Algebra notes, Arun Ram March 11, 2024

1.8 Lecture 8: Reduction to diagonal for PIDs: Smith normal form

Let F be a field. The set of monic polynomials with coefficients in F is

/-1

F[2]monic = {xe +e1x 4t ar+ce | e, ,c0-1 € FFU{0}.

Theorem 1.20. (Smith normal form) Let t,s € Zxg.

(a) Let A € Myys(Z) and let r = min(t,s). Then there exist P € GL{(Z) and Q € GLs(Z) and
di,...,dr € Z>qg such that diZ 2 doZ O --- 2 diZ and

A= PDQ, where D = diag(dy,...,d;).

(b) Let A € Myys(F[z]) and let r = min(t, s). Then there exist P € GL(F[z]) and Q € GLs(F[z]) and
di,...,dr € Flx]monic such that diF[x] O dolF[x] D --- D diF[x] and

A= PDQ, where D = diag(dy,...,d,).

(a) Let A be a PID and identify A/A* with a specific choice of a set of representatives of the elements
of AJA*. Let A € M;xs(A) and let r = min(t, s). Then there exist P € GLi(A) and Q € GLs(A) and
dy,...,d, € AJA* such that diA D daA D -+ D diA and

A= PDQ, where D = diag(dy,...,d,).

A principal ideal domain (PID) is a commutative ring A such that

(a) If a,b,c € A and ¢ # 0 and ac = bc then a = b,

(b) If I is an ideal of A then there exists m € A such that [ = mA, where mA = {cm | ¢ € A}.
Let A be a PID.

e The group of units of A is

A = {c € A | there exists b € A with bc = ¢b = 1}.

e The set of A*-orbits in A is
A/A* = {dA™ | d € A}, where dA™ ={dc|ce A*}.

HW: Let J C A. Show that J is an ideal of A if and only if J is an A-submodule of A.
HW:. Show that . y

{ideals of Z} <« Z/Z — Z>o are bijections
mZ — {m,—m} <«

and
{ideals of Flz]} <« Flx]/F[z]* < Fl2]monic
f(z)Fz] “— Acf(@) | ceF*} 0 f(z)

HW: Let A be a PID. For the d € A, the A*-orbit of d is dA* = {dc | ¢ € A*}. Show that

are bijections.

{ideals of A} <+ A/A*

JA o dAX is a bijection.
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1.8.1 An example of reduction to diagonal over Z

Let
1 ¢ O 1 0 0 c 1 0
z1(c)=10 1 0], Li(c)y=|c 1 0], yi(e)=11 0 ,
0 01 0 01 0 01
and
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-1 0 1\ /1 -2 0
= Ly(3)y2(—11) 18 18110 1 0
0 6 6/\0 0 1
-1 1 0\ /100
= Lo(3)y2(—11) | 0 18 18] [0 0 1] zy(—2)
0 6 6/ \0 10
-1 0 0\ /1 -1 0
=Lo(3)y2(=11) | 0 18 18] (0 1 0] y2(0)21(—2)
0 6 6/\0 0 1
-1 0 0\ /1 0 0
= Lo(3)y2(—11) | 0 18 0) [0 1 1] z1(=1)y2(0)z1(—2)
0 6 0/ \0 01
1 0\ /-1 0 0
= La(3)y2(—11) [ O 1 6 0 z2(l)z1(—1)y2(0)z1(-2)
0 0 18 0

~—— o o

0 -1 0 0
0 ( 0 6 0) 22(1)y2(0)z1(—1)y2(0)z1(-2)
1 0 0 O
-1 0 0

= L2(3)y2(—11)y2(0)L2(3) ( 0 6 0) y2(0)w2(1)y2(0)z1(=1)y2(0)z1(-2)
0 0 O

Letting P = L2(3)y2(—11)y2(0)L2(3) and @ = y2(0)x2(1)y2(0)21(—1)y2(0)z1(—2) then

11 -4 7 ~1.0 0
P,Q € GL3(Z) and -1 2 1|=P[0 6 0|Q
3 0 3 0 0 0

and Z = —1-7Z 2 6Z D 0Z = {0}
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