Algebra notes, Arun Ram March 4, 2024

1.7 Lecture 7: Irreducible polynomials
Let F be a field.

e The group of units of F is

F* = {a € F | there eixsts ¢ € F with ca = ac = 1}

e The group of units of F[z] is
Flz]* = {f(z) € F[z] | there eixsts g(z) € F[Jz] with g(z)f(z) = f(z)g(xz) = 1.}

HW:. Show that F* ={a € F | a # 0}.
HW:. Show that F[z]* = F*.

Let f(x) € Flx].

e The polynomial f(z) is irreducible if

(a) f(x)# 0,

(b) f(z) € Fla]*,

(¢c) There do not exist g(x),h(z) € F[x] such that g(z)h(z) = f(x) and g(x) & F[z]* and
h(z) & Flz]*.

e The ideal generated by f(z) is
f@)Flz] ={f(z)g(z) | g(z) € Flz]}.
e The ideal f(z)F[z] is a maximal ideal if there does not exist g(x) € Flz] such that
f(@)F[z] S g(x)Fla] S Flz].
Proposition 1.14. Let F be a field and let f(x) € F[z]. The following are equivalent

(a) f(x) is irreducible in Flz], (b) f(x)F[x] is a maximal ideal, (c) % is a field.

1.7.1 Comparing polynomials in Z[z] and Q|x]
Let f(x) € Z[z]. The polynomial
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flx)=co+caz+ - +cx is primitive if ged(cg, ..., c0) = 1.

Proposition 1.15. Let f(z) € Z[z]. Then f(x) is irreducible in Z[z] if and only if

either f(x) = +p, where p is a prime integer,
or f(x) is a primitive polynomial and f(x) is irreducible in Q[x].

1.7.2 Comparing polynomials in Z[z] and F,[z]

Proposition 1.16. Let f(x) € Z[x] and let p € Z~qo be prime. Let f(x) denote the image of f(x) in
Fylx].

If deg(f(x)) = deg(f(x) and f(zx) is irreducible in Fplx]
then f(x) is irreducible in Z|x].
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