
Linear algebra notes, Arun Ram August 19, 2023

Topic 4. Example 10. Is the set of real 2 ⇥ 2 matrices whose trace is equal to 0 a subspace of
M2⇥2(R)?

A subspace of M2⇥2(R) is a subset W ✓ M2⇥2(R) such that

(a) If w1, w2 2 W then w1 + w2 2 W ,

(b) 0 2 W ,

(c) If w 2 W then �w 2 W ,

(d) If w 2 W and c 2 R then cw 2 W .

Proof. The set of real 2⇥ 2 matrices whose trace is equal to 0 is

W =

⇢✓
a11 a12
a21 a22

◆ ��� a11 + a22 = 0

�
.

(a) Assume w1 =

✓
a11 a12
a21 a22

◆
2 W and w2 =

✓
b11 b12
b21 b22

◆
2 W .

Then a11 + a22 = 0 and b11 + b22 = 0.

Then w1 + w2 =

✓
a11 + b11 a12 + b12
a21 + b21 a22 + b22

◆
and

(a11 + b11) + (a22 + b22) = (a11 + a22) + (b11 + b22) = 0 + 0 = 0.

So w1 + w2 2 W .

(b) 0 =

✓
0 0
0 0

◆
(0, 0, 0) satisfies 0 + 0 = 0. So 0 2 W .

(c) Assume w =

✓
a11 a12
a21 a22

◆
2 W .

Then a11 + a22 = 0.

Then �w = �
✓
a11 a12
a21 a22

◆
=

✓
�a11 �a12
�a21 �a22

◆
and (�a11) + (�a22) = �(a11 + a22) = �0 = 0.

So �w 2 W .

(d) Assume w =

✓
a11 a12
a21 a22

◆
2 W and c 2 R.

Then a11 + a22 = 0.

Then cw = c

✓
a11 a12
a21 a22

◆
=

✓
ca11 ca12
ca21 ca22

◆
and

ca11 + ca22 = c(a11 + a22) = c · 0 = 0.

So cw 2 W .

So W is a subspace of M2⇥2(R).
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