pair of SSYTs
given in (RSKa)) gives

1[1]1]2]9] [1]2]2]4]6] 1] |1
- 1[1]2]9] [2]2]4]6]
2[3]7]7 3[3[4]5 2] [3
(a@)@)(ggg 41616 :(a@)@) 3[4 ® 3|7|7] ,|3]4]5
— 8[8 6]6
L7] 6] 7] 18]
1]1]2]9] [2]2]4]6] ;i;; 1]2]9] [2]4]6]
- ®(7@)® 31717 , 131415 = 318 [4a]6 ®(7@)® T , 1415
5] g[8 6]6 - 5 B 16]
1]2]2 1[1]1]2] [1]2]2]4
3[3]4 2[9] [4]6 2[3]3]7] [3][3]4]5
= 88]'[4]6]6 ®(’@)®<L lai ]): 3[8[8] [4]6]6 ®(7@)®(@’@>
6] L7] 6]
1]1]2]7] [1]2]2]4]6] 1[1]1]2]7]9] [1]2]2]4]6]6]
3[3]7 3[3]4]5 2[3[3]7 3[3[4]5
= 8 yl4]6]6 ®(@7@): 3188 121616 (RSKSTEP)
6 7 6

At each step the ‘inserted entry’ is marked in red. The equality is the first step in
the example of the RSK correspondence given in Example This example in Example is
displayed in ‘reverse’, from the pair of SSYTs to the nonnegative integer matrix, to illustrate that
the steps can be reversed, which is what gives that the RSK correspondence is a bijection. At each
equality the ‘bumping sequence’ is indicated in red in analogy with the example in li The
result of Example is that

11127[911124[6)
2[3[3][7 3[3[4]5
3[8]8 [4]6]6
L7 6]
(6] [6] [6] [¢] [6] [5] [4] [4] [4] [3] [3) (2] [2] [
E1 I 1 R Y I 1 B 1 [ I o i B P B Y B FU B FU R P
020100
101000
000012
000O0O0@O0
=10 0 0 0 0 O a matrix in MQXG(ZZO)
000O0O0© O
000201
00 0O0O0 2
001000

with weight

wix3riadadny - yiyavsviysye = (2192)* (x1ya) (22y1)m2ys) (23ys) (T3y6) 2 (27ya) * (27y6) (86) (T9ys3).-
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Example 22.1.
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(o] [=] [2] [=]
(o] [=] [o] []
[o] [=] [o] []
[e] [=] [ [
[e] [=] [] [=]
[o] [=] [e] [=]

)

1[2]2]
13]

)

1]1]2]

9]

(6] [6] [¢] [6] 6]

)@(,)®<

(6] [¢] [6] [6] [¢]

) ® (2, ) ® ([, iz

(7 &) [8

(6] [6] [¢] [6] [6]

[9]
[9]

) @ (0,@) « (02, 012)

(6] [6] [¢] [6] [6]

) e (@@ e (Z.0)

164



Advanced Discrete Math MAST90030 notes, Arun Ram October 3, 2025

22.3 Pieri rules

Recall that ¢, = ¢,(z;t,u) is defined by the generating function
n
1—tx;z .
Hl—umiz N Z Ca

=1 r€l>o

and that

he(z) = Gr(2;0,1),  ep(@) = G(z; —1,0), pr(x):< 1t(}’r(a:;t,u)>’ . (utspec)

Expanding, factor by factor, the product

n
Hl—txiz 1 1
= e _— 1_t PP 1_t
1 1 —uwiz (1 —umlz) (1 — uxnz>( znz) - ( 712)

1=

gives
Gr(@;t,u) = Z W), CTi gy Ty (tildegincdecB)
1 i <o g > > >0

FIGURE OUT THE CLEAN WAY TO DEAL WITH TH (u — t) factor.
e A wvertical strip is a skew shape \/u which has at most one box in each row.
e A horizontal strip is a skew shape \/p which has at most one box in each column.
e A border strip is a skew shape A/p which has at most one box in each diagonal.

e A connected border strip is a border strip A\/u such that 77

PICTURES
Theorem 22.2. (Pieri rules) Let p be a partition. Then

Qs — Z (—t)hto‘/u')_e(“)q#COIS(A/“)_Z(H)SA ( sum over vertical horizontal >

trips A length
A/p bbs length 7 SUrps /:u of length r

hys, = Z Sy (sum over horizontal strips A/ of length 1)
A/p hs length r

ersy = Z Sa (sum over vertical strips \/u of length r)
A/ vs length r

DrSy = Z (=)t gy (sum over connected border strips A/ of length r)
A/ bs length r

Proof idea. Let

i1,...,0r € {1,...n} and }

UD :{se uences (%, ...,1 ‘ . . ) .
" q (i) iy <o g >0 > >

Then RSK insertion gives a bijection

Uy (k) x Bu(p) | | B,(\)
A/p vhs length r
((ipy...y11),P) Q
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which results in the identity

er(x; t, U)S“ (.73) _ Z u#cols()\/,u)fl (_t)#TOWS()\/M)*ls)\ (.%')
A/u vhs length r

The other identites are obtained from this one by specializing ¢ and u as in (utspec).

