Algebra notes, Arun Ram March 14, 2024

1.11 Lecture 11: Composition series
Let R be a ring and let M be an R-module
e The lattice of submodules of M is

Sy = {submodules of M} partially ordered by inclusion.

The R-module M satisfies ACC if increasing sequences in Sy are finite.

The R-module M satisfies DCC if decreasing sequences in Sy are finite.

The R-module is simple if the only submodules of M are 0 and M.

A finite composition series of M is a chain of submodules

0O=MyCM; C---CM,=M such that M;/M;1 is simple and n € Z~.

The R-module M is finitely generated if there exists k € Z~g and my, ..., mp € M such that

M = R-span{my,...,my}.

Theorem 1.41. (Jordan-Hdélder theorem) Let A be a ring and let M be an A-module.
(a) M has a finite composition series if and only if M satisfies ACC and DCC.

(b) Any two series
0OCM{ CMyC---CM, =M and 0OCM CM,C---CM, =M
can be refined to have the same length and the same composition factors.

(¢) M has a finite composition series if and only if M any series can be refined to a composition
series.

(d) If M has a finite composition series then any two composition series for M have the same length.

Corollary 1.42.

(a) Let R be a ring and let M be an R-module. Any two composition series of M have the same
composition factors.

(b) Let A be a PID. Then A is a UFD (i.e., if m € R then any two prime factorizations of m have
the same prime factors).

(c) Let F be a field and let V' be an F-vector space. Any two bases of V' have the same number of
elements.

Examples.

(1) Let F be a field and let V' be an F-vector space. If V' is finite dimensional then V satisfies both
ACC and DCC. If V is infinite dimensional then V' does not satisfy ACC and does not satisfy
DCC.

(2) Every submodule of the Z-module Z is generated by one element (i.e. Z is a PID). The ring Z
satisfies ACC but not DCC: If p € Z then

ZDOpZ D p*Z D --- is an infinite descending sequence in Sy.
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1.11.1 PIDs are UFDs
A unique factorization domain (or UFD) is an integral domain R such that
(a) If x € R then there exist irreducible py,...,p, € R such that x =py---p, .

(b) f z € Rand x = py1--+pp = uq1---qgm where u € R is a unit and p1,...,pn, q1,---,q¢m € R
are irreducible then m = n and there exists a permutation o: {1,2,...,n} — {1,2,...,n} and
units uq,...,u, € R such that

if i € {1,...,n} then ¢; = u;py(;)-

Proposition 1.43. Let A be a PID and let d € A.
(a) A satisfies ACC.

(b) A/dA has a finite composition series.
(c) A is a UFD.

Example. If A = Z and d = 2520 then the factorization x =2-3-2-5-3 -7 -2 corresponds to the
chain of submodules

25207 C 12607 C 180Z C 60Z C 12Z C6Z C2Z C Z
and the factorization x =2-2-2-3-3-5-7 corresponds to the chain of submodules

2520Z C 360Z C 727 C 247 C 87 C 47, C 27 C Z.

1.11.2 Proof idea for the Jordan-Holder theorem

Theorem 1.44. Let M be an R-module. Let A be a ring and let M be an A-module.
(a) M has a finite composition series if and only if M satisfies ACC and DCC.

(b) Any two series
OCM{CMC---CM, =M and O0C M CM,C---CM.=M
can be refined to have the same length and the same composition factors.

(¢) M has a finite composition series if and only if M any series can be refined to a composition
series.

(d) If M has a finite composition series then any two composition series for M have the same length.
Proof. (b) Idea: In the series (*) change M; C M;41 to

M; = (Mg + M) 0 My © (M + M) 0\ Mgy © - C (M + M;) N M1 = My,
and change M} C M, to

Mj = (Mo + Mj) "My C (My+M)NMjy C--- C (M, +M)N M =M.

Claim: ) . .
_ (Mj+Mi,1)ﬂMi - (Mi‘{'Mjfl)ﬂMj ,
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