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4.4 Invertible matrices GLn(F)

Let n 2 Z>0, let Mn(F) be the set of n⇥ n matrices with entries in F and let

Eij be the n⇥ n matrix with 1 in the (i, j) entry and 0 elsewhere.

• An n⇥ n invertible matrix is an n⇥ n matrix A 2 Mn(F) such that

there exists A�1 2 Mn(F) such that A�1A = 1 and AA�1 = 1.

• The general linear group is

GLn(F) = {n⇥ n invertible matrices with entries in F}.

The invetrible elements of the field F are the elements of

F
⇥ = {d 2 F | d 6= 0} = {1⇥ 1 invertible matrices with entries in F} = GL1(F).

• The elementary matrices in GLn(F) are the matrices

sij = 1� Eii � Ejj + Eij + Eji, for i, j 2 {1, . . . , n} with i 6= j,

xij(c) = 1 + cEij , for i, j 2 {1, . . . , n} with i 6= j and c 2 F,

hi(d) = 1 + (d� 1)Eii, for i 2 {1, . . . , n} and d 2 GL1(F).

• The row reducers are yi(c) = xi,i+1(c)si,i+1 for i 2 {1, . . . , n� 1} and c 2 F.
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Theorem 4.4. The group GLn(F) is presented by generators

yi(c), hj(d), xk`(c), for
c 2 F, d1, . . . , dn 2 F

⇥,
i 2 {1, . . . , n� 1}, j 2 {1, . . . , n}
k, ` 2 {1, . . . , n} with k < `.

with the following relations:

• The reflection relation is

yi(c1)yi(c2) =

(
yi(c1 + c�1

2 )hi(c2)hi+1(�c�1
2 )xi,i+1(c

�1
2 ), if c2 6= 0,

xi,i+1(c1), if c2 = 0.
(4.3)

• The building relation is

yi(c1)yi+1(c2)yi(c3) = yi+1(c3)yi(c1c3 + c2)yi+1(c1). (4.4)

• The x-interchange relations are

xij(c1)xij(c2) = xij(c1 + c2),

xij(c1)xik(c2) = xik(c2)xij(c1), xik(c1)xjk(c2) = xjk(c2)xik(c1),

xij(c1)xjk(c2) = xjk(c2)xij(c1)xik(c1c2), xjk(c1)xij(c2) = xij(c2)xjk(c1)xik(�c1c2),

where i < j < k.

• Letting h(d1, . . . , dn) = h1(d1) · · ·hn(dn), the h-past-y relation is

h(d1, . . . dn)yi(c) = yi(cdid
�1
i+1)h(d1, . . . , di�1, di+1, di, di+2, . . . , dn). (4.5)

• Letting h(d1, . . . , dn) = h1(d1) · · ·hn(dn), the h-past-x relation is

h(d1, . . . , dn)xij(c) = xij(cdid
�1
j )h(d1, . . . , dn). (4.6)

• The x-past-y relations are

xi,i+1(c1)yi(c2) = yi(c1 + c2)xi,i+1(0),

xik(c1)yk(c2) = yk(c2)xik(c1c2)xi,k+1(c1), xi,k+1(c1)yk(c2) = yk(c2)xik(c1), (4.7)

xij(c1)yi(c2) = yi(c2)xi+1,j(c1), xi+1,j(c1)yi(c2) = yi(c2)xij(c1)xi+1,j(�c1c2),

where i < k and i+ 1 < j.
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