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8 Vector geometry

8.1 R
2

A favourite example is R2 = {|x1, x2i | x1, x2 2 R} with addition and scalar multiplication given by

|x1, x2i+ |y1, y2i = |x1 + y1, x2 + y2i and c |x1, x2i = |cx1, cx2i, for c 2 R,

with standard inner product

R
2 ⇥ R

2 �! R�0

(x, y) 7�! hx|yi given by hx1, x2|y1, y2i =
�
x1 x2

�✓y1
y2

◆
= x1y1 + x2y2,

with length function

R
2 �! R�0

x 7�! kxk given by k |x1, x2i k =
p

hx1, x2|x1, x2i =
q
x21 + x22,

and distance function d : R2 ⇥ R
2 ! R�0 given by

d(|x1, x2i, |y1, y2i) = k |x1, x2i � |y1, y2ik = k |x1 � y1, x2 � y2i k =
p
(x1 � y1)2 + (x2 � y2)2.

PICTURE

8.2 The vector space R
n

Let n 2 Z�0. The space R
n is

R
n = {|x1, x2, . . . , xni | xi 2 R},

with addition and scalar multiplication given by

|x1, x2, . . . , xni+ |y1, y2, . . . , yni = |x1 + y1, x2 + y2, . . . , xn + yni and

c |x1, x2, . . . , xni = |cx1, cx2, . . . , cxni, for c 2 R,

and with standard inner product h , i : Rn ⇥ R
n ! R�0 given by

hx1, x2, . . . , xn|y1, y2, . . . , yni =
�
x1 x2 · · · xn

�

0

BBB@

y1
y2
...
yn

1

CCCA
= x1y1 + x2y2 + · · ·xnyn,

with length function k k : Rn ! R�0 given by

k |x1, x2, . . . , xni k =
p
h(x1, . . . , xn), (x1, . . . , xn)i =

q
x21 + x22 + · · ·+ x2n,

and distance function d : Rn ⇥ R
n ! R�0 given by

d( |x1, x2, . . . , xni, |y1, y2, . . . , yni ) = k |x1, x2, . . . , xni � |y1, y2, . . . , yni k

= k |x1 � y1, x2 � y2, . . . , xn � yni k =
p
(x1 � y1)2 + (x2 � y2)2 + · · ·+ (xn � yn)2.
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