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10.7 Orthogonal projections

Let IF be a field and let V' be an F-vector space. Let (,): V x V — [ be a sesquilinear form.
Let k € Z~o and let W be a subspace of V such that dim(W) =k and W N Wt =o.

Let (wy,...,wy) be a basis of W and let (w',...,w*) be the dual basis of W (which exists by Propo-
sition [16.3). The orthogonal projection onto W is the function

k
Py:V =V given by Py (v) = Z(v,wi>wi.
i=1

The following proposition shows that Py does not depend on which choice of basis of W is used to
construct Pyy.

Proposition 10.6. (Characterization of orthogonal projection) Let F be a field and let V' be an F-
vector space. Let (,): V xV — F be a sesquilinear form. Let k € Z~qy and let W be a subspace of
V such that dim(W) = k and W N W+ = 0. The orthogonal projection onto W is the unique linear
transformation P: V — V such that

(1) If v €V then P(v) € W.
(2) If v eV and w € W then (v,w) = (P(v),w).
10.8 Orthogonal projections produce orthogonal decompositions
Let IF be a field and let V' be an F-vector space. Let (,): V x V — F be a sesquilinear form.
Let k € Z¢ and let W be a subspace of V such that dim(W) = k and W N W+ = 0.

The following proposition explains how the orthogonal projection onto W produces the decomposition
V=waoWwt

Theorem 10.7. Let n € Z~o and let V be an inner product space with dim(V) = n. Let W be
a subspace of V. such that W N WL = 0. Let Py be the orthogonal projection onto W and let
PwJ_ =1- Pw. Then

Py, =Py, Pi. =Py, PwPy.=Py Py=0 1=Py+Pyi,

ker(Py) =W,  im(Py)=W and V=WaoW
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