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13 Definitions of the symmetric functions

13.1 The power sum symmetric functions pµ

Eefine pr for r → Z→0 by

pr = xr1 + xr2 + · · ·+ xrn and define pω = pω1pω2 · · · pωω ,

for a sequence ω = (ω1, . . . , ωε) of positive integers.

13.2 The elementary symmetric functions eµ

Define er for r → Z→0 by

∑

r↑Z→0

erz
r =

n∏

i=1

(1 + xiz) and define eω = eω1eω2 · · · eωω ,

for a sequence ω = (ω1, . . . , ωε) of positive integers.

13.3 The homogeneous symmetric functions hµ

Define hr for r → Z→0 by

∑

r↑Z→0

hrz
r =

n∏

i=1

1

1↑ xiz
and define hω = hω1hω2 · · ·hωω ,

for a sequence ω = (ω1, . . . , ωε) of positive integers.

13.4 The little q’s

Following [Mac, (Ch. III (2.10)], define qr for r → Z→0 by

∑

r↑Z→0

qrz
r =

n∏

i=1

1↑ txiz

1↑ xiz
and define qω = qω1qω2 · · · qωω ,

for a sequence ω = (ω1, . . . , ωε) of positive integers. In plethystic notation CHECK THIS

qω = eω [X(t↑ 1)] and eω = qω
[ X

1↑ t

]
.

13.5 The little g’s

For a symbol a define the infinite product

(a; q)↓ = (1↑ a)(1↑ aq)(1↑ aq2) · · · .

Define gr for r → Z→0 by

∑

r↑Z→0

grz
r =

n∏

i=1

(txiz; q)↓
(xiz; q)↓

and define gω = gω1gω2 · · · gωω ,

for a sequence ω = (ω1, . . . , ωε) of positive integers.
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13.6 The nonsymmetric Macdonald polynomials Eµ

Let C[X] = C[x±1
1 , . . . , x±1

n ]. The symmetric group Sn acts on C[X] by permuting x1, . . . , xn. Let

C[X]Sn = {g → C[X] | if w → Sn then wg = g} the ring of symmetric functions.

Letting s1, . . . , sn↔1 denote the simple transpositions in Sn,

(sif)(x1, . . . , xn) = f(x1, . . . , xi↔1, xi+1, xi, xi+2, . . . , xn).

For f → C[X] and i → {1, . . . , n↑ 1} define

εif =
f ↑ sif

xi ↑ xi+1
.

Let Zn

→0 denote the set of length n sequences µ = (µ1, . . . , µn) of nonnegative integers (sometimes
called the set of weak compositions). Define Eµ for µ → Zn

→0 by setting E(0,0,...,0) = 1 and using the
following recursions:

(1) If µi > µi+1 then Esiµ =
(
εixi ↑ txiεi +

(1↑ t)qµi↔µi+1tvµ(i)↔vµ(i+1)

1↑ qµi↔µi+1tvµ(i)↔vµ(i+1)

)
Eµ,

where vµ → Sn is minimal length such that vµµ is weakly increasing, and

(2) E(µn+1,µ1,...,µn↑1) = qµnxnEµ(x2, . . . , xn, q↔1x1).

Explicitly, the permutation vµ → Sn which is minimal length such that vµµ is weakly increasing is
given by

vµ(i) = 1 +#{i↗ → {1, . . . , i↑ 1} | µi↓ ↓ µi}+#{i↗ → {i+ 1, . . . n} | µi↓ < µi}.

13.7 The symmetric Macdonald polynomials Pϑ

Let ϑ = (ϑ1, . . . ,ϑn) → Zn

→0 with ϑ1 ↔ · · · ↔ ϑn. Define

Pϑ(q, t) =
1

Wϑ(t)

∑

w↑Sn

w
(
Eϑ

∏

i<j

xi ↑ txj
xi ↑ xj

)
,

where Wϑ(t) is the appropriate constant which makes the coe!cient of xϑ equal to 1 in Pϑ(q, t).

13.8 The big Js and the big Qs

Let ϑ be a partition and let ϑ↗ denote the conjugate partition to ϑ. Following, [Mac, VI (6.14)] for a
box b = (i, j) in ϑ define

colegε(b)

legε(b)

coarmε(b) armε(b)
b

colegϑ(b) = i↑ 1,

coarmϑ(b) = j ↑ 1, b = (i, j), armϑ(b) = ϑi ↑ j,

legϑ(b) = ϑ↗
j
↑ i.
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The hook length h(b) and the content c(b) of the box b are defined by

h(b) = armϑ(b) + legϑ(b) + 1 and c(b) = coarmϑ(b)↑ colegϑ(b).

Define the upper and lower hooks of a box and the upper and lower hook products of a partition by

h↘
ϑ
(b) = 1↑ qarmε(b)+1tlegε(b),

h↘
ϑ
=

∏

b↑ϑ
h↘
ϑ
(b),

hϑ↘(b) = 1↑ qarmε(b)tlegε(b)+1,

hϑ↘ =
∏

b↑ϑ
hϑ↘(b),

The integral form Macdonald polynomials Jµ and the dual Macdonald polynomials Qµ are given by
[Mac, (8.3) and (8.11)]:

Jµ(q, t) = hµ↘Pµ(q, t) and Qµ(q, t) =
hµ↘
h↘µ

Pµ(q, t).

