Linear algebra notes, Arun Ram October 1, 2023

10 Bilinear forms and quadratic forms

10.1 Bilinear forms

Let F be a field and let V' be an F-vector space. A bilinear form on V is a function

(): VxV = F

(0 w) — (v,w) such that

(a) If v1,v2,w € V then (v + v2,w) = (v1,w) + (v2, W),
(b) If v,wi,wy € V then (v, w; + wz) = (v,w1) + (v, wa),
(¢) If c€ F and v,w € V then (cv,w) = c(v,w),
(d) If c € F and v,w € V then (v, cw) = c(v,w).
A bilinear form (,): V x V — F is symmetric if it satsfies:
(S) If v,w €V then (v,w) = (w,v).
A bilinear form (,): V x V — F is skew-symmetric if it satsfies:

(A) If v,w € V then (v,w) = —(w,v).

10.2 Sesquilinear forms

Let F be a field and let : F — F be a function that satisfies:
ifc,ci,co€Fthen ¢ Fea=¢1+C, ¢cea=cc and 1=1 and ¢=c.

The favourite example of such a function is complex conjugation. The other favourite example is the
identity map idp.
Let V' be an F-vector space. A sesquilinear form on V is a function

() ‘(/v,xw‘)/ ; <vfﬁ‘w> such that
(a) If v1,v9,w € V then (v + vo, w) = (v1,w) + (ve, W),
(b) If v,wi,wy € V then (v, w; + wy) = (v,w1) + (v, wa),
(c) If ce F and v,w € V then (cv,w) = c(v,w),

(d) If ce F and v,w € V then (v, cw) = ¢(v, w).

A Hermitian form is a sesquilinear form (,): V' x V — F such that

(H) If v,w € V then (v,w) = (w,v).
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