Linear algebra notes, Arun Ram October 1, 2023

10.9 Orthonormal bases
10.9.1 Orthonormal sequences

A Hermitian form is a sesquilinear form (,): V' x V — F such that

(H) If v,w € V then (v, w) = (w,v).
An orthonormal sequence in V is a sequence (b1, ba,...) in V such that
1, ifi=j,
0, ifi+j.

Proposition 10.8. Let V be an F-vector space with a Hermitian form. An orthonormal sequence
(a1,a2,...) in 'V is linearly independent.

ifi,j €7 then (biabj>:{

10.9.2 Gram-Schmidt

Let n € Z~¢ and let V be an inner product space with dim(V') = n. An orthonormal basis of V', or
self-dual basis of V', is a basis {u1,...,u,} such that

0, ifi# ],

ifi,je{l,...,n} then (u;,u;)= o
1, ifi=j.

An orthogonal basis in V' is a basis {b1,...,b,} such that
ifi,je{l,....,n} andi#j then (b;,b;)=0.
The following theorem guarantees that, in some favourite examples, orthonormal bases exist.

Theorem 10.9. (Gram-Schmidt) Let V' be an F-vector space with a sesquilinear form (,): VxV — F.
Assume that (,) is nonisotropic and that (,) is Hermitian i.e.,

(1) (Nonisotropy condition) If v € V' and (v,v) =0 then v =0, and
(2) (Hermitian condition) If vi,va € V then (va,v1) = (v1,va).

Let p1,pa, ... be a sequence of linear independent elements of V.

(a) Define by = p1 and

(Prn+1, 1) b (Pn+1,bn) b

bpt1 =pny1 — —F——b1 — - — Ny L.
11 = DPnt1 b by o b Jorn € Zsq

Then (b, ba,...) is an orthogonal sequence in V.

(b) Assume that F is a field in which square roots can be made sense of and that if v € V and v # 0

then (v,v) # 0. Define
o]l = \/W7 forveV.
Let (by,...,by) be an orthogonal basis of V. Define

by by,
Ul = 757, e, Uy = .
b1 " ball
Then (u1,...,uy) is an orthonormal basis of V.
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