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10 Bilinear forms and quadratic forms

10.1 Bilinear forms

Let F be a field and let V be an F-vector space. A bilinear form on V is a function

h, i : V ⇥ V ! F

(v, w) 7�! hv, wi such that

(a) If v1, v2, w 2 V then hv1 + v2, wi = hv1, wi+ hv2, wi,
(b) If v, w1, w2 2 V then hv, w1 + w2i = hv, w1i+ hv, w2i,
(c) If c 2 F and v, w 2 V then hcv, wi = chv, wi,
(d) If c 2 F and v, w 2 V then hv, cwi = chv, wi.

A bilinear form h, i : V ⇥ V ! F is symmetric if it satsfies:

(S) If v, w 2 V then hv, wi = hw, vi.

A bilinear form h, i : V ⇥ V ! F is skew-symmetric if it satsfies:

(A) If v, w 2 V then hv, wi = �hw, vi.

10.2 Sesquilinear forms

Let F be a field and let : F ! F be a function that satisfies:

if c, c1, c2 2 F then c1 + c2 = c1 + c2, c1c2 = c2 c1 and 1 = 1 and c̄ = c.

The favourite example of such a function is complex conjugation. The other favourite example is the
identity map idF.

Let V be an F-vector space. A sesquilinear form on V is a function

h, i : V ⇥ V ! F

(v, w) 7�! hv, wi such that

(a) If v1, v2, w 2 V then hv1 + v2, wi = hv1, wi+ hv2, wi,

(b) If v, w1, w2 2 V then hv, w1 + w2i = hv, w1i+ hv, w2i,

(c) If c 2 F and v, w 2 V then hcv, wi = chv, wi,

(d) If c 2 F and v, w 2 V then hv, cwi = chv, wi.

A Hermitian form is a sesquilinear form h, i : V ⇥ V ! F such that

(H) If v, w 2 V then hv, wi = hw, vi.
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