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19 The subset lattice S(n)
The subset lattice S(n) is

S(n) = {subsets of {1, . . . , n}}, partially ordered by inclusion.

The subset lattice S(n) is a ranked modular lattice with

S(n) =
n⊔

k=0

S(n)k, wtih S(n)k = {subsets V → {1, . . . , n} with Card(V ) = k}.

Then

Card(S(n)k) =
(
n

k

)
and

n∑

k=0

xk
(
n

k

)
= (1 + x)n (Sncounts)

is the rank generating function for S(n).

Proposition 19.1. The automorphism group of S(n) is the symmetric group

Aut(S(n)) = Sn.

Proposition 19.2. For k ↑ {1, . . . , n} let Ek = {1, . . . , k}. Then Ek ↑ S(n) and (↓ ⊋ E1 ⊋ · · · ⊋ En)
is a maximal chain in S(n).

StabSn(Ek) = Sk ↔ Sn→k and StabSn = {1} = S1 ↔ · · ·↔ S1.

S(n)k ↗=
Sn

Sk ↔ Sn→k

and F(S(n)) ↗= Sn/{1} = Sn.

S(n)k ↗= S(n)n→k.

19.1 Maximal chains in S(n)
Proposition 19.3. The map

F(S(n)) ↘≃ Sn

(↓ ⊋ V1 ⊋ · · · ⊋ Vn) ⇐↘≃ (V1, V2 ↘ V1, . . . , Vn ↘ Vn→1)
is a bijection.

Let CSn be the vector space with basis indexed by the elements of F(S(n)). For i ↑ {1, . . . , n↘ 1}
define a C-linear transformation si : CSn ≃ CSn by

si(↓ ⊋ V1 ⊋ · · · ⊋ Vn) =
∑

Vi→1⊋W⊋Vi+1

(↓ ⊋ V1 ⊋ · · · ⊋ Vi→1 ⊋ W ⊋ Vi+1 ⊋ · · · ⊋ Vn).

Then
s2i = 1, sisi+1si = si+1sisi+1, sisj = sjsi if j ⇒↑ {i↘ 1, i+ 1}, (sirels)

and
sig = gsi, for g ↑ Sn, (sipastg)

where

g(↓ ⊋ V1 ⊋ · · · ⊋ Vn) = (↓ ⊋ gV1 ⊋ · · · ⊋ gVn) for g ↑ Sn and (↓ ⊋ V1 ⊋ · · · ⊋ Vn) ↑ F(S(n)).
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19.2 Simple reflections

Let Sn be the symmetric group of permutation matrices and let

si = 1 + Ei,i+1 + Ei+1,i ↘ Eii ↘ Ei+1,i+1, for i ↑ {1, . . . , n↘ 1}.

The following theorem shows that the symmetric group Sn is a Coxeter group.

Theorem 19.4. The symmetric group Sn is presented by generators s1, . . . , sn→1 and relations

s2j = 1, sisis+1si = si+1sisi+1, sjsk = sksj ,

for j, k ↑ {1, . . . , n↘ 1} with k ⇒↑ {j ↘ 1, j + 1} and i ↑ {1, . . . , n↘ 2}.

Proof sketch. The proof requires four steps:

(1) Generators A in terms of generators B.

(2) Generators B in terms of generators A.

(3) Relations A from relations B.

(4) Relations B from relations A.

Here

Generators A: { permutation matrices}

Relations A: { matrix multiplication of permutation matrices}

Generators B: { simple transpositions}

Relations B: { the braid relations in the statement }

19.3 Length and reduced words

Let w ↑ Sn. A reduced word for w is an expression w = si1 · · · siω with i1, . . . , iω ↑ {1, . . . , n↘ 1} and
ω minimal.

The length of w is ω(w), the length of a reduced word for w.

Proposition 19.5. Let

Inv(w) = {(i, j) | i, j ↑ {1, . . . , n} with i < j and w(i) > w(j)}.

