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15 The binomial theorem and the exponential

15.1 Binomial coefficients

For k € Z>( define
00=1 and kl=k(k—-1)---3-2-1, fork € Zy.

For k € {0,1,...,n} define
n\ n!
k) T Bm— k)

Theorem 15.1. Let n, k € Z>o with k < n.

(a) Let S be a set with cardinality n. Then
(Z) is the number of subsets of S with cardinality k.

(b) (Z) 1s the coefficient of x"—kyk’ in (z +y)".
(c) If ke {1,...,n— 1} then

-G+ (2w (ot o ()

(d) In Clz,y],
(x+y)" = > <Z> ahyn k.
©) 1
(o) (1) 11
() : (3) = 12 1
() (9 (5) (3) 1 3 3 1
(o) (1) 2 (3 (1) 14 6 4 1

Proposition 15.2. For a partition A, let fy denote the number of standard tableaux of shape \. Then

o= (@) 20 50-0)
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15.2 Formal power series

The ring of formal power series is
Cl[z]] = {ao + a1z + agx® +--- | a; € C}
and its field of fractions is the ring of expressions,
C((x)) ={a_pz "+ a_pz ™ +a_pox %+ ... | L€ Z,a; € T},
and the ring of polynomials is

Clz] = {ao + a1z + asaz® 4+ --- | a; € C and all but a finite number of the a; are 0}.

15.3 The exponential
The exponential is
exp(z) =e" =1+a+ g2+ H2° + .

This is the most important expression in mathematics.

The following theorem establishes the most important properites of exp(x).

Theorem 15.3.
(a) If xy = yx then exp(x + y) = exp(x) exp(y).

(b) ;L:z: exp(z) = exp(x).

The following theorem characterizes exp(x) in two different ways.

Theorem 15.4.
(a) If p € C[[[z]] and p(z + y) = p(x)p(y) then

there exists a € C such that p(x) = exp(ax).
(b) If p € C[[z]] and g—g = p then

there exists co € C  such that p(x) = coexp(x).
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15.4 The binomial theorem

Let
(a;)r=(1—a)1—aq)---(1—ad®) and ()p=ala+1)---(a+k—1).

The gq-hypergeometric series r11¢, is defined by

ap,at,...,a aop;q)k\a1;49)k - \Ar;q)k
r+1¢7’|:01 T;q’Z]:Z(’)( ) (T)Zk.

bi,..., by keZso (@ k(015 Q)k -+~ (br; Ok

and is a g-analogue of the generalized hypergeometric series

! [ QO, Ay oy Oy ;z} _ Z () k(o) - () &

By Br kT (Dr(B)k - (Br)k =
If « € Z~( then
(@) = W so that n!= (1), and <Z> _ (k(:)f;;k

when n, k € Z~g with £ < n.

Theorem 15.5. Let o« € C. Then

(1-2)7= ) (i?]“zk = <_ka> (=2)" = 1Fp[es 2]
k€Z>g keZx>o

Proof. (One option) Taylor series:

1 dF
T ok ¢

L+ x)a} w=0 k!

89



Advanced Discrete Math MAST90030 notes, Arun Ram July 12, 2025

15.5 Exercises
1. Give a careful proof of Theorem

2. Give a careful proof of Proposition Look up Halverson-Herbig arxiv:0806.3960 to get a feel
for how this question is related to the planar rook monoid algebra.

3. Provide careful proofs of Theorems and

4. (a) Prove that C[[z]] is an integral domain and that C((x)) is the field of fractions of Cl[z]].
(b) Show that C[z] and C|[z]] and C((z)) are all C-vector spaces and describe a basis of each.

5. (a) Give a careful description of the addition and multiplication in
Cllz]] = {ao + a1z + azx® +--- | a; € C}
(b) Give a careful description of the addition and multiplication in
Rjo.10) = {a0 + a1 (f5) + 6@(%)2 +--- | a; €40,1,...,9}}.
(c) Technically, there is one additional condition needed in the definition of Ry 1. What is it?

6. Show that

Qp, 1, ..., Qp . qaqualjquar
E 2| = 1im ( 0.2)).
e |: Bl?""ﬁ'f‘ ,Z:| qL)IIi 7’+1¢7’ |: qﬁl,“'7qﬁ'r ’qu

7. Prove a g-analogue of Theorem namely,

e}

o |5 @@k k _ (029)x
1%[ 0 ] _g (¢ ) (2 @)oo

8. Prove that | Fy { @ ;z] satisfies the differential equation

dF a

Bl 7

dz z
and 1¢g [ (.L ;1 q, z} satisfies the difference equation
1—2z
1—az

flgz) = f(z).

9. (Gauss hypergeometric series)

Prove that o Fj { a:yﬁ ;z} satisfies the differential equation

d*F dF
2(z — I)W +(c—(a+b— l)z)E —abF =0.

b . . .
and that 9¢ [ a,c 1 q, z] satisfies the difference equation

(@2 — ¢ o(d2) = (= (¢ + )z + ¢+ De(gz2) + (2 — 1)(z) = 0.

10. Prove the identities
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