Linear algebra notes, Arun Ram August 7, 2023

8 Vector geometry

8.1 R?

A favourite example is R? = {|z1,12) | 71,22 € R} with addition and scalar multiplication given by
|z1, 22) + |y1, ¥2) = |21 + y1, 22 + y2) and clzy, x2) = |cx1, cxs), for c € R,

with standard inner product

RZxR? — Ry . <y1>
- given by 1, T2|y1,Y2) = (T1 T2 = z1Y1 + T2Yo2,
() — (o) (o wlynsge) = (o1 w2) ()

with length function

RQ — RZO
o ]

given by | |z1, 22) || = /{21, w2l1, 22) = /2] + 23,

and distance function d: R? x R? — R>q given by

(|1, z2), |y, 92) = ||z, 22) — lyv) || = |21 — v, 22 — v2) | = V(21 — 1) + (22 — 12)2

PICTURE

8.2 The vector space R”

Let n € Z>o. The space R" is
R" = {|3§'1,$2, e 7$n> | i € R},

with addition and scalar multiplication given by

‘LUl,iL’g,. . '7xn> + ‘y17y27"° 7yn> = ‘371 +y1,$2 +y27’ -y T +yn> a’nd
cler, xay .. xn) = |cxr, cxa, ..., cy), for c € R,

and with standard inner product (, ): R™ x R™ — R>( given by

Y1

Y2
<$17$27~-a$n|917927---7yn>: ($1 Ty .’Ifn) : :x1y1+x2y2+”'wn/yn7

Yn

with length function || ||: R™ — R>( given by

a1, @2, ..o za) | = V@0 @n), @1, @a)) = \Jad +ad - + a2,

and distance function d: R" x R™ — R>( given by

d( |z, x2, . zn), [y, Y2, Yn) ) = 21, 2o, 20) = Y1, ¥, yn) |l
=|lz1 =y, 22 — Y2, T —yn) | = V(@1 —91)2 + (@2 — 42)% + - + (20 — Yn)%.
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