Algebra notes, Arun Ram February 15, 2024
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Tutorial 4 MAST30005 Semester I, 2024: Generators and relations

Show that the symmetric group S, is presented by generators si, ..., s,—1 and relations

2
s5 =1, SkSe = S¢Sk, Siy Si+18i = Sit18iSi+1,

forje{l,....n—1}, j,ke{l,..n—1withk g {k+1,k—1}andi e {1,...,n—2}.

. Show that the dihedral group D, is presented by generators s, with relations

s =1, rt=1, sr=r"ls.

. Show that the cyclic group u, is presented by a single generator ¢ with relation (" = 1.
. Show that the cyclic group Z/nZ is presented by a single generator 1 with relation n = 0.

. Show that the dihedral group D, is presented by generators s, so with

57 =1, s2=1, (s182)" = 1.

. Carefully define permutation matrix. Show that the symmetric group S, is (isomorphic to) the

group of n X n permutation matrices.

Carefully define cyclic matrix. Show that the cyclic group p, is (isomorphic to) the group of
n X n cyclic matrices.

. Carefully define dihedral matrices. Show that the dihedral group D,, is (isomorphic to) the

group of n x n dihedral matrices.

. Show that the symmetric group S, is (isomorphic to) Aut({1,...,n}).

Determine the subgroup lattice of Z/2Z.

Determine the subgroup lattice of Z/3Z.

Determine the subgroup lattice of Z/4Z and Z/27 x 7./27.

Determine the subgroup lattice of Z/5Z.

Show that Z /67 = Z/27 x Z./3Z.

Determine the subgroup lattice of Z/6Z.

Show that S3 = Ds.

Carefully define the quaternion group and determine its subgroup lattice.

Show that C is the R-algebra presented by a single generator i and the relation 2 = 1.
Show that R[z| is the R-algebra presented by a single generator x (and no relations).
Show that Z is the group generated by single generator 1 (and no relations).

Show that R[z, 2 !] is the R-algebra presented by a generators x,y with relation zy = 1.

Show that F4 is the Fo-algebra presented by a single generator 7 with relation 72 +7 + 1 = 0.
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