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Euclidean domains

(1) Let I be an ideal of Z. Let m ∈ Z≥0 be minimal such that m ∈ I. Show that mZ = I.

(2) Show that if I is an ideal of Z then there exists m ∈ Z≥0 such that mZ = I.

(3) Show that Z≥0 indexes the ideals of Z.

(4) Show that p ∈ Z>0 is prime if and only if there does not exist c ∈ Z>1 such that
pZ ⊊ cZ ⊊ Z.

(5) Let m,n ∈ Z>0. Show that n is divisible by m if and only if nZ ⊆ mZ.

(6) Show that p ∈ Z>0 is prime if and only if Z/pZ is a simple Z-module.

(7) Let m,n, ℓ ∈ Z>0 and assume that mℓ = n. Show that ℓ is prime if and only if
mZ/nZ is a simple Z-module.

ACC and DCC

(8) Let n ∈ Z>1. Show that there does not exist an infinite sequence n > m1 > m2 >
· · · > 1 such that nZ ⊊ m1Z ⊊ m2Z ⊊ · · · ⊊ Z.

(9) Show that if M is a Z-module and N ⊆ M is a Z-submodule of M and M/N is not
simple then there exists a Z-module M ′ such that N ⊊ M ′ ⊊ M .

(10) Assume that k ∈ Z>0 and p1, . . . , pk ∈ Z>0 are prime. Let

n = p1 · · · pk, m1 = p2 · · · pk, . . . , mk−1 = pk.

Show that nZ ⊊ m1Z ⊊ · · · ⊊ mk−1Z ⊊ Z and that Let m0 = n and mk = 1. Show
that if j ∈ {1 . . . , k} then mjZ/mj−1Z is a simple Z-module.
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(11) Let n ∈ Z>0. Show that there exist k ∈ Z>0 and primes p1, . . . , pk ∈ Z>0 such that
n = p1 · · · pk.

Recall that a ring A satisfies the ascending chain condition (resp. descending chain
condition) if any increasing chain of ideals I1 ⊆ I2 ⊆ ... (resp. decreasing chain
I1 ⊇ I2 ⊇ ...) stabilises (that is, there exists n0 such that if n ≥ n0 then In = In+1).
The fancy name for this type of ring is Noetherian (resp. Artinian).

(12) Show that a (commutative) ring A is Noetherian (resp. Artinian) if and only if it
satisfies the following property: every nonempty set of ideals of A, partially ordered
by inclusion, has a maximal (resp. minimal) element.

(13) Let A be an Artinian ring.
(a) Show that if A is an integral domain then A is a field.
(b) Show that if I is an ideal in A then the ring A/I is also Artinian.
(c) Show that every prime ideal of A is maximal.

(14) Which of the following rings are Artinian (satisfy DCC)? (Hints: use the above
exercise, and consider dimensions)
(a) C[x],
(b) C[x]/(x2 − 1),
(c) C[x, y]/(y2 − x3),
(d) C[x, y]/(x2, xy),
(e) C[x, y]/(x− y, x2 + y2 − 1),
(f) R[x, y]/(x2 + y2 + 1),

(f.5) C[x, y]/(x2 + y2 + 1).

(15) Plot the following graphs around the origin:
(a) {x ∈ R}
(b) {x ∈ R | x2 − 1 = 0}
(c) {(x, y) ∈ R2 | y2 − x3 = 0}
(d) {(x, y) ∈ R2 | x2 = 0 and xy = 0}
(e) {(x, y) ∈ R2 | x− y = 0 and x2 + y2 − 1 = 0}.
(f) {(x, y) ∈ R2 | x2 + y2 + 1 = 0}.

(16) What is the cardinality of {(x, y) ∈ R2 | x2 + y2 + 1 = 0}? How about {(x, y) ∈ C2 |
x2 + y2 + 1 = 0}?

In fact, one can show that Artinian rings are always Noetherian.

Factorisation in polynomial rings

(17) (Eisenstein criterion) Let f(x) = anx
n + an−1x

n−1 + · · · + a0 ∈ Z[x] and let p ∈ Z>0

be a prime integer.
Assume that
(a) p does not divide an,
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(b) p divides each of an−1, an−2, . . . , a0,
(c) p2 does not divide a0.
Show that f(x) is irreducible in Q[x].

(18) Let f(x) = anx
n + · · ·+ a0 ∈ Z[x] and let p be a prime integer such that p does not

divide an. Let

πp : Z[x] → Z/pZ[x]

anx
n + · · ·+ a0 7→ ānx

n + · · ·+ ā0,
where ā denotes a mod p.

Show that if πp

(
f(x)

)
is irreducible in Z/pZ[x] then f(x) is irreducible in Q[x].

(19) Show that if f(x) ∈ Z[x], deg
(
f(x)

)
> 0, and f(x) is irreducible in Z[x] then f(x) is

irreducible in Q[x].

(20) Let f(x) ∈ Z[x]. Show that f(x) is irreducible in Z[x] if and only if

either f(x) = ±p, where p is a prime integer,

or f(x) is a primitive polynomial and f(x) is irreducible in Q[x].


