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6.9 The field extension F(«)
Let F be a field and let E be an extension of F.

e Let « € E. The minimal polynomial of a over F is the monic irreducible polynomial
ma,r(x) € Flz] such that

mar(x) generates ker(evy: Flz] — E).

e Let a € E. The ring
Fla] = im(evy: Flz] — E)

is the image of the evaluation homomorphism ev,.

e Let @ € E. The field generated by F and « is the subfield F(«) of E such that

(a) F(a) contains F and «,

(b) If K is a subfield of E which contains F and « then K D F(a).
Proposition 6.19. Let E be an extension of F and let « € E. Then

Fla]

Fla) = Flo) = (=

6.10 The theorem of the primitive element

Let F be a field.

e The Frobenius map is the field morphism F': F — F given by
if char(F) =0 and a € F then F(a) = a,
if p€ Z~p and char(F) =pand a € F then F'(a) = aP.
e A perfect field is a field F such that the Frobenius map F': F — F is an automorpihsm.
Theorem 6.20. (Theorem of the primitive element) Assume that
F is perfect and dimp(K) is finite.

Then there ezists 6 € K such that K = F(6).
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