22.4 Character tables and Kostka numbers

Let n € Z~¢ and let A, 4 be partitions of n.

Let X denote the conjugate partition to .

Define
X?,u(#) = Z rwti, (Q), where S} = {standard tableaux Q of shape \}
QES)
and
rwt!, (Q) = [[ fu(5:Q),  with  J(u) = {pa, p+ pra, o+ + e}
5#330
and
|
—t, ifj+1lisswofjin Q, j+1
0, ifj+1¢J(u)and pictorially the
fu(7:Q) = j+1isneof jin Q and three cases i olj+1
j+2isswof j+1in Q, are j+2
(u,  otherwise,
j+1
where
a box (r,c) is southwest (sw) of a box (a,b) if r > a and ¢ < b, and
a box (r,c¢) is northeast (ne) of a box (a,b) if r < a and ¢ > b.
Define

Xan, (1) = Xg1 (1), X8, (1) =xT1()  Kne=x10(k),  Kyw = xo-1(n).

Corollary 22.3. Let n € Z~q and let pu be a partition of n. Then

Qu(miut) = Y xawsa@),  dule D)= > xh,(Wsx pu= Y x5, (1)sx,

A€Yy, AEY, €Y,

hy = g Kyus», and ey = E Ky sy,
AEY, A€Y,
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Since a SSYT is a sequence of horizontal strips then
Ky, = Card(B(\),) = x3.0(n)
so that K, is the number of SSYT of shape A and weight p. The matrices

A A
XSp = (Xsn (M))/\,pevn and XH,(q) = (XHn(q) (M))/\,ueYn
are the character tables of the symmetric group and the Hecke algebra, respectively.

Examples: The sets of standard tableaux for partitions with < 4 boxes are:
Od (] B
S, ={m}, S, ={m}, S, ={H}

-

- g
Sy ={mE}, S ={EZ ) 53:{}’

o g &R
Si ={mEEE}, Sy = {0 g e S =l ki

The matrices x, for n € {2,3,4} are

M| @ (1) el ) &y 0
3 U m 1
Xut = ((122>) f‘t 1 Xt = 21) |0+ u(—t) u+(—t) 1+1
@) | (=7 —t 1
A (4) (31) (22) (21%) (1%
(4) 1 1 1 1 1
B [ 04+04+(—t) 0+ (—t)+1 (=t) + 1+ (=) (=) 4+14+1 14141
Xut = (99) 0+0 0+ (—t) (—t)2 41 (—t)+1 141
(21 [0+ 0+ (=t)2 (=)2+0+ (=t) (=) + (=) +(=t) (=) +(-t)+1 1+1+1
(1% (=) (—1)? (—t)? (—t) 1
The matrices K for n € {2,3,4} are
A\ ‘ (2) (12) A\p ‘ (3) (21) (13)
K=K01)= @ |1 1 K-r@0n= & |1 T 1
o 1 (2;) 0o 1 2
o o 1
p/A | (4) (31) (22) (21%) (1%
@11 1 1 1 1
B)y|o 1 1 2 3
K =K(0,1) (22) | 0 0 1 1 2
(212)] 0 0 0 1 3
aH o 0 0 0 1
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Example 22.2. The following is an example of the RSK insertion used in the proof of Theorem|22.2)

TiTiTelrTo) [IP2fSTATelel’
1 3 3 EBEBEEEE @ 0)° |BPE T
t[1]1]1]2]7]9] [1]2]3]4]5]6]19
- G BE
L7] 1L9)
11]1]1]2]7]9] [1]2]3]4]5]6]15]
sfrelsTs] (i
- e '
L7] 19
1[a]1]1]2]7]9] [1]2]3]4]5]6]15]
STl [l
- A i
L7] 19
1[1]1]1]2]7]7]9] [1]2]3]4]5]6[15]22]
S e
- e '
L7] 119)
L[] 2]7[7]7]9] [1]2]3]4]5]6[15]22]23]
B @ :%,g?ﬁigg 111821931%521
- B s
L7] 19)
i1 2]7[7[7]7]9] [1]2]3]4]5]6]15[22[23[24]
B 2 §§52;8 1711821931%321
- 5 b
L7] 19)
lafafaf2]7]7]7]7]7]9] [1]2]3]4][5]6[15[2223]24]25]
_ ® §§§§§8 111821931%321
B 5 i
L7] 19)
tlafafe]2[3]7]7[7]7]7]9] [1[2]3]4][5]6][15[22[23]24]25]2¢6]
( o | BTels G
L7] 19
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qiuving
[l 2]3]7 77 7[7]9] [1]2]3]4][5]6]15[2223[24[25[26[27]
2 3[3]8 8| 9101621
3[5[5]6]8 11[12[13[17]20]
14 T 14
15] L8]
L7] 1L9)

]

Example 22.3. The following is an example of the RSK insertion used in the proof of Theorem|22.2)

s 02 [ [ o] [8) [7 [6] [5) [4] (8] [2] [1]
o B B B BB EE B O

1]1]3[3]5]5][7]7] [1]6]7[8]9r0[11[12]13]
13 12
- i ai
16 14
L7 5]
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