13.9 The fermionic Macdonald polynomials Aϑ+ϖ

For ϑ = (ϑ1, . . . ,ϑn) → Zn

→0 with ϑ1 ↔ · · · ↔ ϑn define

ϑ+ ϖ = (ϑ1 + n↑ 1,ϑ2 + n↑ 2, . . . ,ϑn↔1 + 1,ϑn)

and

Aϑ+ϖ(q, t) =
(∏

i<j

xi ↑ txj
xi ↑ xj

) ∑

w↑Sn

(↑1)ε(w)wEϑ+ϖ.

Theorem 13.1. (Weyl character formula for Macdonald polynomials)

Aϖ(q, t) =
∏

i<j

(xi ↑ txj) and Pϑ(q, qt) =
Aϑ+ϖ(q, t)

Aϖ(q, t)
.

13.10 The Schurs sϑ and the Big Schurs Sϑ

The Schur functions sϑ and the Big Schurs Sϑ are given in [Mac, Ch. I (7.7) and Ch. VI (8.9)] by the
formulas

sϑ =
∑

ϱ

1

zϱ
ϱϑ

Sn
(ς)pϱ and Sϑ = Sϑ(x; t) =

∑

ϱ

1

zϱ
ϱϑ

Sn
(ς)

( ε(ϱ)∏

i=1

(1↑ tϱi)
)
pϱ

where pϱ is the power sum symmetric function and ϱϑ

Sn
are the irreducible characters of the symmetric

group. In plethystic notation

Sϑ = sϑ[X(1↑ t)] and sϑ = Sϑ

[ X

1↑ t

]
.

13.11 The modified Macdonald polynomials H̃ϑ(x; , q, t)

Define Kϑµ(q, t) and the modified Macdonald polynomials H̃µ by the formulas

Jµ =
∑

µ

Kϑµ(q, t)Sϑ and H̃µ =
∑

µ

tn(µ)Kϑµ(q, t
↔1)sϑ. (modMacdefn)
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In other words, change Jµ to H̃µ by changing Sϑ to sϑ, changing t to t↔1 and mutliplying by an overall
factor of tn(µ). This buries all the plethystic substitution into the switch from Sϑ to sϑ. Write

K̃ϑµ(q, t) = tn(µ)Kϑµ(q, t
↔1) so that H̃ϑ(q, t;X) =

∑

µ

K̃ϑµ(q, t)sµ

The relation (modMacdefn) is not disssimilar to the relation

qµ =
∑

ϑ

KϑµSϑ. and hµ =
∑

ϑ

Kϑµsϑ, where Kϑµ = Kϑµ(0, 1).

Remark 13.2. François Bergeron might define the modified Macdonald polynomials H̃µ = H̃µ(q, t;x),
using plethystic notation, by

H̃µ(q, t;X) = tς(µ)Pµ

( X

1↑ t↔1
; q, t

)∏

c↑µ
(qa(c) ↑ t↔(l(c)+1)).

13.12 Transition matrices ω(t), K(q, t), Z(q, t), !(q, t) and K(q, t)

Define ϱϑω(t) by

Sϑ =
∑

ω

ϱϑω(t)mω .

Since ϱϑω = ↗Sϑ(t), qω(t)↘0,t and ↗qω(t),mµ↘0,t = ϖωµ and ↗Sϑ(t), sµ↘0,t = ϖϑµ then

qω(t) =
∑

ϑ

ϱϑω(t)sϑ,

Define Kϑω(q, t) and Zϑµ(q, t) by

Jµ(q, t) =
∑

ϑ

Kϑµ(q, t)Sϑ(t) and Jϑ(q, t) =
∑

µ

Zϑµ(q, t)sµ.

Define ”µω(q, t) and Kϑµ(q, t) by

Jµ(q, t) =
∑

µ

”µω(q, t)mω and Jµ(q, qt) =
∑

ϑ

Kϑµ(q, t)Jϑ(q, t).

Remark 13.3. Relations: ”(q, t) = Z(q, t)K(0, 1) and ”(q, t) = K(q, t)tϱ(t). Since

sϑ =
∑

µ

Kϑµ(0, 1)mµ

then

”ϑω(q, t) =
∑

µ

Zϑµ(q, t)Kµω(0, 1), and ”µω(q, t) =
∑

ϑ

Kϑµ(q, t)ϱϑω(t).

Remark 13.4. A di!erence equation: Dt” = K” so that K is a connection matrix! Since

Dt” = ”(q, qt) = K(q, t)”(q, t) = K” and DtZ = Z(q, qt) = K(q, t)Z(q, t) = KZ,

then ” and Z a both solutions of the same di#erence equation, but with di#erent initial conditions,

”(q, q) = K(0, 1) and Z(q, q) = id.
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