Linear algebra notes, Arun Ram March 1, 2023

6.2 Ordered bases and ordered orthonormal bases
Let F be a field and let  : F — F be a function such that if ¢, ¢1, co € F then
c1+ ca =¢1 + ¢, CiCa = €10 and c=c.

The standard symmetric inner product on F™ is (,): F" x F" — F given by

— t n
(u,v) = v'u = ugvy + -+ + UpUn, for Z _ ((le’ " " ’Z)L:))t :IEI‘Fn.’ and (stdSinnprod)
The standard Hermitian inner product on F” is (,): F" x F" — F given by
— t n
(u,v) = V'u = w07 + -+ - + Up Ty, for Z ; E:jll’: " " ,::))t :Iél,?n" and (stdHinnprod)
Let
GL,(F) = {P € M,(F) | P71 exists in M,(F)},
On(F) ={Q € My(F) | QQt =1},
Un(F) = {U € M,(F) | UT' = 1}.
An ordered basis of F™ is a sequence (p1,...,p,) of elements of F" such that

(a) (Spa’n) F" = {Clpl + o+ cnpn | Cly...,Cp € F}7 and
(b) (linear independence) If ¢1,..., ¢, € F and

cipr+ - +cppp =0 then if k€ {1,...,n} then ¢ = 0.

An ordered orthonormal basis of F" is an ordered basis (u1, ..., uy,) of F™ such that
ifi,je{l,...,n} then (ui,uj) = 8.

Theorem 6.2.

(a) The function

ordered bases
{ (p17"'7pn) Of]Fn } - GL"(IF)
| | s a bijection.
(p17"'7pn) — P: pl e pn

| |
(b) Let V =TF"™ with inner product given by (stdSinnprod)). The function

ordered orthonormal bases }
O, (F
{ (q1y---,qn) of F™ (F)
| ] is a bijection.
(Q17"'7qn) L — Q: q - dn

| |
(c) Let V. =TF" with inner product given by (stdHinnprod). The function

ordered orthonormal bases
{ (u1,...,up) of F™ } Un(F)
| | is a bijection.
(ug,...,up) — U=[|wv1 - u,
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