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20 Generating symmetric functions and g-binomial theorems

20.1 Generating function definitions

Define
(i@ = (1—a)(l—aq)---(1—agd*™") and  (a;9)eo = (1 —a)(1—ag)(1 —ag?)--- .

Define g, = gr(z;4q,t), ¢ = ¢ (x;t), hy = hp(x), e, = e,(x) by the generating functions

° (tx;z “l—twiz
11 “; =D 97 =2 ¢
1 7

=1 TEZZO i=1 TEZZO
n 1 n
H = g h,.z", H(l +xz2) = g ez,
L] -2z ,
=1 TEZEO =1 TEZZO

Remark 20.1. In later sections we will understand that the g, are, up to a normalization factor, the
Macdonald polynomials for a single row, the ¢, are Hall-Littlewood polynomials for a single row, and
the h, are Schur functions for a single row. In formulas

t.
e E ’q))r P(T)(x; q,t), one row Macdonald polynomials,
q;4)r
qr = (1 = 1) Py (x;0,1), one row Hall-Littlewood polynomials,
hy = sy (), one row Schur functions, and
er = Pury(;q,t) one column Macdonald polynomials,
= Pyry(7;0,1) one column Hall-Littlewood polynomials,
= sar)(z) one column Schur functions.

Extend these definitions just slightly by defining g, = §,(z;¢,t,u) and G = ¢-(x;t,u) by
n n

(txiz;q)oo 1 —taz .

and — = 2",
H (uzi2; @)oo Z grz H 1—uzx;z r
T‘EZ>0 =1 TEZZO
This is not really an extension since g,(z;q,t) = g.(x;¢,t,1) and
gr(QTl, -y Iy g, t7 U’) = ,U’Tg’r‘(uilxlv ey uilxn; q, ta U) - urgr(x; q, tuil)a

so that any formula for g, immediately converts to a formula for g, and vice versa. From the generating
function definitions,

Gr(z;t,u) = gr(2;0,t,u), ¢ (z;t) = g (30,1, 1),
hr(x) = gr(x;0,0,1), er(x) = gr(x;0,—1,0). (20.1)
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20.2 Formulas in terms of power sums

The power sums p, € Clz1,...,x,], for r € Z>(, are defined by
po =1 and pr=a]+---+ux, forreZsg.
For a sequence of nonnegative integers A = (A1, ..., \¢) define

PXx = DPXx1 DXy - Py

Since
-1 1 1 1
] ) = N 2, ... Ly 1,2 23 LT
og(l—2z) /1_Zdz / I+z42"+--)dz 2= 52 =g o
T’EZ>()
then
T (triz;9)oo -
log (H m) =, (log(1 — tx;zq") — log(1 — uz;zq"))
i=1 1=1 b€l>g
= Z Z 1t7"xrq€rzr + 1urxrqérzr)
=1 Z T€Z>0 r
T
Z ;(ur — tr)qerprzr = Z (1; — )%zr. (20.2)
>0 r€l>o0 r€l>o0 q
Define
_ oM
(g, t,u) = z) H r—qﬂi’ where 2z, = 1"'m 122 myo! - - -

for A = (A1,...,A\y) = (1™2m2 ... ). Taking the exponential of both sides of (3.2)) gives

Z (Zqu,tup)‘ )>

n

H (uxiz; ¢)oo

=1 r€L>0 |A=r
so that
~ 1 p M — AN py
gr = g'::r 7z/\(q,t,u)p)‘(x) = g::r (L[l T )g- (20.3)
Applying gives
£(N)
=2 (T =) Z(Hl—tk)
N=r =1 N=r =1
_v L _ N7 (L) P
hy /%Z:T Z)\pA(a?), er |)\|z::7,( 1) o
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20.3 Generalized Newton identities

