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4.3 Solutions of systems of linear equations

Using matrix multiplication the system of equations

a11x1 + a12x2 + · · ·+ a1nxn = b1,

a21x1 + a22x2 + · · ·+ a2nxn = b2,

...

am1x1 + am2x2 + · · ·+ amnxn = bm,

is written in the form

Ax = b, where A =
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Define
Sol(Ax = b) = {x 2 F

n | Ax = b}.

The following proposition says that if A is square and invertible then

x = A�1Ax = A�1b is the unique solution to the system of equations Ax = b,

so that Sol(Ax = b) contains only one element.

Proposition 4.7. Let A 2 Mm⇥n(F) and b 2 F
m. If m = n and A 2 GLn(F) then

Sol(Ax = b) = {A�1b}.

The following proposition says that Sol(Ax = b) is the same size as ker(A).

Proposition 4.8. Let A 2 Mm⇥n(F) and b 2 F
m and assume Sol(Ax = b) 6= ;. Let p 2 Sol(Ax = b).

Then
Sol(Ax = b) = p+ ker(A).

The following proposition determines Sol(Ax = b) explicitly.

Proposition 4.9. Let A 2 Mm⇥n(F) and b 2 F
n. Assume r 2 {1, . . . ,min(m,n)} and P 2 GLm(F)

and Q 2 GLn(F) are such that
A = P1rQ.

(a) If there exists j 2 {r + 1, . . . ,m} such that (P�1b)j 6= 0 then Sol(Ax = b) = ;.
(b) If (P�1b)r+1 = 0, (P�1b)r+2 = 0, . . . , (P�1b)m = 0 then Sol(Ax = b) 6= ; and

Sol(Ax = b) = Q�1
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where q1, . . . , qn are the columns of Q�1.
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