Then

ω(w) = Card(Inv(w)).
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19.4 A reduced word algorithm

Let w ↑ Sn. The following is an explicit algorithm for producing a reduced word for w.
Let j1 > 1 be minimal such that wj,1 ⇒= 0. If j1 does not exist set w(1) = w and if j1 does exist set

w(1) = s1 · · · sj1→1w.

Let j2 > 2 be minimal such that w(1)
j,2 ⇒= 0. If j2 does not exist set w(2) = w(1) and if j2 does exist set

w(2) = s2 · · · sj2→1w
(1).

Continue this process to produce w(1), . . . , w(n). Then w(n) = 1 and

w = · · · (sj2→1 · · · s2)(sj1→1 · · · s1) is a reduced word for w. (favredwd)

19.5 The graph of reduced words

Define a graph !(w) with

Vertices: {reduced words of w}
Edges: u ≃ u↑ if u↑ = si1 · · · siω is obtained from u = sj1 · · · sjω by applying

a relation sisi+1si = si+1sisi+1 or a relation sisj = sjsi with j ⇒↑ {i↘ 1, i+ 1}.

Theorem 19.6. Let w ↑ Sn. The graph !(w) of reduced words of w is connected.

Proof. Let
w = si1 · · · siω and w = sj1 · · · sjω

be reduced words.

Case 1: i1 = j1. The two reduced words for w have the same first letter. By induction, the reduced
words v = si2 · · · siω and v = sj2 · · · sjω are connected.

Case 2: i1 ⇒= j1. Since ω(sj1w) < ω(w) then there exists k such that sj1w = si1 · · · sik→1!!siksik+1 · · · siω .
Case 2a: k ⇒= ω. Then

w = sj1 · · · sjω
w = sj1si1 · · · sik→1!!siksik+1 · · · siω and

w = si1 · · · siω

are all reduced words for w. Since the first factor is the same in the first two of these they are
connected. Since the last factor is the same in the last two of these they are connected. So, by
transitivity, the first is connected to the last.

Case 2b: k = ω and j1 ⇒↑ {i1 ↘ 1, i1 + 1}. Then

w = sj1 · · · sjω ,
w = sj1si1 · · · siω→1 ,

w = si1sj1 · · · siω→1 and

w = si1si2 · · · siω

and the first two are connected since they have the same first letter, the middle two are connected by
the move sj1si1 = sj1si1 and the last two are connected since they have the same first letter.
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Case 2c: k = ω and j1 ↑ {i1 ↘ 1, i1+}. Then

w = si1si2 · · · siω ,
w = si1sj1si1 · · · sir→1!!sirsir+1 · · · siω→1 ,

w = sj1si1sj1 · · · sir→1!!sirsir+1 · · · siω→1 , and

w = sj1sj2 · · · sjω ,

and the first two are connected since they have the same first letter, the middle two are connected by
the move si1sj1si1 = sj1si1sj1 and the last two are connected since they have the same first letter.

19.6 Exercises

1. Carefully prove that S(n) is a ranked modular lattice.

2. Prove the identities in (Sncounts).

3. Give a careful proof of Proposition 19.1.

4. Give a careful proof of Proposition 19.3.

5. Prove the identities in (sirels) and (sipastg).

6. Give a complete, thorough, beautifully exposited proof of Theorem 19.4.

7. Give a careful proof of Proposition 19.5.

8. Pick 5 random elements of S5 (use random.org to do this) and use the algorithm from Section
19.4 to explcitly compute a reduced word for each of them. For each of these elements also
compute the inversion set Inv(w).

9. Let w = (4321) =





0 0 0 1
0 0 1 0
0 1 0 0
1 0 0 0



 in S4. Carefully draw the graph of reduced words !(w).

10. Let
a = s1s2s1s3s2s1s4s3s2s1 and b = s1s2s3s4s1s2s3s1s2s1.

(a) Show that these are both reduced words for the same permutation w0 in S5 and determine
w explicitly.

(b) Use the steps of the proof of Theorem 19.6 to construct an explicit path from a to b in
!(w).
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