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18 The subspace lattice G(F")

18.1 The rank generating function of G(F")
Let F be a field. The subspace lattice of F™ is

G(F") = {F-subspaces of F"} partially ordered by inclusion.

Then G(F™) is a ranked modular lattice

G(F™) = |_| G(F")g, where G(F"); = {F-subspaces V C F" with dim(V') = k}.
k=0

Theorem 18.1. Let I, be a finite field with q elements. For r € Z~q let

for k€ {0,1,...,n}. Then

and

3 gkl m — (Lt 2) (1 +2q) (12" ) = (~2; .

18.2 Automorphisms of G(F")
For a poset P, let Aut(P) denote the group of automorphism of P.

Proposition 18.2. Let F be a field. As groups,

Aut(G(F")) = GL,(F), where GLy,(F) = {g € M,(F) | g~ exists in M, (F)}.
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18.3 Projective space and cosets

Let IF be a field and define an equivalence relation on F” — {(0,...,0)} by
[a1,...,a,] = [Aa1, ..., Aay], ifai,...,a, € Fand \ € F*.

The projective space P" 1 is
P"! = {equivalence classes}.

Let {e1,...,en} be an F-basis of F” and let
E=0=FECE C---CE,=F"), where Ej = F-span{ey,..., e},

for k € {0,...,n}. Let B={be GL,(F) | b is upper triangular} and

p.=1(4 B¢ GLn(F) | A € Myx(F), B € My (n-)(F), C € Mpn_pyxn—r)(F)
0 C

for k € {1,...,n}.
Proposition 18.3. Let

G = GL,(F™) = Aut(G(F"™)) acting on G(F™)

and let
F(G(F™)) = {mazimal chains in G(F")}.
(a)
Stabg(Ek) = Pg and Stabg(E) = B.
(b)
G(F"), = G/Py and  F(G(F")) = G/B,
(c)

GEF"); =P ! and G(F"),_s =P and G(F"); = G(F"),_i.

18.4 Counting
Let F, be a finite field with ¢ elements.

Proposition 18.4. Let
G = GL,(F") = Aut(G(F"))

and let B be the subgroup of upper triangular matrices in G.

(a)
Card(GLy(F)) = [n)lgz"" V(g — 1)", Card(B) = ¢2"" V(g - 1)",
and
Card(F(G(F2))) = [n]!.
(b)

Card(P') =1+¢, and CardP* ) =1+4¢+---4+¢" L
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18.5 The Hecke algebra

Let C[G/B] be the C-vector space with basis indexed by the elements of F(G(Fy)). The group
G = GL,(F,) acts on C[G/B] by the C-linear maps given by

g0V C---CVy)=(0C g1 C---CgVp), for g € GL,(F,).

The following result produces linear operators 717,...,7T,_1 that all commute with the acion of
GL,(F,) on C[G/B].

Theorem 18.5. For i€ {1,...,n— 1} define a C-linear map T;: C|G/B] — C[G/B] by
LOCWVCCV)= > (0CWVNCCViaCWCVin GG V).
VieiCWCVig

Then
TJZ =(¢—1Tj +q, TiTiT; = Ti1 Ti Ty, 1Ty, = TyTj, gT; =Tig

forie{l,....,n—2} and j,ke{l,....n—1} withk ¢ {j —1,j+ 1} and g € GL,(F,).

18.6 Exercises

1. (a) Carefully draw the Hasse diagram of G(F3).
(b) Explicitly verify the results of Theorem in the case of G(F3).

(b) Carefully draw the picture of the Fano plane and explain how the Fano plane encodes the
lattice G(F3).

(c) Write down all the elements of G'L3(F3) and of its subgroup B of upper triangular elements.
Explicitly verify the results of Proposition for this case.

(d) Explicitly display action of each element of GL3(F3) on the maximal chains in G(F3).

(e) Explicitly compute the action of T7 and T» from Theorem on C[G/B] for the case
G(F3))-

2. Prove that G(IF") is a ranked modular lattice.
3. Provide a careful proof of Theorem

4. Provide a careful proof of Proposition [18.2

5. Provide a careful proof of Proposition m

6. Provide a careful proof of Proposition [18.4]

7. Provide a careful proof of Theorem
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