Taking the coefficient of z" on each side of the identity

n n n
H txzz q oo H UCL'ZZ q H (txiZ;Q)oo
(uxi2; @)oo Pl (8225 q) 00 25

i=1 — i=1 (Sx127Q)w
gives
r—1
gr(z;q,t,u) + (Zéj(ar; a,t,w)Gr—j (x5 g, u, 8)) + 9r(@3q,u,8) = gr(@; ¢, L, 8).
j=1
Using the specializations in ,
r—1
Grlost ) + (3 4wt W (@) + Gz v, 5) = Gt 9),
j=1

Gr(z;t,u) + Z Y Gr—j (w5t u) | — he(x)(u” —t7) =0,

r—1
Gr(z;t,u) + ej(:v)(—t)jéjr,j(x; t,u) | +(—1)"e (x)(u" —t") =0,
j=1

r

D (=) (! — ) hi(x)er—j(x) = (u— )G (2;t,u),

3=0
r—1

rgr(x;t,u) — ij(x)(uj — tj)qr,j(m; t,u) | —pr(x)(u" —1t") =0,
j=1

Further specializations give the Wronski identities
Z (—=1)'e;h; =0 and Z (=1)(t'q? —1)eig; =0
it+j=k it+j=k

and the Newton identities

k
khp =Y pile—;  and  kep= > (=) 'pies_.
i=1 =1
20.4 Formulas in terms of sequences (iy,...,1,)
Using the geometric series expansions
1 2,22

— =1+ur;z+uz;z” +-
1—ux;z

gives
1 —twiz - (u—t)x;z

_ 2.2.2 ),
1 —ux;z 1 —ux;z

=14 (u—t)x;iz(1 +uziz + uzjz" + -

Apply this, factor by factor, to the product

ﬁl—tmw_(l—ta:m) (1—t:1:nz>
Pl 1 —wuz;z  \1l—uxrz 1 —uzx,z
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to get
qu _ § : (’LL - t)l-l-Card{] | zj<zj+1}uCard{] | zj:zﬁ_l}l,ilxiQ e
1<i1 << <n

(20.6)

e

Dividing ¢, by (u — t) and specializing t = u gives

L
(m%) ‘t:u =pr= Z Ty + o T, (20.7)

11 =t2="""=1r

Applying (1 — uz;2) ™' =14 uz;z + u2x322 + - -+ and expanding, factor by factor, the product

n
1 —tx;z 1 1
H 1 — uzz (1 —uxlz) (1 —u:vnz)( xpz)- - ( x12)

1=

gives

q,,, — Z uk*l(_t)r*kxil ST Ty Ty (208)

i1 iy S i > 1 > >

Applying (3.1) gives
e = Z Tiy Ty, and hy = Z Tiy -+ T (20.9)

11 <ig<--<ip i1 <ig<--<ip

20.5 Formulas in terms of monomial symmetric functions

For A= (\1,...,A\p) € Z™" with A\; > --- > X\, > 0, the monomial symmetric function is defined by
my = Z z7, where 27 =z 2"
YESRA

Applying the expansion (from the infinite g-binomial theorem, see below)

M_ Z (t§Q)r r_r

XT; 2
(252 ¢) (;q)r "7

A
TGZZO

and expanding the product

(Ti21 )0 (T12:Q)00 (TnZi @)oo

ﬁ (trizi @)oo _ (t21230)00  (t2n21q)o0
=1
gives

—1. —1. —1. —1.
Gr = Z urwmu’ where (tu 7Q)M _ (tu 17 q)ul U (tu 7Q)MZ )
(¢ Q)u (6D (G D

lul=r (Q§ Q)u

if o= (p1,...,pe). Using the specializations in (3.1,

- e t;
ar = Z u = (1) Wy, gr = Z (((_I'i]]))u My ar = Z (1 =)W m,.
lul=r =

|p|=r

h, = Z My er = mr), Pr =M. (20.10)
|ul=r
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20.6 The Cauchy-Macdonald kernel

