Linear algebra notes, Arun Ram August 19, 2023

Topic 4. Example 10. Is the set of real 2 x 2 matrices whose trace is equal to 0 a subspace of
Moy 2 (R)?
A subspace of Max2(R) is a subset W C May2(R) such that
(a) If w1, we € W then wy +we € W,
(b) 0 e W,
(c) If we W then —w € W,
(d) If we W and ¢ € R then cw € W.

Proof. The set of real 2 x 2 matrices whose trace is equal to 0 is

W {(an a12> ’ a11 + agy = O} '
a1 Q22

(a) Assume w; = <a11 a12> e W and wy = (bn b12) ceWw.
a1 a922 b21 b22

Then a11 + a99 = 0 and by + boy = 0.

a1 +b11 aip + bm)
Then wy +wo = and
! 2 <@1+®1am+ﬁm

(all + bll) + (CL22 + b22) = (CL11 + azg) + (bn + bgz) =0+0=0.

So wy +wy € W.

(b) 0= <8 8) (0,0,0) satisfies 0+ 0= 0. So 0 € WW.

ai; a
(c) Assume w = (7 "2} ew.
a  a

Then ay1 + a9 = 0.
Then —w = — <a11 a12> = <a11 a12> and (—an) + (—a22) - —((111 + CLQQ) =—-0=0.

as1  a99 —a21 —a22
So —w e W.
ai; a
(d) Assume w = (" "1?) e W and ¢ € R.
a a2

Then a1, + age = 0.
ail a2 cail C€ai2
Then cw = ¢ = and
az1 a2 ca21 Ca22
cail + cagg = c(a11 + a22) =c-0=0.

SocweW.
So W is a subspace of Mjx2(R). O
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