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5 Determinants

5.1 Determinants are homomorphisms

5.1.1 Determinants of permutations

Let
GL1(F) = F

⇥ = {c 2 F | c is invertible} = {c 2 F | c 6= 0}.

Proposition 5.1. There are exactly two functions f : Sn ! GL1(F) which satisfy

if w1, w2 2 Sn then f(w1w2) = f(w1)f(w2),

the function triv : Sn ! GL1(F) and the function det : Sn ! GL1(F) determined by

triv(si) = 1 and det(si) = �1, for i 2 {1, . . . , n}.

5.1.2 Determinants of square matrices

Theorem 5.2. The functions f : Mn(F) ! F which satsify

if A,B 2 Mn(F) then f(AB) = f(A)f(B),

are the functions
detk : Mn(F) �! F

A 7�! det(A)k
for k 2 Z,

where the function det : Mn(F) ! F is determined by

det(AB) = det(A) det(B)

and the conditions

det(xij(c)) = 1, det(si) = �1, and det(hi(d)) = d,

for i, j 2 {1, . . . , n} with i < j, c 2 F and d 2 F.

5.2 Formulas for determinants

5.2.1 Determinants of permutations

Let n 2 Z>0. The symmetric group is

Sn = {w : {1, . . . , n} ! {1, . . . , n} | w is a bijection}.

Let w 2 Sn. The inversion set of w is

Inv(w) = {(i, j) | i, j 2 {1, . . . , n} and i < j and w(i) > w(j)}.

Identify w with the n⇥ n matrix given by w(i, j) =

(
1, if j = w(i),

0, otherwise.

Proposition 5.3. Let w 2 Sn. Then

det(w) = (�1)`(w), where `(w) = #Inv(w).
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