For a sequence of nonnegative integers A = (\q,..., \¢) define
g)\:g)\l g)\z"’g)\ga (j)\:(j)q q(/\z”'qN)\gv h)\:h)\l h)\z'”h)\g? EX =€) E)y
Then
(tziy); @)oo
= (759, t, u)ma(y
1:[ (szij Z ( )
7‘7
= Z q,t,u ()pa(y)-
A
20.7 Monomial expansion of g,, ¢, )\ and e,
For a sequence of nonnegative integers A = (A1,..., A¢) define
9x = Gxi Gro Gxgs =D Do D hy = hy ha, - hy,, EX =€) €y -

For an n x ¢ matrix a = (a;;) with entries from Z>( let

J4 n
Ts(a/) = (/’L17"'7l’l’n)7

here i = i and ;= iis
es(a) = (M, h), oo Z A Z

SV

“ey,-

so that rs(a) and cs(a) are the sequences of row sums and column sums of a, respectively. Define

n

) L n
2% — xrs(a) _ H H(l,i)aij7 ya _ ycS(a) — H H azg q7ut H Hu‘lu
- j=1i=1

j=1li=1

where, by definition, (a;q)o = 1. For a sequence = (u1,. .., p,) of nonnegative integers let

Ay ={a € Myxo(Zxo) | cs(a) = A, rs(a) = p}.

Then
=Y anlgtim,,  where  an(g.t)= ) wigu(a
12 aEAMA
and the first sum is over partitions p such that |u| = |A|.

20.8 Binomial theorems

Using
n n n
[T+ o) = T[4 23) = 3w 27e, o)
i=1 i=1 r=0
and
Tt Mg s- X
H B — u—n u—n r rh )
paler (u— x;2) pale (1—m2 Ty
and specializing x1 = x9 = - - - = x,, = 1 gives the binomial theorem,
- n n+r—1
(u+2)" = Zu"ﬂzzr <7‘) and (u—2z)""= Z u"rzr< . > ,
r=0 r€L>0

1 Q)ay;

)al]

(20.11)
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where

| _ —1)!
(”>:"':er(1,1,...,1) and (”Jrr 1>:W1)':hr(1,1,-~-,1)~

r rli(n —r)! r rl(n —1)!

Letting x; = ¢'~! gives the g-binomial theorem,

n

H(’u, n qiilz) _ ; q%r(rfl) |:::| W " and 1:[ m = Z

2 )
, r
i=1 i=1 r€L>0
where
- (¢ 9)n n
er(lLq,¢%. .., ¢"7 ) = —2 0 — and
' (¢ DG Dn—r |7
— (QQ Q)nJrrfl n+r—1
h(l,q,q2...,q” 1):—: .
' (GO (GDn—1 | 7
A general infinite ¢-binomial theorem is
(t2;q) oo a (1 —tqi_lz) ( u—tqg'~ 1) o
R Vs -1 ") = - 20.12
e - UG s) = 2 I — 2 Vs, (20.12)
=1 r€l>qg =1 r€l>q

A one sentence proof of the infinite g-binomial theorem: Recognize that

tz; 1—1t
L(z;q,t,u) = M satisfies the recursion L(z;q,t,u) = ML(qz; q,t,u)
(w25 @)oo (1 —uz)
which provides a recursion on the coefficients of L(z;¢q,tu) = Z cr(q,t,u)z" as
TGZZO
CT(Q7 t, u>qr - tcr—l(Qa t, U)qr_l = CT(Q7 t, u) — UCr—1 <Q7 L, u)
so that . (tu-t:q)
u—tq"" tu™";q)r
c (Q7t7u) =C —1(q’ta ’LL) 1 — u’ :
' " 1—qqrt (¢;9)r
Specializing ¢t = 0 and v = 0 in (3.12) give
(o)
1-g-g2---g"1
H(1+qzl) (—2,¢)00 = Z 74 € and
i1 reZeg (¢:9)r
oo
1 1 1
11 Q-¢2) (zq)s 2 (¢,9) Zr'
i=1 THICO peZne T
The finite g-binomial theorem is obtained from (3.12) by putting ¢ = ¢" and u = 1 so that the left
hand side becomes "
("¢ 1 11 1
(%00 (5,00 1 1—q7'2

and the right hand side is

i r : 1 s 4)n+r— 1 -1
> (¢4 2", with  (¢";q), _ @Dt = [n+r ]
ez, (@0 (@0)r  (GDn1 (G9)r

so that

ﬁ 1 :Z (Q;Q)n+r1 o n+r—1 o
z‘:lliqiilz ( B :

v, @ 7)r(¢;9) T
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20.9 Exercises

1.

10.

11.

Let n = 3. Use the series .

=1+o+a+a3+--
1-2z

and the definitions to explicitly compute g;, G, ¢r, hy, and e, for r € {1,2,3,4}. For these cases,
explicitly verify the relations in (3.1) and the formulas in terms of sequences given in

. For the case n = 3 write out pg, p1, p2, p3, p4 and explicitly write out the expansions of g,, ¢,, ¢,

h, and e, in terms of power sums.

. Explicitly verify the identity (3.4) when n =3 and r € {1,2,3,4}.

. Describe exactly what specialization of (3.4) produces each of the Wronski identities and each

of the Newton identities in (3.5).

. Compute the matrix (a,x(g,t)) for partitions of size 1, 2, 3 and 4. For each partition with < 4

boxes.explicitly verify the formula for gy in (3.11)).

. For n = 3 and partitions with < 4 boxes, explicitly compute the monomial symmetric functions

m,,. Explciitly verify the formulas in (3.5) for r € {1,2,3,4].

Give a combinatorial proof that

! —1 —1)!
er(1,1,,,,,1):<”>:” and m(1,1,...,1)=<"+’" >:(”+7").

r rl(n —r)!

. Give a combinatorial proof that
- (45 O)n n
er(lq,%. .., ¢" )= —22"  — and
( ) (¢ 2)r(G@n—r L7
- (4 Dntr—1 n+r—1
he(l,4,¢ ..., q" 1) = = .
' (GG D |7

. Foe 71,72, 73, 01, 09,03 € ZZO such that v1 + v + v3 < 4 and 01 + 6o + 63 < 4, explcitly Verify

the equality of the coefficients of ] z3%23%y3 5525 in each of the expressions in

I (2355 @)oo _ S anzatwymaly) =Y pr(w)px(y)-
A

L1 (umiys; Q) oo (g, t,u

2y

Use
I (2iy55 @)oo _ > aa(@ig.t,u)ma(y)

i Wiy d)os 4
to give a combinatorial proof of (3.11].

Use the Wronski identites and the Newton identitities to show that

h1 h2 h3 cee hn €1 €y €3 --- (&%

1 h1 hy -+ hp 1 e e -+ epq
e, = det 0 1 hr -+ hpoo , h,, = det 0 1 e - en

o o o --- h1 o o o --- e1



Advanced Discrete Math MAST90030 notes, Arun Ram July 21, 2025

el 1 0 - 0 h1 1 0 - 0
262 €1 1 cee 0 1 2h2 hl 1 s 0
pn =det | | ) ) |, (=D)" 7 p,=det ,
ne, €enpn—1 €n—2 e e1 nhn hn—l h‘?’L—2 e hl
P r 0 - 0 pp -1 0 - 0
p2 ;2 -+ 0 ps pr =2 - 0
nle, = det . nlh, = det : : : :
Pn—-1 Pn-2 - -+ n—1 Prn-1 Pn_2 . - _(n _ 1)
Dn Pn—1 - - p1 Pn Pn—1 : T D1

12. An n x n doubly stochastic matrix is a matrix a € M,(R>¢) with rs(a) = (1,1,...,1) and
es(a) = (1,1,...,1). Show that a matrix M is doubly stochastic if and only if M is a nonegative
linear combination of permutation matrices (the Birkhoff-von Neumann theorem).
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